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T he PrineipleB of Mathematics ’* was published in 1903, and most of 
it was written in 1900. In the subsequent years the subjects of 
which it treats have been widely discussed, and the technique of 
mathematical logic has been greatly improved ; while some new problems 
have arisen, some old ones have been solved, and others, though they 
remain in a controversial condition, have taken on completely new forms. 
In these circumstances, it seemed useless to attempt to amend this or 
that, in the book, which no longer expresses my present views. Such 
interest as the book now possesses is historical, and consists in the fact 
that it represents a certain stage in the development of its subject. 1 
have therefore altered nothing, but shall endeavour, in this Introduction, 
to say in what respects 1 adhere to the opinions which it expresses, and 
in what other respects subsequent research seems to me to have shown 
them to be erroneous. 

The fundamental thesis of the following pages, that mathematics and 
logic are identical, is one which 1 have never since seen any reason to 
modify. This thesis was, at first, unpopular, because logic is traditionally 
associated with philosophy and Aristotle, so that mathematicians felt it 
to be none of their business, and those who considered themselves 
logicians resented l)eing asked to master a new and rather difficult 
mathematical technique. But such feelings would have had no lasting 
influence if they had been unable to And support* in more serious reasons 
for doubt. These reasons are, broadly speaking, of two opposite kinds : 
first, that there are certain unsolved difficulties in mathematical logic, 
which make it appear less certain than mathematics is believed to be ; 
and secondly that, if the logical basis of mathematics is accepted, it 
justifies, or tends to justify, much work, such as that of Georg Cantor, 
which is viewed with suspicion by many mathematicians on account of 
the unsolved paradoxes which it shares with logic. These two opposite 
lines of criticism are represented by the formalists, led by Hilbert, and 
the intuitionists, led by Brouwer. 

The formalist interpretation of mathematics is by no means new, but 
for our purposes we may ignore its older forms. As presented by Hilbert, 
for example in the sphere of number, it consists in leaving the integers 
undefined, but asserting concerning them such axioms as shall make 
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possible the deduction of the usual arithmetical propositions. That is 
to say, we do not assign any meaning to our symbols 0, 1, 2, . . except 
that they are to have certcun properties enumerated in the axioms. 
These symbols are, therefore, to be regarded as variables. The later 
integers may be defined when 0 is given, but 0 is to be merely something 
having the assigned characteristics. Accordingly the symbols 0, 1, 2, . . . 
do not represent one definite series, but any progression whatever. The 
formalists have forgotton that numbers are needed, not only for doing 
sums, but for counting. Such propositions as '' Tliere were 12 Apostles 
or “ London has 6,000,000 inhabitants ” cannot be interpreted in their 
system. For the symbol “ 0 ” may be taken to mean any finite integer, 
without thereby making any of Hilbert’s axioms false ; and thus every 
number -symbol becomes infinitely ambiguous. The formalists are like 
a watchmaker who is so absorbed in making his watches look pretty that 
he has forgotten their purpose of telling the time, and has therefore 
omitted to insert any works. 

There is another difficulty in the formalist position, and that is as 
ragards existence. Hilbert assumes that if a set of axioms does not lead 
to a contradiction, there must be some set of objects which satisfies the 
axioms ; accordingly, in place of seeking to establish exist<^nee theorem ^ 
by producing an instance, he devotes himself to methods of proving the 
self-consistency of his axioms. For him, existence,” as usually under- 
stood, is an unnecessarily metaphysical concept, which should lie replaced 
by the precise concept of non-contradiction. Here, again, he has 
forgotten that arithmetic has practical uses. There is no limit to the 
systems of non-contradictory axioms that might be invented. Our 
reasons for being specially interested in the axioms that lead to ordinary 
arithmetic lie outside arithmetic, and have to do with the aj>plic.ation of 
number to empirical material. This application itself forms no part of 
either logic or arithmetic ; but a theory which makes it a priori impossible 
cannot be right. The logical definition of numl>ers makes their con- 
nection with the actual world of countable objects intelligible ; the 
formalist theory does not. 

The intuitionist theory, represented first by Brouwer and later by 
Weyl, is a more serious matter. There is a piiilosophy associated with 
the theory, which, for our purposes, we may ignore ; it is only its bearing 
on logic and mathematics that concerns us. The essential point here is 
the refusal to regard a proposition as either true or false unless some 
method exists of deciding the alternative. Brouwer denies the law of 
exclude middle where no such method exists. This destroys, for 
example, the proof that there are more real numbers than rational 
numbers, and that, in the series of real numbers, every progression has a 
limit. Consequently large parts of analysis, which for centuries have 
been thought well established, are rendered doubtful. 

Associated with this theory is the doctrine called finitism, which 
calls in question propositions involving infinite collections or infinite 
series, on the ground that such propositions are unverifiable. This 
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doctrine is an aspect of thorough -going empiricism, and must, if taken 
seriously, have consequences even more destructive than those that are 
recognized by its advocates. Men, for example, though they form a 
finite class, are, prac;tically and empirically, just as impossible to enumerate 
as if their number were infiiiit<\ If the hnitist's principle is admitted, 
we must not make any general statement— such as “ All men are mortal 
— about a collection defined by its properties, not by actual mention of 
all its members. This would make a clean sweep of all scuence and of all 
mathematics, not only of the parts w'hich the intuitionists consider 
questionable. Disastrous consequences, however, cannot be regarded as 
proving that a doctrine is false ; and the finitist doctrine, if it is to be 
disproved, can only be met by a complete thet)rv of knowledge. I do 
not l>elieve it to 1)C true, but 1 think no short and easy refutation of it is 
possible. 

An excellent and very full dhscussion of the question whether mathe- 
matics and logic are identical will be found in Vol III. of Jorgensen’s 
‘‘ Treatise* of Formal ljc)gic,’‘ pp. 57-2CK), where the reader will find a 
dispassionate examination of the arguments that have been adduced 
against this thesis, with a conclusion which is, broadly speaking, the 
same as mine, namely that, while quite new grounds have been given in 
recent years for refusing to reduce mathematics to logic, none of these 
grounds is in any degree conclu.sivc. 

This brings me t^) the definition of mathematics w hich forms the first 
sentience of tJic “ Principles/' In i-his definition various changes are 
necessary. To Wgin with, the form ‘ p implies ^ ” is only one of many 
logical forms that mathematical propositions may take. 1 was originally 
led to emphasise this form by tlie consideration of Geometr>\ It w-as clear 
that Euclidean and non -Euclidean systems alike must be included in pure 
mathematics, and must not l>e regarded as mutually inconsistent ; we 
must, therefore, only assert that the axioms imply the propositions, not 
tliat the axioms are true and therefore the propositions are true. Such 
instances led me to lay undue stress on implication, which is only one 
among truth -functions, and no more important than the others. Next : 
when it is said that *’ p and q are projxisitions containing one or more 
variables,’' it would, of course, be more correct to say that they are 
pn)fK>8itional functions : what is said, however, may be excused on the 
ground that propositional functions had not yet lieen defined, and were not 
.yet familiar to logicians or mathematicians. 

I come next to a more serious matter, namely the statement tliat 
“neither p nor q contains any constants except logical constants/' I 
postpone, for the moment, the discussion as to what logical constants are. 
Assuming this knowm, my present point is that the absence of non-logical 
constants, though a necessary condition for the mathematical character of 
a proposition, is not a sufficient condition. Of tliis, perhaps, the best 
examples are statements concerning the number of things in the world. 
Take, say : “ There are at least three things in the w’orld.” This is 
equivalent tx) : “ There exist objects x, y, 2 , and properties q\ xp, s'lch that 
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X but not y has the property q>,x but not z has the property and y but not z 
has the property x” This statement can be enunciate in purely logical 
terms, and it can be logically proved to be true of classes of classes of classes : 
of these there must, in fact, be at least 4, even if the universe did not exist. 
For in that case there would be one class, the null-class ; two classes of 
classes, namely, the class of no classes and the class whose only member is the 
null class ; and four classes of classes of classes, namely the one which is 
null, the one whose only member is the null class of classes, the one whose 
only member is the class whose only member is the null class, and the one 
which is the sum of the two last. But in the lower types, that of individuals, 
that of classes,, and that of classes of classes, we cannot logically prove 
that there are at least three members. From the very nature of logic, 
something of this sort is to be expected ; for logic aims at independence 
of empirical fact, and the existence of the universe is an empirical fact. 
It is true that if the world did not exist, logic-books would not exist ; but 
the existence of logic-books is not one of the premisses of logic, nor can it 
be inferred from any proposition that lias a right to be in a logic-book. 

In practice, a great deal of mathematics is possible without assuming 
the existence of anything. All the elementary arithmetic of finite integers 
and rational fractions can be constructed ; but whatever involves infinite 
classes of integers becomes impossible. Tliis excludes real numbers and 
the whole of analysis. To include them, we need the axiom of infinity,” 
which states that, if n is any finite number, there is at least one class having 
n members. At the time when 1 wrote the “ Principles,” I supposed that 
this could be proved, but by the time that Dr. Whitehead and I published 
Principia Mathematica,” we had become convinced that the supposed 
proof was fallacious. 

Tlie above argument depends upon the doctrine of types, which, although 
it occurs in a crude form in Appendix B of the Principles,” had not yet 
reached the stage of development at which it showed that the existence of 
infinite classes cannot be demonstrated logically. What is said as to 
existence-theorems in the last paragraph of the last chapter of the 
” Principles ” (pp. 497-8) no longer appears to me to be valid : such 
existence-theorems, with certain exceptions, are, 1 should now say, examples 
of propositions which can be enunciated in logical terras, but can only be 
proved or disproved by empirical evidence. 

Another example is the multiplicative axiom, or its equivalent, 
Zermelo's axiom of selection. This asserts that, given a set of mutually 
exclusive classes, none of which is null, there is at least one claas consisting 
of one representative from each class of the set. Whether this is true or 
not, no one knows. It is easy to imagine universes in v/hich it would be 
true, and it is impossible to prove that there are possible universes in which 
it would be false ; but it is also impossible (at least, so I believe) to prove 
that there are no poasible universes in which it would be false. I did not 
become aware of the necessity for this axiom until a year after the 
” Principles ” was published. This book contains, in consequence, certain 
errors, for example the assertion, in §119 (p. 123), that the two definitkms 
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of infinity are equivalent, which can only be proved if the moltipUcative 
akiom is aeBumed. 

Such examplee — which mi^t be multiplied indefinitely-— ahow that a 
proposition may satisfy the definition with which the Principles ” <^ienB, 
and yet may be incapable of logical or mathematical proof or disproof. 
All mathematical propositions are included und^ the definition (with 
certain minor emendations), but not all propositions that are included are 
mathematical. In order that a proposition may belong to mathematios 
it must have a further projjerty: according to some it must be 
“ tautological,'" and according to Carnap it must be “ analytic.** It is by 
no means easy to get an exact definition of this characteristic ; moreover, 
Carnap has shown that it is necessary to distinguish between “ analytic *' 
luid " demonstrable,” the latter being a somewhat narrower concept. 
And tlie question whether a proposition is or is not '' analytic,** or 
” demonstrable ” depends upon the apparatus of premisses with which we 
begin. Unless, therefore, we have some criterion as to admissible logical 
premisses, the whole question as to what are logical propositions becomes 
to a very considerable extent arbitrary. This is a very unsatisfactory 
conclusion, and 1 do not accept it as final. But before anything more can 
be said on this subject, it is necessary to discuss the question of logical 
constants,” which play an essential part in the definition of mathematics 
in the first sentence of the ” Principles/’ 

There are three questions in regard to logical crmstants : First, are there 
such things ? Second, how are they defined ? Third, do they occur in 
the foopositions of logic ? Of these questions, the first and third are highly 
ambiguous, but their various meanings can be made clearer by a littfe 
discussion. 

First : Are there logical constants ? There is one sense of this question 


in which we c^n give a perfectly definite affirmative answer : in the linguistic 
or symbolic expression of logical propositions, there are words or symbols 
which play a constant part, i.e., make the same contribution to the sig- 
nificance of propositions wherever they occur. Such are, for example, 


” or,*' ” and,*' ” not,” ” if-then,” ” the null-class,” ” 0,” ” 1,” ” 2,” . . 


The difficulty is that, when we analyse the propositions in the written 
expression of which such symbols occur, we find that they have no 
constituents corresponding to the expressions in question. In some cases 
this is fairly obvious : not even the most ardent Platonist would suppose 
that the perfect ” or ” is laid up in heaven, and that the “ or’s ” here on 
earth are imperfect copies of the celestial archetype. But in the case of 
numbers this 'S far less obvious. The doctrines of I^hagoras, which began 


with arithmetical mysticism, influenced all subsequent philosophy and 
mathematics more profoundly than is generally realized. Numbers weie 
immutable and eternal, like the heavenly bodies ; numbers were intelligible : 
the science of numbers was the key to the universe. The last of these 
beliefs has misled mathematicians and tne Board of Education down 


to the present day. Consequently, to say that numbers are symbols 
which mean nothing appears as a horrible form of atheism. At the time 
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constants occur in the verbal or symbolic expression of logical propositions, 
but it will not be true that these logical constants are names of objects, 
as “ Socrates ” is intended to be. 

To define logic, or mathematics, is therefore by no means easy except 
in relation to some given set of premisses. A logical premiss must have 
certain characteristics which can be defined : it must have complete 
generality, in the sense that it mentions no particular thing or quality ; 
and it must be true in virtue of its form. Given a definite set of logical 
premisses, we can define logic, in relation to them, as whatever they 
enable us to demonstrate. But (1) it is hard to say what makes a 
proposition true in virtue of its form ; (2) it is difficult to see any way of 
proving that the system resulting from a given set of premisses is 
complete, in the sense of embracing everything that we should wish 
to include among logical propositions. As regards this second point, it 
has been customary to accept current logic and mathematics as a datum, 
and seek the fewest premisses from wliich this datum can be reconstructed. 
But when doubts arise — as they have arisen — concerning the validity of 
certain parts of mathematics, this method leaves us in the lurch. 

It seems clear that there must be some way of defining logic otherwise 
than in relation to a particular logical language. The fundamental 
characteristic of logic, obviously, is that which is indicated when we say 
that logical propositions are true in virtue of their form. The question of 
demonstrability cannot enter in, since every projxisition which, in one 
system, is deduced from the premisses, might, in another system, be 
itself taken as a premiss. If the proposition is complicated, this is 
inconvenient, but it cannot be impossible. All the propositions tiiat 
are demonstrable in any admissible logical system must share w ith the 
premisses the property of being true in virtue of their form ; and all 
propositions which are true in virtue of their form ought to be included in 
any adequate logic. Some writers, for example Carnap in his " Ijogical 
Syntax of Language,” treat the whole problem as being more a matter of 
liguistic choice than 1 can believe it to be. In the above-mentioned work, 
Carnap has two logical languages, one of which admits the multiplicative 
axiom and the axiom of infinity/ while the other does not. 1 cannot 
myself regard such a matter as one to be decided by our arbitrary choice. 
It seems to me that these axioms either do, or do not, have the character- 
istic of formal truth which characterizes logic, and that in the former 
event every logic must include them, while in the latter every logic- 
must exclude them. I confess, however, that J am unable to give any 
clear account of what is meant by saying that a proposition is ” true in 
virtue of its form.” But this phrase, inadequate as it is, points, I think, 
to the problem which must be solved if an adequate definition of logic 
is to lie found. 

I come finally to the question of the contradictions and the docarine 
of types. Henri Poincar^, who considered mathematical logic to be 
no help in discovery, and therefore sterile, rejoiced in the contradictions : 
” La logistique n’est sterile ; elle engendre la contradiction ! ” 
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All that matliematical logic did, however, wae to make it evident that 
contradictions follow from premisses previously accepted by all logicians, 
however innocent of mathematics. Nor were the contradictions ail new ; 
some dated from Greek times. 

In the '* Principles,” only three contradictions are mentioned ; 
Burali Forti's concerning the greatest ordinal, the contradiction con- 
cerning the greatest cardinal, and mine concerning the classes that are 
not members of themselves (pp. 323, 366, and 101). What is said as to 
possible solutions may be ignored, except Appendix B, on the theory 
of types ; and this itself is only a rough sketch. The literature on the 
contradictions is vast, and the subject is still controversial. The most 
complete treatment of the subject known to me is to be found in Carnap’s 
“ Logical Syntax of Language ” {Kegan Paul. 1937). What he says 
on the subject seems to me either right or so difficult to refute that a 
refutation could not possibly be attempted in a short space. 1 shall, 
tlierefore, confine myself to a few general remarks. 

At first sight, the contradictions seem to be of three sorts : those that 
are mathematical, those that are logical, and those that may be suspected 
of being due to some more or less trivial linguistic trick. Of the definitely 
mathematical contradictions, those concerning the greatest ordinal and 
the greatest cardinal may be taken as typical. 

Tlie first of these, Burali Forti s, is as follows : Let us arrange all 
ordinal numbers in order of magnitude ; then the last of these, which we 
will call N, is the greatest of ordinals. But the number of all ordinals 
from 0 up to N is N -hi, which is greater than N. We cannot escape 
by suggesting that the series of ordinal numbers has no last term ; for in 
that case equally this series itself has an ordinal number greater tlian any 
term of the series, i,e., greater than any ordinal number. 

The second contradiction, that concerning the greatest cardinal, has 
the merit of making peculiarly evident the need for some doctrine of 
types. We know from elementary arithmetic tliat the number of 
combinations of n things any number at a time is 2”, i.e.. that a class 
of n terms lias 2” sub -classes. We can prove that this proposition 
remains true when n is infinite. And Cantor proved that 2** is always 
greater than n. Hence there can be no greatest caiuinal. Y^et one would 
have supposed that the class containing everything would have the 
greatest p^^ssiblo number of terms. Since, liowever, tiie number of 
classes of tilings exceeds the number of things, clearly classes of things 
are not things. (I will explain shortly what this statement can mean.) 

Of the obviously logical contradictions, one is discussed in Qiapter X : 
in the linguistic group, the most famous, that of the liar, was invented by 
the Greeks. It is as follows : SupjKise a man says “ I am lying.” If he 
is lying, his ritHteincnt is true, and therefore he is not lying ; if he is not 
then, w hen he siivs lie is lying, lie is lying. Thus either hypotliesis 
implies its contradictoiy'. 

The logical and mathematical contradictions, as might be expected, 
are not really distiiignishable : but the linguistic group, according to 
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Ramsey*, can be solved by what may be called, in a broad sense, linguistic 
considerations. They are distinguished from the logical group by the 
fact that they introduce empirical notions, such as what somebody asserts 
or means ; and since these notions are not logical, it is possible to find 
solutions which depend upon otlier than logical considerations. This 
renders possible a great simplification of the theory of types, which, as 
it emerges from Ramsey's discussion, ceases wholly to appear unplausible 
or artificial or a mere ad hoc hypothesis designed to avoid the 
contradictions. 

The technical essence of the theory of types is merely this : Given 
a propositional* function “yx" of wlxich all values are true, there are 
expressions which it is not legitimate to substitute for “ x.*' For example. 
All values of if x is a man x is a mortal " are true, and we can infer 
“if Socrates is a man, Socrates is a mortal" ; but we cannot infer “if the 
law^ of contradiction is a man, the law of contradiction is a mortal.” 
The theory of types declares this latter set of words to l>e nonsense, and 
gives rules as to permissible values of “ x " in “ In the detail 

there are difficulties and complications, but the general princii>le is 
merely a more precise form of one that has always been recognized. 
In the older conventional logic, it was customary to point out that 8U(‘li 
a form of words as “ virtue is triangular " is neither true nor false, but 
no attempt was made to arrive at a definite set of rules for deciding whether 
a given series of words was or was not significant. This the theory of ty|K*H 
achieves. Thus, for example I stated above that “ classes of things are 
not things.” This will mean : “ If ‘ x is a member of the class a ’ is a 
proposition, and ' <px ' is a proposition, then ‘ q^a ' i.s not a j)rof>f)8ition, 
but a meaningless collection of symbols.” 

There are still many controversial questions in matliernatical logic, 
which, in the above pages, I have made no attein]>t to solve. I have 
mentioned only those matters as to which, in my opinion, there has beiMi 
some fairly definite advance since the time when the “ Principles ’’ was 
written. Broadly speaking, I still think this book is in the right where it 
disagrees with wdiat had been previously Jield, but where it agrees w ith 
older theories it is apt to be wrong. The changes in philosophy w'hich 
seem to me to be called for are partly due to the technical advances of 
mathematical logic in the intervening thirty-four years, which have 
simplified the apparatus of primitive ideas and proimsitions, and have 
swept away many apparent entities, such as classes, pointrf^, and instants. 
Broadly, the result is an outlook w'hicli is less Platonic, or less realist in the 
mediaeval sense of the word. How’ far it is possible to go in the dire(‘tion 
of nominalism remains, to my mind, an unsolved (fucstion, but one which, 
whether completely soluble or not, can only be adequately investigated 
by means of mathematical logic. 



PREFACE. 

T he present work has two main objects. One of these, the proof 
tliat all pure inatlieniatics deals exclusively with concepts definable 
in terms of a very small number of fundamental logicfd concept.s, and 
that all its propositions are deducible from a very small number of 
fundamental logical jmnciples, is undertaken in Parts II. — VII. of this 
Volume, and will be established by strict symbolic reavsoning in Volume ii. 
The demonstration of this thesis has, if I am not mistaken, all the 
certainty and precision of which mathematical demonstrations are capable. 
As the thesis is very recent among mathematicians, and is almost 
universally denied by philosophers, I have undertaken, in this volume, 
to defend its various parts, h.s <H‘casion arose, against such adverse 
theories a.s appe^ared most widely held or most difficult to disprove. 
I have also endeavoured to pn^sent, in language as untechnical as 
jK>ssible, the mure important stagfis in the d«xluctions by which the 
thesis is established. 

I'he other objevt of this work, which oc’cupies Part I., is the 
explanation of the fundamental concepts which mathematics accepts 
as indefinable. 'Phis is a purely philosophical task, and I cannot flatter 
myself that I have done more than indicate a vast field of inquiry, ^ind 
give a sample of the methods by which the inquiry may be conducted. 
The discussion of indefinables — which forms the chief part of philosophical 
logic — is the endeavour to see clearly, and to make others see clearly, 
tVie entities concerned, in oixler that the mind may have that kind of 
ai;quainbincc with them which it has with redness or the taste of a 
pineapple. Where, as in the present ease, the indefinables are obtained 
primarily as the necressarv residue in a pr<K*ess of analysis, it is often 
easier to know that there must be such entities than actually to perceive 
them ; there is a process analogous to that which resulted in the discovery 
of Neptune, with the difference that the final stage — the search with a 
mental telescxijje for the entity which has been inferred — is oiPfen the 
most difficult part of the undertaking. In the case of classes, I must 
confess, I have failed to perceive any concept fulfilling the conditions 
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requisite for the notion of class. And the contradiction discussed in 
Chapter x. proves that something is amiss^ but what this is I have 
hitherto failed to discover. 

The second volume, in which I have had the great good fortune 
to secure the collaboration of Mr A. N. Whitehead, will be addressed 
exclusively to mathematicians; it will contain chains of deductions, 
from the premisses of symbolic logic through Arithmetic, finite and 
infinite, to Geometry, in an order similar to that adopted in the present 
volume ; it will also contain various original developments, in which the 
method of Professor Peano, as supplemented by the Ix>gic of Relations, 
has shown itself a powerful instrument of mathematical investigation. 

The present volume, which may be regaitled either as a commentary 
upon, or as an introduction to, the second volume, is addressed in equal 
measure to the philosopher and to the mathematician ; but some parts 
w’ill be more interesting to the one, others to the other. I should advise 
mathematicians, unless they are specially interested in Symbolic I-ogic, 
to begin with Part IV., and only refer to earlier parts as occasion arises. 
The following portions are more specially philosophical ; Part I. 
(omitting Chapter ii,); Part II., Chapters xi., xv., xvi., xvii.; Part III.; 
Part IV., §207, Chapters xxvi., xxvii., xxxi.; Part V., Chapters xu., 
XMi., XLiii.; Part VI., Chapters l., li., lii.; Part VII., Chapters i.iii., 
uv., Lv., Lvii., Lvin.; and the two Appendices, which belong to Port I., 
and should be read in connection with it. Professor Frege’s work, which 
largely anticipates my own, was for the most part unknown to me when 
the printing of the present work began ; I had seen his Gruiuigesetze 
der Arithmetikj but, owing to the great difficulty of his symbolism, I had 
failed to grasp its importance or to understand its contents. 'Hiii only 
method, at so late a stage, of doing justice to his work, was to devote 
an Appendix to it; and in some points the views contained in the 
Appendix differ from those in Chapter vi., especially in ^71, 73, 74. 
On (]uestions discussed in the.se sections, I discovered errors after passing 
the sheets for the press ; these errors, of which the chief are the denial 
of the null -class, and the identification of a tenn with the class whose 
only member it is, arc rectified in the Apjiendices. The subjects 
treated are .so difficult that I feel little confident in my present 
opinions, and regard any conclusions which may Ik* advocated as 
essentially hypothe.ses. 

A few words as to the origin of the prc*sent work may serve to 
show the importance of the questions discussed. About six years ago, 
I began an investigation into the philosophy of Dynamics. I was 
met by the difficulty that, when a particle is .siibjec*t to st'veral forcres. 
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no one of the component accelerations actually occurs, but only 
the resultant acceleration, of which they are not parts; this fact 
rendered illusory such causation of particulars by particulars as is 
affirmed, at first sight, by the law of gravitation. It appeared also that 
the difficulty in regard to absolute motion is insoluble on a relational 
theoiy of spare. From these two questions I was led to a re-examination 
of the principles of Geometry, thence to the philosophy of continuity 
and infinity, and thence, with a view to discovering the meaning of the 
word any^ to Symbolic Logic. ^Fhe final outcome, as regards the 
philosophy of Dynamics, is perhaps rather slender ; the reason of this 
is, that almost all the problems of Dynamics appear to me empirical, 
and therefore outside the scope of such a work as the present. Many 
very interesting question.s have had to Ije omitted, especially in Parts 
VI. and VIL, as not relevant to iiiy purpose, which, for fear of 
misunderstandings, it may be well to explain at this stage. 

When actual objects are counted, or when Geometry and Dynamics 
are applied to actual space or actual matter, or when, in any other way, 
mathematical reasoning is applied to what exists, the reasoning employed 
has a form not dependent upon the objects to which it is applied being 
just those objects that they are, but only upon their having certain 
general properties. In pure mathematics, actual objects in the world 
of existence will never be in question, but only hypothetical objects 
having those general properties upon which dejx^nds w^hatever deduction 
is lieing con-sidered ; and these general properties will always be 
expressible in terms of the fiindamental concepts which I have called 
logical constants. Thus when s{)ac*e or motion is spoken of in pure 
mathematics, it is not actual spact' or actual motion, os we know them 
in experience, that Hn‘ spoken of, but any entity po.ssessing those abstract 
general properties of spatx* or motion that are employed in the ix*aHonings 
of geometry or dynamics. The c|iiestion whether tl«?se pn>perties belong, 
as a matter of fact, to actual spiux or actual motion, is irrelevant to pure 
mathematics, and thtix^fore to the pn*sent work, lieing, in my opinion, 
a puixdy empirical question, to be investigattnl in the lalxiratory or the 
observatory. Indirectly, it is true, the discxissions connected with pure 
mathematic.s have a very iinporbint bearing upon such empirical (piestions, 
since mathematical spiute and motion are held by many, {lerhajis most, 
philosophers to Ik? self-contradicrtory, and therefore necessarily different 
from actual space and motion, whereas, if the views advocated in the 
following pages be valid, no such .self-contradictions are to be found in 
mathematical spatx' and motion. But extra-mathematical considerations 
of this kind have been almost w'holly excluded from the present work. 
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On fundamental questions of philosophy, my position, in all its chief 
features, is derived from Mr G. E. Moore. I have accepted from him 
the non-existential nature of propositions (except such as happen to 
assert existence) and their independence of any knowing mind ; also 
the pluralism which regards the world, both that of existents and 
that of entities, as composed of an infinite number of mutually 
independent entities, with relations which are ultimate, and not 
reducible to adjectives of their terms or of the whole which these 
compose. Before learning these views from him, I found myself 
completely unable to construct any philosophy of arithmetic, whereas 
their acceptance brought about an immediate liberation from a large 
number of difficulties which I believe to be otherwise insuperable. 
The doctrines just mentioned are, in my opinion, quite indispensable 
to any even tolerably satisfactory philasophy of mathematics, as I hope 
the following pages will show. But I must leave it to my readers to 
judge how far the reasoning assumes these doctrines, and how far it 
supports them. Formally, iny premisses are simply assumed ; but the 
fact that they allow mathematics to be true, which most current 
philosophies do not, is surely a powerful argument in their favour. 

In Mathematics, my chief obligations, as is indeed evident, arc to 
Georg Cantor and Professor Peano. If I hod become a<x|uainted 
sooner with the work of Professor Frege, I should have owed a 
great deal to him, but as it is I arrived independeiilly at many 
results which he had already established. At every stage of my work, 
I have been assisted moi-e than I can express by the suggestions, the 
criticisms, and the generous encouragement of Mr A. N, Whitehead ; 
he also has kindly read my proofs, and greatly imprtivtd the final 
expn^ssion of a very large number of passage,^. Many useful liints 
I owe also to Mr W. E. Johnson ; and in the morc philosophical parts 
of the Ixmk I owe much to Mr G. E. Mooi-e l)esides the general position 
which underlies the whole. 

Ip the endeavour to cover so wide a field, it has l)eeii impossible to 
acquire an exhaustive knowledge of the literaturt*. There are doubtless 
many important works with which I am uiiacquainte<l ; but where the 
^bour of thinking and wTiting necessarily absorl)s so much time, such 
ignorance, however regrettable, seems not wholly avoidable. 

Many words will be found, in the course of discussion, to be defined 
in senses apparently departing widely from common usage. Such 
departures.^ I must ask the reader to believe, are never wanton, but have 
been made with great reluctance. In philo.sophicaI matters, they have 
been necessitated mainly by two causes. First, it often hapi>enH that 
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two cognate notions are both to be considered, and that language has 
two names for the one, but none for the other. It is then highly 
convenient to distinguish between the two names commonly used as 
synonyms, keeping one for the usual, the other for the hitherto nameless 
sense. The other cause arises from philosophical disagreement with 
received views. Where two qualities are commonly supposed inseparably 
conjoined, but are here regarded as separable, the name which has 
applied to their combination will usually have to be restricted to one 
or other. For example, propositions are commonly regarded as (1) true 
or false, (2) mental. Holding, as I do, that wliat is true or false is not 
in general mental, I require a name for the true or false as such, and 
this name can scarcely be other than propoftitioji. In such a case, the 
departure from usage is in no degree arbitrary. As regards mathematical 
terms, the necessity for establishing the existence-theorem in each case — 
i.e. the proof that there are entities of the kind in question — has led to 
many definitions which appear widely different from the notions usually 
attached to the terms in question. Instances of this are the definitions 
of cardinal, ordinal and complex numbers. In the two former of these, 
and in many other cases, the definition as a class, derived from the 
principle of abstraction, is mainly refommended by the fact that it 
leaves no doubt as to the existence-theorem. But in many instances of 
such apparent departure from usage, it may be doubted whether more 
lia.s been done than to give precision to a notion which had hitherto 
been more or less vague. 

For publishing a work containing so many unsolved difficulties, my 
apology is, that investigation revealed no near prospect of adequately 
resolving the contradiction discussed in (’hapter x., or of aexjuiring a 
lH?tter insiglit into the nature of classes. The repeated discovery of errors 
in solution.*^ which for a time had satisfied me caused these problems to 
appear such as would have betm only concealed by any seemingly satis- 
factory theories which a slightly longer reflection might have produced ; 
it seeinc'd better, therefore, merely to state the difficulties, than to wait 
until I had bea)mc jiersuoded of the truth of some almost certainly 
ern>neous dcK-trine. 

My thanks are due to the Syndics of the University Press, and to 
their Secretary, Mr It. T. Wright, for their kindness and courtesy 
in regard to the present volume. 
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PART I. 


THE INDEFINABLES OF MATHEMATICS. 




CHAPTER 1. 

DEFINITION OF PURE MATHEMATICS. 

1. Pure Mathematics is the class of all propositions of the form 
implies where p and q are propositions containing one or more 

variables, the same in the two propositions, and neither/? nor q contains 
any constants except logical constants. And logical constants are all 
notions definable in terms of the following : Implication, the relation 
of a tenn to a class of which it is a member, the notion of ^ich thaij 
the notion of relation, and such further notions as raav be involved 
in the general notion of propositions of the above form. In addition 
to these, mathematics fW(r.y a notion which is not a constituent of the 
pn){)ositions which it ctmsiders, namely the notion of truth. 

2. The above definition of pure mathematics is, no doubt, some- 
what unusual. Its various parts, nevertheless, appear to be capable of 
exac’t justification — a justification which it will be the object of the 
present work to provide. It will be shown that w'hatever has, in the 
past, been reganled as pure mathematic-s, is included in our definition, 
and that whatc!ver else* is included possesses those marks by which 
mathematics is commonly though vaguely distinguished from other 
studies. Tlie definition professt‘s to Ixi, not an arbitrary decision to 
use a common word in an uncommon signification, but rather a precise 
analysis of the ideas wdiich, more or less unc'onsciously, are implied in 
the ordinary employment of the term. Our method wull therefore be 
one of analysis, anci mir problem may be* called philosophical — in the 
sense, that is to say, that we seek to pass from the complex to the 
simple, from the demonstrable to its indemonstnible premisses. But 
in one respect not a few of our disc’ussions will differ from those that 
are visually called philosophical. We shall be able, thanks to the labours 
of the mathematicians themselves, to arrive at c‘ertainty in regard to 
most of the questions with which wc shall be* c‘onct‘n»ed; and among 
those capable of an exact solution w'e shall find many of the problems 
which, in the past, have been involved in all rhe traditional uncertainty 
of philosophical strife. The nature of number, of infinity, of spacte, 
time and motion, and of mathematical inference itself, are ^1 questions 
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to which, in the present work, an answer professing itself demonstrable 
with mathematic^ certainty will be given — an answer which, however, 
consists in reducing the above problems to problems in pure logic, 
which last will not be found satisfactorily solved in what follows. 

3. The Philosophy of Mathematics has been hitherto as con- 
troversial, obscure and unprogressive as the other branches of philosophy. 
Although it was generally agreed that mathematics is in some sense 
true, philosophers disputed as to what mathematical propositions really 
meant : although something was true, no two people were agreed as to 
what it was, that was true, and if something was known, no one knew 
what it was that was known. So long, however, as this was doubtful, 
it could hardly be said that any certain and exact knowledge was to be 
obtained in mathematics. We find, accordingly, that idealists have 
tended more and more to regard all mathematics as dealing w^ith mere 
appearance, while empiricists have held everything mathematical to be 
approximation to some exact truth about which they had nothing to 
tell us. This state of things, it must be confessed, was thoroughly 
unsatisfactory. Philosophy asks of Mathematics : What does it mean ? 
Mathematics in the past was unable to answer, and Philosophy answered 
by introducing the totally irrelevant notion of mind. But now 
Mathematics is able to answer, so far at least as to reduc*e the whole 
of its propositions to certain fundamental notions of logic. At this 
point, the discussion must be resumed by Philosophy. I shall endeavour 
to indicate what are the fundamental notions involved, to prove at 
length that no others occur in mathematics, and to point out briefly 
the philosophical diflicultie.s involved in the analysis of these notions. 
A complete treatment of these difficulties would involve a treatise on 
Logic, which will not be found in the following pages. 

4. Inhere was, until very lately, a special difficulty in the principles 
of mathematics. It seemed plain that mathematics consists of deductions, 
and yet the orthodox accounts of deduction w'ere largely or wholly 
inapplicable to existing mathematics. Not only the Aristotelian 
syllogistic theory, but also the modern doctrines of Symbolic l^gic, 
were either theoretically inadequate to mathematical reasoning, or at 
any rate required such ailificial forms of statement that they could not 
be practically applied. In this fact lay the strength of the Kantian 
view, which asserted that mathematical reasoning is not strictly formal, 
but always uses intuitions, i.e. the a priori knowledge of space and 
time. Tlianks to the progress of Symbolic Logic, esjiecially as treated 
by Professor Peano, this part of the Kantian philosophy is now capable 
of a final and irrevocable refutation. By the help of ten principles 
of deduction and ten other premisses of a general logical nature 
{c.g. “ implication is a relation ”), all mathematic's can be strictly and 
formally deduc'ed; and all the entities that occur in mathematics can 
be defined ii 2 terms of those that occur in the above twenty premisses. 
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In this statement, Mathematics includes not only Arithmetic and 
Analysis, but also Geometry, Euclidean and non-Euclidean, rational 
Dynamics, and an indefinite number of other studies still unborn or in 
their infancy. The fact that all Mathematics is Symbolic Logic is one 
of the greatest discoveries of our age; and when this fact has been 
established, the remainder of the principles of mathematics consists in 
the analysis of Symbolic Logic itself. 

6 . The general doctrine that all mathematics is deduction by 
logical principles from logical principles was strongly advocated by 
l^eibniz, who urged constantly that axioms ought to be proved and 
that all except a few fundamental notions ought to be defined. But 
owing partly to a faulty logic, partly to belief in the logical necessity 
of Euclidean Geometry, he w^as led into hopeless erroi's in the endeavour 
to carry out in detail a view' which, in its general outline, is now known 
to l>e com,*ct*. The actual propositions of Euclid, for example, do not 
follow from the principles of logic alone ; and the j)erception of this fact 
led Kant to his innovations in the theory of knowledge*. But since 
the growth of non -Euclidean Geometry, it has appeaml that pure 
mathematics has no conwru with the (pu'stion whether the axioms 
and propositions of Euclid hold of ac'tual space or not : this is a question 
for applit*(l mathematics, to Ik* det'ided, so far as any decision is possible, 
by exjKTiment and observation. What pure nmtheinatii*s asserts is merely 
that the Euclidean propositions follow' from the Euclidean axioms — \.e. 
it asstTts an implication : any spatv which has such and such projKTties 
has also such and such other properties. Thus, as dealt with in pure 
mathematics, the Eiu*lidean and non-Euclidean Geometries are equally 
true: in each nothing is aftirnu*d except implications. All propositions 
as to what actually exists, like tlie sjxice we live in, iKlong to experi- 
me]ital or empirical sciencx*, not to mathematics; when thev belong to 
apjdied mathematics, they arise from gi^ing to one or nu>iv of the 
variables in a proposition of pure mathenmtits some constant value 
sfitistying the liypothesi.s, and thus enabling us, for that value of the 
variable, actually to assert both hypothesis and consequent i!)stead of 
asserting meivly the implication. Wt* assert always in mathematics 
that if a certain assertion p is true of any entity *r, or of any st*t of 
entities .r, /y, ... , then some other as.sertion q is true of thost? entities ; 

but we do not assert either p or q separately of our entities. We assert 
a relation between the assertions p and y, which I shall call Jitrmal 
implication, 

6. Mathematical propositidn.s are not only characterized by the 
fact that they assert implications, but also by Ihe fact that they contain 
variable's. The notion of the variable is one of the most difficult with 
which liOgic has to deal, and in the present work a witisfactory theory 
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as to its nature, in spite of much discussion, will hardly be found. 
For the present, I only wish to make it plain that there are variables 
in all mathematical propositions, even where at first sight they might 
seem to be absent. Elementary Arithmetic might be thought to form 
an exception : 1 + 1 s 2 appears neither to contain variables nor to 
assert an implication. But as a matter of fact, as will be shown in 
Part II, the true meaning of this proposition is: ^If j: is one and 
y is one, and x differs from y, then x and y are two.” And this 
proposition both contains variables and asserts an implication. We 
shall find always, in all mathematical propositions, tliat the words any 
or some occur ; and these words are the marks of a variable and a formal 
implication. Thus the above proposition may be expressed in the fonn : 
“ Any unit and any other unit are two units.” The typical proposition 
of mathematics is of the fonn y, s, ...) implies y, ^r, ...), 

whatever values x^ y, z^... may have”; where <f>(Xj y, JS, ...) and 
y^(xy y, for every set of vcdues of j', y, is, are propositions. 

It is not asserted that if) is always true, nor yet that yfr is always true, 
but merely that, in all cases, when ^ is false as much as when </> is tnie, 
yfr follows from it. 

The distinction between a variable and a constant is somew^hat 
obscured by mathematical usage. It is customary, for example, to s{)eak 
of parameters as in some sense constants, but this is a usage which 
we shall have to reject. A constant is to be something absolutely 
definite, concerning which there is no ambiguity whatever. Thus 1, 2, 
3, e, TT, Socrates, are constants ; and so are rnanf and the human races 
past, present and future, considered collectively. Pn>[K)sition, implica- 
tion, class, etc. are constants ; but a proposition, any pro{H)sitioii, some 
proposition, are not constants, for these phrases do not denote one 
definite object. And thus what are called pirameters are simply 
variables. Take, for example, the equation = considered 

as the equation to a straight line in a plane. Here we say that x and y 
are variables, while a, 6, r are constants. But unless we are dealing 
with one absolutely particular line, say the line from a {mrticiilar j>oint 
in London to a particular point in Cambridge, our a, c are not 
definite numbers, but stand for any numbers, and are thas also variables. 
And in Geometry nolxxly does deal with actual particular lines ; we 
always discuss aiiy line. The point is that we c*ollect the various 
couples Xy y into classes of classes, each class being defined as those 
couple.s that have a certain fixed relation to one triad 6, r). But 
from class to clas.s, «, 6, c also vary, and are therefore pro[x;rly valuables. 

7. It is customaiy in mathematics to regard our variables as 
restricted to certain classes; in Arithmetic, for instance, they are 
supposed to stand for numbers. But this only means that i/’ they 
stand for numbers, they satisfy some formula, i.e. the hypothesis that 
they are numbers implies the formula. This, then, is what is really 
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asserted, and in this proposition it is no longer necessary that our 
variables should be numbers; the implication holds equally when they 
are not so. Thus, for example, the proposition x and y are numbers 
implies + y ^ -H + y* ” holds equally if for x and y we substi- 
tute Socrates and Plato* ; both hypothesis and conse(]uent, in this case, 
will be false, but the implication will still be true. Thus in every 
proposition of pure mathemati<;s, when fully stated, the variables haMe 
an absolutely unrestricted field: any conceivable entity may be substi- 
tuted for any one of our variables without impairing the truth of our 
proposition. 

8. We can now undei*stand why the constants in mathematics are 
to be restricted to logical constants in the sense defined above. ^Fhe 
process of transfonning constants in a proposition into variables leads 
to what is called generalization, and gives us, as it were, the formal 
essence of a propasition. Mathematics is interested exclusively in types 
of propositions ; if a pro{K>sition p containing only constants be proposed, 
and for a certain one of its terms we imagine others to be successively 
substituted, the result w'ill in general be sometimes true and sometimes 
false. Thus, for example, we have “Socrates is a man*”; here w'e turn 
S<K*rates into a variable, and con.sider “x is a man.'' Some hypotheses 
as to for example, is a Greek,'" insure the truth of “jf is a man""; 

thus is a Grei^k"" implii*!s “j* is a man,'" and this holds for all values of 

X. But the statement is not one of pure mathematics, because it depends 
upon the particular nature of Greek and man. We may, however, vary 
these too, and obtain : If a and b are classes, and a is contained in ft, 
then “j* is an a” implies is a ft," Here at last we have a proposition 
of pure mathematics, containing three variables and the constants class^ 
coniained in, and those involved in the notion of formal implications with 
variables. St) long as any term in our prt)position can be turned into 
a variable, our proposition can he generalized; and so long as this is 
possible, it is the business of mathematics to do it. If there are several 
chains of deduction which differ only as to the meaning of the symbols, 
so that pro{K)sitions syml)oliailIy identical bei*ome capable of several 
interpretations, the projier course, iiiathematically, is to fonn the class of 
meanings which may attach to the syml)ols, and to assert that the 
formula in question follows fn)m the hypothesis that the symbols belong 
to the class in question. In this way, syml)ols which stood for constants 
become transformed into variables, and new constants are substituted, 
consisting of classes to which the old constants belong. Cases of such 
generalization are so freejuent that many will occur at once to every 
mathematician, and innumerable instances will be given in the present 
work. Whenever two seta of terms have mutual relations of the same 

* It is necessary to suppose arithmetical addition and multiplication defined (as 
may be easily done) so that the above formula remains significant when x and y arc 
not numbers. 
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type, the same form of deduction will apply to both. For example, the 
mutual relations of points in a Euclidean plane are of the same type as 
those of the complex numbers; hence plane geometry, considered as a 
branch of pure mathematics, ought not to decide whether its variables 
are points or complex numbei's or some other set of entities having the 
same type of mutual relations. Speaking generally, we ought to deal J 
in every branch of mathematics, with any class of entities whose mutual^ 
relations are of a specified tj^pe; thus the class, as well as the particular 
term considered, becomes a variable, and the only true constants are the 
types of relations and what they involve. Now a type of relation is to 
mean, in this discussion, a class of relations characterized by the above 
formal identity of the deductions possible in regard to the various 
members of the class; and hence a type of relations, as will appear more 
fully hereafter, if not already evident, is always a class definable in 
terms of logical constants*. We may therefore define a type of relations 
as a class of relations defined by some property definable in terms of 
logical constants alone. 

9. Thus pure mathematics must contain no indefinables except 
logical constants, and consequently no premisses, or indemonstrable 
propositions, but such as aie concerned exclusively with logical constants 
and with variables. It is precisely this that distinguishes pure from 
applied mathematics. In applied mathematics, results which have been 
shown by pure mathematics to follow'^ from some hypothesis as to the 
variable are actually asserted of some constant satisfying the hypothesis 
in question. Thus terms which were variables become constant, and a 
new premiss is always required, namely; this particular entity satisfies 
the hypothesis in question. Thus for example Euclidean Geometry, as a 
branch of pure mathematics, consists wholly of propositions having the 
hypothesis is a Euclidean space."” If w^e go on to: “The space 
that exists is Euclidean,” this enables us to assert of the space that exists 
the consequents of all the hypotheticals constituting Euclidean G(‘ometry, 
where now the variable S is replaced by the constant actual space. Hut 
by this step we pass from pure to applied inathematic!s. 

10. The connection of mathematics with logic, according to tt ?,< 
above account, is exceedingly close. The fact that all mathematical^ 
constants are logical constants, and that all the premisses of mathematics 
are concerned with these, gives, I l)elieve, the precise statement of what 
philosophers have meant in asserting that mathematics is a priori ITie 
fact is that, Avhen once the apparatus of logic has l>een accepted, all 
mathematics necessarily follow^s. 'Fhe logical constants themselves are 
to be defined only by enumeration, for they are so fundamental that all , 
the properties by which the class of them might be definctl prcsupjHJse 

* One-one, many-one, transitive, symmetrical, are instances of types of relations 
with which we shall be often concerned. 


% 
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some ttTms of the class. But practically, the method of discovering the 
logical constants is the analysis of symbolic logic, which will be the 
business of the following chapters. The distinction of mathematics from 
logic is very arbitrary, but if a distinction is desired, it may be made as 
follows. Logic consists of the premisses of mathematics, together with 
^all other propositions which are concerned exclusively with logical 
constants and with variables but do not fulfil tiie above definition of 
mathematics (§ 1). Mathematics consists of all the consetjuences of the 
al>ove premisses which assert formal implications containing variables, 
together with such of the premisses themselves as have these marks. 
Thus some of the premisses of mathematics, e.g. the principle of the 
syllogism, “if p implies q and q implies r, then p implies w^ill 
iKdong to mathematics, while others, such as “implication is a relation, 
w'ill l>clong to logic but not to mathematics. But for the desire to 
adhere to usage, we might identify mathematics and logic, and define 
either as the class of propositions containing only variable's and logical 
constants ; but I’esjHict for tradition leads me rather to adhere to the 
above distinction, while re<*ognizing that t‘ertain projx)sitions Ix'long to 
hath sciences. 

From what has now lx!en said, the reader will pcTceive that the 
present work has to fulfil two objects, first, to show' that all mathematics 
follows from symlxdic logic, and secondly to discover, as far as possible, 
what are the principles of symbolic logic itself. The first of these objec*ts 
will be pui'SLied in the following Parts, while the second belongs to 
Part I. And first of all, as a preliminary to a critical analysis, it will 
Ik' necessary to give an outline of Symbolic I.«ogic considered simply as a 
branch of mathematics. This will iKcupy the following chapter. 



CHAPTER II. 

SYMBOLIC JJOGIC. 

11. Symbouc or Formal Logic — I shall use these terms as 
synonyms — is the study of the various general types of deduction. 
The word symbolic designates the subject by an accidental chai-acteristic, 
for the employment of mathematical symbols, here as elsewhere, is merely 
a theoreti^ly irrelevant convenience. The syllogism in all its figures 
belongs to Symbolic Logic, and would be the whole subject if all 
deduction were syllogistic, as the scholastic tradition supposed. It is 
from the recognition of asyllogistic inferences that modem Symbolic 
Logic, from Leibniz onward, has derived the motive to progress. Since 
the publication of Boole’s Laws of Thought (1854), the subject has 
been pursued with a certain vigour, and has attained to a very consider- 
able technical development*. Nevertheless, the subject achieved almost 
nothing of utility either to philosophy or to other branches of mathematics, 
until it was transformed by the new methods of Professor Peano^f”. 
Symbolic Logic has now become not only absolutely essential to every 
philosophical logician, but also necessary for the comprehension of 
mathematics generally, and even for the successful practice of certain 
branches of mathematics. How useful it is in practicre can only be 
judged by those who have experienced the increase of power derived 
from acquiring it; its theoretic^al functions must be briefly set forth in 
the present chapter^. 


* By far the most complete account of the non-Peaneaque methods will be found 
in the three volumes of ^hroder, VarUntutigen uber die Algebra der Logik, Leipzig, 
1890, 1891, 1895. 

t See Formulaire de Mathematiqvee, Turin, 1895, with sultoequeiit editions in 
later years; also Revue de Mathimatiquee, Vol. vxi. No. 1 (1900). I'he editions of 
the Ptrrmulaire will be quoted as F. 1895 and so on. The Revue de Mathematiiiueef 
which was originally the Rivieta di Matematica, will be referred to as /?. d. M. 

I In what follows the main outlines are due to Professor Peano, except as 
regards relations ; even in those cases where I depart fh>m his views, the problems 
considered have been suggested to me by his works. 
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12. Symbolic Logic is essentially concerned with inference in 

general*, and is distinguished from various special branches of mathe- 
matics mainly by its generality. Neither mathematics nor symbolic 
logic will study such special relations as (say) temporal priority, but 
mathematics will deal explicitly with the class of relations possessing 
the formal properties of temporal priority — properties which are 
summed up in the notion of continuity t* And the formal properties 
of a relation may be defined as those that can be expressed in terms 
of logical constants, or again as those which, while they are preserved, 
permit our relation to be varied without invalidating any inference in 
which the said relation is regarded in the light of a variable. But 
symbolic logic, in the narrower sense which is convenient, will not 
investigate what inferences are possible in respect of continuous relations 
{i.e. relations generating (!ontinuous series); this investigation belongs 
to mathematics, but is still too special for svintx>lic logic. What 
.symbolic logic does investigate is the general rules by which inferences 
are made, and it requires a classification of relations or propositions 
only in so fai- as these general rules introduce particular notions. The 
particular notions which appear in the propositions of symbolic logic, 
and all others deKnahle in terms of these notions, are the logical 
constants. The nunilxT of indefinable logical constants is not great : 
it upjxars, in 6u*t, to be eight or nine. These notions alone form the 
subject-matter of the whole of mathematics: no others, except such 
a'i are definable in terms of the original eight or nine, occur anywhere 
in Arithmetic, Geometry, or rational Dvnaniit's. For the technical 
study of Symbolic Logic, it is convenient to take as a single indefinable 
the notion of a fonnal implication, i.e. of such projx»sitions as is 
a man implic*s x is a mortal, for all valuers of .r'*' — propositions whose 
general typ<? is; implies for all values of where 

yfr (j), for all values of x, arc profKxsitions. The analysis of this notion 
of formal implication Ixdongs to the principles of the subject, but is not 
requiml for its formal development. In addition to this notion, we 
recjuii-e an indefinables the following : Implication between propasitions 
not containing variables, the relation of a term to a class of which it 
is a member, the notiim of .vich theU^ the notion of relation, and truth. 
By means of the.^e notions, all the propositions of symbolic logic can be 
stated. 

13. The subject of Symbolic l.^gic consists of three parts, the 
calcailus of propositions, the calculus of classes, and the calculus of 
relations. Betwet^n the first two, there is, within limits a certain 
parallelism, which arises as follows : In any symlxilic expression, the 

* 1 may m well say at once that I do not di.stiii^uish iMftween inference and 
deduction. What is called induction appears to me to lx either disguised deduction 
•or a mere methexi of making plausible guesses 

+ See below, Part V, (’hap. xxxvi. 
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letters may be interpreted as classes or as propositions, and the relation 
of inclusion in the one case may be replaced by that of formal implication 
in the other. Thus, for example, in the principle of the syllogism, if 
a, 6, r be classes, and a is contained in 6, b in c, then a is contained in c; 
but if a, ft, c be propositions, and a implies 6, ft implies c, then a implies c. 
A great deal has b^n made of this duality, and in the later editions of 
the Formulaire^ Peaiio appears to have sacrificed logical precision to its 
preservation *. But, as a matter of fact, there are many ways in which 
the calculus of propositions diffei’s from that of classes. Consider, 
for example, the following : If /?, j, r are propositions, and p implies 
q or r, then p implies q or p implies r."” This proposition is true ; but 
its cori’dative is false, namely : “ If ff, ft, c are classes, and a is contained 
in ft or c, then a is contained in ft or a is contained in vT For example, 
English people are all either men or women, but are not all men nor yet 
all women. The fact is that the duality holds for propositions asserting 
of a variable term that it btOongs to a class, i.c. such propositions as 
“.r is a man,'” provided that the implication involved bt' formal. \.c. one 
which holds for all values of .r. But is a man'” is itself not a 
proposition at all, being neither true nor false ; and it is not with such 
entities that we are conceriial in the propositional calculus, but with 
genuine propositions. To continue the above illustration : It is true 
that, for all values of ^r, <r is a man or a woman either implies x is a 
man^ or implies is a woman.^ But it is false that “.r is a man or 
woman’’ either implies is a man'” for all values of or implies 
“ jc is a woman for all values of x. Thus the implication involved, which 
is always one of the two, is not formal, since it does not hold for all values 
of being not always the same one of the two. I’he symbolic affinity 
of the propositional and the class logic is, in fact, something of a snaR‘, 
and w’e have to decide which of the two w'e aix* to make fundamental. 
Mr McColl, in an important series of pap>ersf, has conteiided for the 
view that implication and propositions are more fundamental than 
inclusion and classes ; and in this opinion I agi'ee with him. But he 
does not appear to me to realize adecjuately the distinction IndAveen 
genuine propositions and such as contain a real variable : thus he is led 
to speak of propositions as sometimes true and sometimes false, which 
of course is impossible with a genuine proposition. As the distinction 
involved is of very great importance, I shall dwx»ll on it ladbre procet*ding 
fui-ther. A proposition, we may say, is anything that is true or that is 

* On the points where the duality breaks down, cf. St^hWnler, op, rif., \'ol. ii. 
Lecture 21. 

t Cf. '^The Calculus of Equivalent Statements/' Proceed ingi< of the Ijotulon 
Mathemativul Society, Vol. ix and sul>sequent volumes ; “Symbolic lleasonin^/' Mind, 
Jan. IIUIO, Oct. 101)7, and Jan. IIMK); Log^ique Symholique et ses Applications,” 
Biblioth'que. du (JongrcM International de PhUotsophie, Vol. iii (l^aris, 11)01). J shall in 
future quote the proceedirifp? of the above CongT’ess by the title Congree. 
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false. An expression such as ‘‘ j* is a man ” ls therefore not a proposi- 
tion, for it is neither true nor false. If we give to x any constant value 
whatever, the expression becomes a pro{X)sition : it is thas as it were a 
schematic form standing for any one of a whole class of propositions. 
And when we say ** is a man implies x is a mortal for all values of x^ 
w'c are not asserting a single implication, but a class of implications ; 
we have now a genuine proposition, in which, though the letter x appears, 
there is no real variable : the variable is absorbi^ in the same kind of 
way as the x under the integral sign in a definite integral, so that the 
result is no longer a function of x. Peano distinguishes a variable which 
appears in this way as apparent^ since the pro[Xisition does not depend 
upon the variable ; whereas in “ j* is a man there are different proposi- 
tions for different values of the variable, and the variable is what Peano 
calls real*, I shall s{>euk of propositions exclusively where there is no 
real variable : where there are one or more real variables, and for all 
values of the variables the expression involved is a proposition, I shall 
call the expression a projxmtional function. The study of genuine 
propositions is, in my opinion, mort* fundamental than that of classes; 
hut the study of propositional functions ap|>ears to lx? strictly on a 
f)ar with that of classes, and indeed scaircely distinguishable therefrom. 
l\»ano, like McColl, at fii-st rt'garded propositions as more fundamental 
than classes, but he, even more definitely, considered propositional func- 
tions rather than propositions. From this criticism, Schnider is exempt: 
his secx)rid volume deals with genuine propositions, and points out their 
formal differences from classes, 

A. The PrtfjHmiiorud Calculus. 

14. The pmpositional calculus is characterizefl by the fact that 
all its propositions have as hypothesis and as consecpient the assertion of 
a material implication. Usually, the hypothesis is of the form “p im- 
plies yi,” etc., which (§ 16) is ctjuivalent to the assertion that the letters 
which (KX-ur in the conseejuent are propositions. Thus the conse(]uents 
consist of pro{K)sitional functions which are true of all propositions. 
It i.s important to observe that, though the letters employed are symbols 
for variables, and the consequents arc true w hen the variables are given 
values which are propositions, these values must be genuine propositions, 
not propositional functions. The hypothesis is a proposition’’ is 
not satisfied if for p we put “ x i.s a man,” but it is satisfied if we put 
‘‘Socrates is a man” or if we put “ x is a man implies x is a mortal for 
all values of xT Shortly, we may say that the propositions represented 
by single letters in this calculus are variables, but do not contain 
variables — in the case, that is to say, where the hypotheses of the 
propositions which the calculus asserts are Mitisfied. 

* F, 1901, p. 2, 
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16. Our calculus studies the relation of imfUcaSum between 
propositions. This relation must be distinguished from the relation 
of formal implication, which holds between propositional functions 
when the one implies ^e other for all values of the variable. Formal 
implication is also involved in this calculus, but is not explicRly 
studied : we do not consider propositional functions in general, but 
only certain definite propositional functions which occur in the propo- 
sitions of our calculus. How far formal implication is definable in 
terms of implication simply, or material implication as it may be 
called, is a difficult question, which will be discussed in Chapter iii. 
What the difference is between the two, an illustration will explain. 
The fifth proposition of Euclid follows from the fourth : if the fourth 
is true, so is the fifth, while if the fifth is false, so is the fourth. 
This is a case of materi^ implication, for both propositions are absolute 
constants, not dependent for their meaning upon the assigning of a 
value to a variable. But each of them states a formal implication, fhe 
fourth states that if x and y be triangles fulfilling certain conditions, 
then X and y are triangles fiilfilling certain other conditions, and that 
this implication holds for all values of x and y ; and the fifth states that 
if 0 ? is an isosceles triangle, x has the angles at the base equal. The 
formal implication involved in each of these two propositions is quite 
a different thing from the material implication holding between the 
propositions as wholes ; both notions are required in the propositional 
calculus, but it is the study of material implication which specially 
distinguishes this subject, for formal implication occurs throughout the 
whole of mathematics. 

It has been customary, in treatises on logic, to confound the two 
kinds of implication, and often to be really considering the fonnal kind 
where the material kind only was apparently involved. For example, 
when it is said that ‘‘Socrates is a man, therefore Socrates is a mortal,’' 
Socrates x^felt as a variable; he is a type of humanitVj 8J^d one feels that 
any other man would have done as well. If, instead of therefoir^ which 
implies the truth of hypothesis and consequent, we put “Socrates is a 
man implies Socrates is a mortal,” it appears at once that we may 
substitute not only another man, but any other entity whatever, in the 
place of Socrates. Thus although what is explicitly stated, in such a 
case, is a material implication, what is meant is a fonnal implication ; and 
some effort is needed to confine our imagination to material implication. 

16. A definition of implication is quite impossible. If p implies 
g, then if p is true q is true, i.c. truth implies g’s truth ; also if q is 
false p is false, Le. grs falsehood implies /^’s falsehood*. Thus truth and 
falsehood give us merely new implications, not a definition of implication. 

* The reader is recommeuded to observe that the main implications in these 
statements are formal, i,e. “p implies q** formally implies “p's trutli implies q's 

truth," while the subordinate implications are material. 
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If p implies then both are false or both true, or p is false and q true ; 
it is impossible to have q false and p true, and it is necessary to have 
q true or p false*. In fact, the assertion that q is true or p false turns 
out to be strictly equivalent to ^^p implies q^\ but as equivalence means 
mutual implication, this still leaves implication fundamental, and not 
definable in terms of disjunction. Disjunction, on the other hand, is 
definable in terms of implication, as we shall shortly see. It follows 
from the above equivalence that of any two propositions there must be 
one which implies the other, that false pmpositions imply all propositions, 
and true propositions are implied by all propositions. But these are 
results to be demonstrated ; the premisses of our subject deal exclusively 
with rules of inference. 

It may be observed that, although implication is indefinable, 
prop<mtion can be definc^d. Ever)' proposition implies itself, and 
whatever is not a proposition implies nothing. Hence to say is a 

proposition’" is equivalent to saying implies p^\ and this etjuivalence 
may be used to define propositions. As the mathematical sense of 
dejinitvon is widely different from that current among philosophers, 
it may be well to observe that, in the mathematical sense, a new 
propositional function is said to be defined when it is stated to be 
etpii valent to (i.c. to imply and bt‘ implied by) a propositional function 
which has either been acwpted as indefinable or has been defined in 
terms of indetinables. The definition of entities which are not 
propositional functions is derived from such as are in ways which will 
be explained in connection with classes and relations. 

17. We require, then, in the projwsitional calculus, no indefinables 
except the two kind.s of implication — remembering, however, that formal 
implication is a complex notion, whose analysis remains to be undertaken. 
As regards our two indefinables, we recjuire certain indemonstrable 
propositions, which hitherto I have not succeeiled in reducing to less 
than ten. Some indemonstrables there must be; and some propositions, 
such as the syllogism, must be of the number, since no demonstration 
is possible without them. But concerning others, it may be doubted 
whether they are indemonstrable or merely undemonstrated; and it 
should be observed that the method of supposing an axiom false, and 
deducing the consequences of this assumption, which has been found 
admirable in such cases as the axiom of parallels, is here not univei'sally 
available. For all our axioms are principles of deduction; and if they 
are true, the consequences which appear to follow from the employment 
of an opposite principle will not really follow, so that arguments from 
the supposition of the falsity of an axiom are here subjei't to special 
fallacies. Thus the number of indemonstrable propositions may be 
capable of further reduction, and in regard to some of them I know of 

* I may as well state ouce for all that the alternatives of a disjunction will never 
be considered as mutually exclusive unless expressly said to be so. 
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no grounds for regarding them as indemonstrable except that they have 
hitherto remained undemonstrated. 

18. The ten axioms are the following. (1) If p implies g, then 
p implies g*; in other words, whatever p and g may be, “p implies g"” 
is a proposition. (2) If p implies g, then p implies p; in other words, 
whatever implies anything is a proposition. (3) If p implies g, then g 
implies g; in other words, whatever is implied by anything is a proposition. 
(4) A true hypothesis in an implication may be dropped, and the 
consequent asserted. This is a principle incapable of formal symbolic 
statement, and illustrating the essential limitations of fonnalism — a 
point to which I shall return at a later stage. Before proceeding 
further, it is desirable to define the joint assertion of two propositions, 
or what is called their logical product. This definition is highly artificial, 
and illustrates the great distinction between mathematical and philo- 
sophical definitions. It is as follows: If p implies p, then, if g implies g, 
pg (the logical product of p and g) means that if p implies that g implies 
r, then r is true. In other words, if p and g arc propositions, their joint 
assertion is equivalent to saying that everv^ proposition is true w^hich is 
such that the first implies that the second implies it. We cannot, with 
formal correctness, state our definition in this shorter form, for the 
hypothesis “p and g are propositions'” is already the logical product of 
“p is a proposition’’ and “g is a proposition.” We can now' state the 
six main principles of inference, to each of w hich, owing to its inif)ortanre, 
a name is to be given; of these all except the last will l)e found in 
Peano’s accounts of the subject. (5) If p implies p and g implies g, 
then pg implies p. This is called Amplification^ and asserts merely that 
the joint assertion of two propositions implies the assertion of the first 
of the tw'o. (6) If p implies g and g implies r, then p implies r. This 
will be called the fnjllogitnn. (7) If g implies g and r iniplies r, and 
if p implies that g implies r, then jxi implies r. I’his is the principle of 
importation. In the hypothesis, we have a product of three piDposi lions; 
but this can of course be defined by means of the pnxluct of two. 
The principle states that if p implies that g implies r, then r follows 
from the joint assertion of p and g. For example: “If I call on so-and- 
so, then if she is at home I shall be admitted” implies “If I call on 
so-and-so and she is at home, I shall lx? admitted.” (8) If p implies 
p and g implies g, then, if pg implies ?•, then p implies that g implies r. 
This is the converse of the preceding principle, and is called eapoHation^. 
The previous illustration revei*sed will illustrate this principle. (9) If 
p implies g and p implies r, then p implies gr: in other words, a 

* Note that the implications denoted by \f and thm, in these axiom.s, are formal, 
while those denoted by impHen are material. 

t (7) and (8) cfinnot (I think) l>e deduced from the definition of the lo^cal 
product, because they are required for passing from “If p is a pro|K>sition, then *q is 
a proposition’ implies etc.” to “If ;> and q are propositions, then etc.” 
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proposition which implies each of two propositions implies them both. 
This is called the principle of cotnposition. (10) If implies p and 
q implies g, then implies q'" implies implies p. This is called 
the principle of reduction \ it has less self-evidence than the previous 
principles, but is equivalent to many proj)OsitionK that are self-evident. 
I prefer it to these, bc^'ause it is explicitly concenied, like its predecessors, 
wuth implication, and has the same kind of logical character as they 
have. If we niincmber that implies q"^ is equivalent to ^q or not-/?,” 
we can easily convince ourselves that the above principle is tnic; for 
implies q' implies />” is equivalent to ‘‘/? or the denial of *q or not- 
/?,’’’ i.c. to “/? or ‘p and not i.e. to p. But this way of persuading 
ourselves that the principle of reduction is true involves many logical 
principles which have not yet been demonstrated, and cannot be 
demonstratc<l exc-ept by reduction or some etjui valent. The principle is 
csjKX'ially useful in connection with negation. Without its help, by 
nu‘ans of the first nine principles, we can prove the law of contnuliction; 
we can prove, if p and q lx‘ propositions, that p implies not-not-/); that 
“y; implies not-<y” is tH|uivalent to ‘Vy implies not-/)” and to not-/?y; 
that “y> iinplit^s ry” implies ^woi-q implies not-y/'; that p implies that 
not-y; implies /?; that not-y? is ecjuivalent to implies not-y?”; and that 
implies notny” is equivalent to “not-not-y; implies not-^y.” But we 
cannot prove without rtnluction or some wjui valent (so far at least as 
I have Ikh'ii able to (lis<'over) that p or jiot-y> must bi' true (the law of 
excludetl middle); that every proposition is e(|uivalent to the negation 
of some other proposition: that not-not -y? implies p\ that ‘^not-^ implies 
not-y?” implies “y; implies that ^‘not-y? implies y;” implies y?, or that 
‘^y? imjdies y'' implies ‘Vy or not-y?.*’ h^ich of these* assumptions is 
equivalent to the principle of reduction, and may, if we choose, lx siib- 
stituti'd for it. Some of them — es|xc*ially excliukd middle and double 
negation — apjxar to have far more si*lf-c*\idence. But when we have 
seen how to define disjunction and negation in terms of implication, w'e 
shall s<x that the sup|K)stHl simplicity vanishes, and that, for formal 
purposes at anv rate, ixsluction is simpler than any of the possible 
alternatives. For this reason I retain it among mv premi.sses in 
preference to more asual and imiiv siqxTficially obvious pro|K)sitions. 

19. Disjunction or logical atldition is defined as follows: “y; or 
is txjui valent to “*y? implies q'' implies qT It is easy to persuade 
ourselves of this e<jui valence, by remeinlxring that a false }>roposition 
implies every other; for if p is false, p d<xs imply y, and therefore, 
if “/? implies y” implies it follows that q is true. But this argument 
ftgain uses principles which have not yet taxii demonstrated, and is 
merely desigiuxl to elucidate the definition by anticipation. Fnnn this 
definition, by the help of reduction, we can prove that “y> or q^ is 
equivalent to or y?.” An alternative definition, deducible from the 
above, is: “Any proposition implieil by p and implietl by q is tnie,"" or. 
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in other words, ‘‘ implies s'* and ‘g implies s' together imply whatever 
a may be.” Hence we proceed to the definition of negation: not-/> is 
equivalent to the assertion that p implies all propositions, that 
implies r” implies implies r” whatever r may be*. From this 
point we can prove the laws of contradiction and excluded middle and 
double negation, and establish all the formal properties of logical 
multiplication and addition — the associative, commutative and distributive 
laws. Thus the logic of propositions is now complete. 

Philosophers will object to the above definitions of disjunction and 
negation on the ground that what we mean by these notions is some- 
thing quite distinct from what the definitions assign as their meanings, 
and that the equivalences stated in the definitions are, as a matter of 
fact, significant propositions, not mere indications as to the way in 
which symbols are going to be used. Such an objection is, I think, well- 
founded, if the above account is advocated as giving the true philosophic 
analysis of the matter. But where a purely formal purpose is to be 
served, any equivalence in which a certain notion appears on one side 
but not on the other will do for a definition. And the advantage of 
having before our minds a strictly formal development is that it pro- 
vides the data for philosophical analysis in a more definite shapes than 
would be otherwise possible. Criticism of the pnxjedure of formal logic, 
therefore, will be best postponed until the present brief account has b^n 
brought to an end. 


B. The Calculus Classes. 

20. In this calculus there are very much fewer new primitive pro- 
positions — in fact, two seem sufficient — but there are much greater 
difficulties in the way of non-symbolic exposition of the ideas embedded 
in our symbolism. ITiese difficulties, as far as }) 08 sible, w'ill be postponed 
to later chapters. For the present, I shall try to make an exposition 
which is to be as straightforward and .simple as possible. 

The calculus of classes may be developed by regarding as fundamental 
the notion of class., and al.so the relation of a member of a class to its 
class. This method is adopted by Professor Peano, and is perhaps more 
philosophically correct than a different method which, for formal pur- 
poses, I have found more convenient. In this method we still take as 

* TTie principle that false propositions imply all propositions solves Lewis 
Carrolls logical paradox in Mind, N. S. No. 11 (1894). ITie assertion made in that 
paradox is that, if p, 7, r be propositions, and q implies r, while p implies that 
q implies not^r, then p must be false, on the supposed ground that ‘‘g implies r” and 
q implies not-r are incompatible. But in virtue of our definition of negation, if 
q be false both these implications will hold : the two together, in fact, what- 
ever proposition r may be, are equivalent to not-q. 'Hi us the only inference 

warranted by Lewis Carroll’s premisses is that if p be true, q must be false, t.s. that 
p implies not-q ; and this is the conclusion, oddly enough, which common sense would 
have drawn in the particular case which he discusses. 
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fundamental the relation (which, following Peano, I shaU denote by e) 
of an individual to a class to which it belongs, t.e. the relation of Socrates 
to the human race which is expressed by saying that Socrates is a man. 
In addition to this, we take as indefinables the notion of a propositional 
function and the notion of such that. It is these three notions that 
characterize the class-calculus. Something must be said in explanation 
of each of them. 

21. The insistenc^e on the distinction between e and the relation of 
whole and part between classes is due to Peano, and is of very great 
importance to the whole technical development and the whole of the 
applications to mathematics. In the scholastic doctrine of the syllogism, 
and in all previous symbolic logic, the two relations are confounded, 
except in the work of Frege*. The distinction is the same as that 
between the relation of individual to species and that of species to 
genas, between the relation of Socrates to the class of Greeks and the 
relation of Greeks to men. On the philosophical nature of this distinc- 
tion I shall enlarge when I come to deal critically with the nature of 
classes; for the present it is enough to observe that the relation of 
whole and part is transitive, while e is not so : we have Socrates is a 
a man, and men are a class, but not Socrates is a class. It is to be 
observed that the class must lx; distinguished from the class- conc^ept 
or predicate bv which it is to be defined : thus men are a class, while 
man is a class -concept. I'he relation e must be regarded as holding 
between Socratc^s and men considert'd collectively, not betw'een Socrates 
and vian. I shall return to this point in Chapter vi. Peano holds 
that all propositional functions containing only a single variable are 
capable of expres.sion in the fonii “ »r is an where a is a constant 
class ; but this view we shall find reason to doubt. 

22. The next fundamental notion is that of a propositional func- 

tion. Although profHisitional functions (X'cur in the calculus of pro- 
positions, they are then? each definixl it tK*curs, so that the general 
notion is not nKpiired. But in the class-calculus it is necessary to intro- 
duce the general notion explicitly. Peano. does not require it, owing to 
his assumption that the form “.r is an a'^ is general for one variable, and 
that extensions of the same form are available for any number of 
variables. But wc must avoid this assumption, and must therefore 
introduce the notion of a propositional function. We may explain (but 
not define) this notion as follows : is a propositional function if, for 

every value of x, 0x is a proposition, determinate when x is given. 
Thus “ X is a man is a propositional function. In any proposition, how'- 
ever complicated, which contains no real variables, we may imagine one 
of the terms, not a verb or odjei'tive, to lx? replar:ed by other terms: instead 
of “ Socrates is a man ^ we may put Y Plato is a man,'” “ the number £ 

* See his Hegrifisvhrift, Halle, 1870, and Grtindgeteize der Arithmetik, Jena, 1803, 
p. 2. 
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is a man,” and so on*. Thus we successive propositions all afTreeing 
exee|)t as to the one variable term. P\itting or for the variable term, 
“ or is a man ” expresses tlie type of all such propositions. A pro- 
positional function in general will be true for some values of the variable 
and false for others. The instances where it is true for all values of the 
variable, so far as they are known to me, all express implications, such as 
“ a" is a man implies or is a mortal”; but I know of no a priori reason for 
asserting that no other propositional functions are true for all values of 
the v'ariable. 

23. This brings me to the notion of stick that. The values of x 
which render a propositional function true are like the roots of an 
equation — indeed the latter are a parti(‘ular case of the former — and we 
may consider all the values of x w hich are such that ff>x is true. In general, 
these values form a class, and in fact a c lass may be dchned as all 
the terms satisfying some propositional function. There is, however, 
some limitation required in this statement, t hough I have not been able to 
discover precisely what the limitation is. This results from a certain 
contradiction which I shall discaiss at length at a later stage (Chap. x). 
The reasons for defining chats in this way arc, that we rccpiirc to provide 
for the null-class, which prevents our defining a class as a term to 
wdiich some other has the relation c, and that we wish to l>e able 
to define classes by relaticms, i,e. all the terms wdueh have to other 
terms the relation R are to form a class, and such cases require some what 
(complicated propositional functions. 

24. With regard to these three fundamental notions, we require 
tw'o primitive propositions. The first asserts that if x belongs to the 
class of terms satisfying a ]m)positiona] bmetion tf^x, then <f>x is true. 
The second asserts that if <f>x and \(/x are equivalent propositions for all 
values of x, then tJie class of x\ such that <f>x is true is identi(‘al w'itli 
the class (if x's sucli that tpx is true. Identity, whicli oc'ciirs here, is 
defined as follow's: .r is identical with // if // belongs to every class to 
which X belongs, on other words, if x is aw” implies ‘‘y is a u ” for 
all values of u. With regard to the primitive pr())X)sition itself, it is to 
be observed that it decides in favour of an exteusional view of classes. 
Two class concepts need not be identical when their extensions arc so: 
man and featherless biped are by no means i(ientical, and no more are even 
prime and integer between 1 and 3. These arc class and if our 
axiom is to hold, it must not be of these that w e are to speak in dealing 
with classes. We must be concerned with the actual assemblage of 
terms, not with any concept denoting that assemblage. For mathe- 
matical purposes, this is quite essential. Consider, for example, the 
problem as to how many combinations can be formed of a given set 

• Verbs and adjectives o(*eiirring as such are distinguished by the fact that, if 
they be taken as variable, the resulting function is only a pro^iosition fvr same values 
''f the variable, i.e. for such as are verba or adjectives respectively. Sec Chap, iv. 
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of terms taken any number at a time, Le. as to how many classes are 
contained in a given class. If distinct classes may have the same ex- 
tension, this problem becomes utterly indeterminate. And certainly 
common usage would regard a class as determined when all its terms are 
given. The extcm.sional view of clas.ses, in some form, is thus essential to 
Symbolic I^gic and to mathematics, and its necessitv is expressed in the 
above axiom. But the axiom itself is not employed until we come to 
Arithmetic ; at least it need not l>e employed, if we choose to distinguish 
the cH^uality of classes, which is defined as mutual inclusion, from the 
identity of individuals. Formally, the two are totally distinct : identity 
is defined as alK>ve, ecjuality of n and h is defirietl by the e(|ui valence of 
X is an a ^ and “ .r is a A for all values of x. 

26 . Most of the propt>sitions of the class-calculus are easily 
deduced from those* of the propositional calculus. 'Fhe logical pnxluct 
or common part of twci chiss€‘s a and h is the class of x\ such that the 
logical pnMluct of x is an a'^ and “.r is a is true. Similarly we define 
the logical sum of two classes (a or A), and the negation of a class (not-n). 
A new idea is intnxlucid by the logical prcxliict and sum of a class of 
classes. If A' is a class of classes, its logical prcxluct is the class of terms be- 
longing to each of the classes of A% i.e. the ( lass of terms x such that 
is a A*'' implies x is & for all values of u. The logical sum is the class 
which is contaiiunl in every clas,s in which every class of the class k is 
contfiinid, i.c. the class of terms x such that, if “ ti is a A‘" implies “w is 
contained in for all vaku*s of w, then, for all values of r, .r is a r. 
And we say that a class a is contained in a class A when “.r is an a''^ 
implies “.r is a A"” for all values of x. In like maniuT with the above 
we may defiiu* the pnxluct and sum of a class of propositions. Another 
very imporbint notion is what is called the existence of a ela.ss — a w'ord 
w'hich must not be supjx>s(*d to mean what existence means in philosophy. 
A class is said to exist when it has at least one term. A formal defini- 
tion is as follows; a is an existent class when and only when any 
pniposition is true provid(*d ‘’•'.r is an alwavs implies it whatever value 
we inav give to x. It must lx* iindeiNttxxl that the projx>sition implied 
must lx a gi'iuiine proposition, not a propositional function of x. A 
class a exists when the logic'al sum of all pro(H)sitions of the form ‘‘‘ J’ is 
an is true, i.e. when not all such propositions are false. 

It is important to understand clearly the manner in which prt)- 
positions in the el ass-calculus are obtained from those in the pro- 
positional calculus. Consider, for example, the syllogism. We have 

iinpli(*sg'” and “7 implies iiuply “p implies r."” Now^ put “x is 
an a,” “ j- is a A,*” ‘‘x is a c"” for p, <31, r, where x must have some definite 
value, but it is not necessary to decide wdiat value. We then find that 
if, for the value of x in ijuestioii, x is an a implies x is a A, and .r is a A 
implies x is a c, then x is an a implies x is a r. Since the value of x is 
irrelevant, we may vary x, and thus we find that if a is contained in A, 



22 


The IndefinabUs of Mathematics [oHAP. n 

and & in c, then a is contained in c. This is the dass-syllggism. But in 
applying this process it is necessary to employ the utmost caution, 
if fieJlacies are to be successfully avoided. In this connection it will 
be instructive to examine a point upon which a dispute has arisen 
between Sclmider and Mr McColl*. ^hrckler asserts that if p, 9, r are 
propositions, implies is equivalent to the disjunction implies r 
or q implies rT" Mr McColl admits that the disjunction implies the 
other, but denies the converse implication. The reason for the diver- 
gence is, that Schroder is thinking of propositions and material im- 
plication, while Mr McColl is thinking of propositional functions and 
formal implication. As regards propositions, the truth of the principle 
may be easily made plain by the following considerations. If pq implies 
r, then, if either p or 9 be false, the one of them which is false implies r, 
because false propositions imply all propositions. But if both be true, 
pq is true, and therefore r is true, and therefore p implies r and q im- 
plies r, because true propositions are implied by eveiy proposition. 
Thus in any case, one at least of the propositions p and q must 
imply r. (This is not a proof, but an elucidation.) But Mr McColl 
objects: Suppose p and ^ to be mutually contradictory, and r to be the 
null proposition, then pq implies r but neither p nor q implies r. Here 
we are dealing with propositional functions and formal implication. A 
propositional function is said to be null when it is false for all values of 
x; and the class of <r's satisfying the function is called the null-class, 
being in fact a class of no terms. Either the function or the class, 
following Peano, I shall denote by A. Now let our r be replaced by A, 
our p by and our q by not-^, where (f>x is any propositional function. 
Then pq is false for all values of Xy and therefore implies A. But it is 
not in general the case that <f>x is always false, nor yet that not-<^ is always 
false; hence neither always implies A. Thus the above formula can only 
be truly interpreted in the propositional calculus : in the class-calculus 
it is false. This may be easily rendered obvious by the following 
considerations: Let -^Xy yx be three propositional functions. Then 
‘‘ <^x. y^x implies ^x'^ implies, for all values of j*, that either <l>x implies 
y^x or yjrx implies But it does not imply that either <f>x implies 
for all values of Xy or y^x implies for all values of x. The disjunction 
is what I shall call a variable disjunction, as opposed to a constant one: 
that is, in some cases one alternative is true, in others the other, whereas 
in a constant disjunction there is one of the alternatives (though it is not 
stated which) that is always true. Wherever disjunctions occur in regard 
to propositional functions, they will only be transformable into statements 
in the class-calculus in cases where the disjunction is constant. ^Ihis is 
a point which is both important in itself and instructive in its bearings. 
Another way of stating the matter is this; In the proposition: If 

♦ Schrikler, Algebra der Logik, Vol. 11 , pp. 258-9 ; McColl, ** Calculus of 
Equivalent Statements/’ fifth paper, Proc, Lmd. Math. Soc, Vol. xxviii, p. 182. 
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if>x . implies x^y either ^ implies x^ implies x^y 

implication indicated by ^ and then is formal, while the subordinate 
implications are material; hence the subordinate implications do not 
lead to the inclusion of one class in another, which results only from 
formal implication. 

The formal laws of addition, multiplication, tautology and negation 
are the same as regards classes and propositions. The law of tautology 
states that no change is made when a class or proposition is added to or 
multiplied by itself. A new feature of the class-calculus is the null-class, 
or class having no terms. This may be defined as the class of terms that 
belong to every class, as the class which does not exist (in the sense 
defined above), as the class which is contained in every class, as the 
class A which is such that the propositional function “jr is a A"” is false 
for all values of Xy or as the class of jr^s satisfying any propositional 
function <f>x which is false for all values of x. All these definitions are 
easily shown to be equivalent 

26. Some important points arise in connection with the theorj^ of 
identity. We have already defineil two terms as identical when the 
second belongs to every class to which the first belongs. It is easy to 
show that this definition is symmetrical, and that identity is transitive 
and reflexive (i.e. if x and y, y and z are identical, so are x and z ; and 
whatever x may be, x is identical with x). Diversity is defined as the 
negation of identity. If *r be any term, it is necessary to distinguish 
from j: the class whose only member is x : this may be defined as the 
class of terms which are identical with .r. ITie necessity for this 
distinction, which results primarily from purely formal considerations, 
was discovered by Peano ; I shall return to it at a later stage, llius 
the class of even primes is not to be identified with the number 2, and 
the claas of numbers which are the sum of 1 and 2 is not to be identified 
with 3. In what, philosophically speaking, the difference consists, is a 
point to be considered in (Chapter vi. 

C. The Calculus of Relations, 

27, The calculus of relations is a more modern subject than the 
calculus of classes. Although a few hints for it are to be found in 
De Moigan^, the subject was first developed by C. S. Peirce f. A careful 
analysis of mathematical reasoning shows (as we shall find in the course 
of the present work) that types of relations are the true subject-matter 
discussed, however a l>ad phraseology may disguise this fact ; hence the 
logic of relations has a more immediate bearing on mathematics than 

* Catnh, Phil. Tran^. Vol. x, ^^Oii the Syllogism, No. iv, and on the Logic of 
Relations.'* Cf. ih. Vol. ix, p. 104; also his Formal Logic (London, 1847), p- 

t See especially his articles on the Algebra of Logic, Americnn Journal of 
MathemaUcSy Vols. iii and vii. The subject is treated at length by C. S. Peirce's 
methods in Schrdder, op. ciL, Vol. in. 
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that of classes or propositions, and any theoretically correct and adequate 
expression of mathematical truths is only possible by its means. Peirce 
and Schroder have realized the great importance of the subject, but 
unfortunately their methods, being based, not on Peano, but on the 
older Symbolic Logic derived (with modifications) from Boole, are so 
cumbrous and difficult that most of the applications which ought to be 
made are practically not feasible. In addition to the defects of the old 
Symbolic Logic, their method suffers technically (whether philosophically 
or not I do not at present discuss) from the fact that they regard a 
relation essentially as a class of couples, thus requiring elaborate 
formulae of summation for dealing with single relations. This view is 
derived, I think, probably unconsciously, from a philosophical error: it 
has always been customary to suppose relational propasitions less 
ultimate than class-propositions (or subject-predicate propositions, with 
which class-propositions are habitually confounded), and this has led 
to a desire to treat relations as a kind of classes. However this may 
be, it was (certainly from the opposite philosophical belief, which I 
derived from ray friend Mr G. TC. Moore*, that I was led to a different 
formal treatment of relations, lliis treatment, whether more philo- 
sophically correct or not, is certainly far more convenient and far more 
powerful as an engine of discovery in actual mathematics f. 

28. If i? Ixi a relation, we express by xRy the pr(>{K)sitional function 
“ X has the relation R to yT We require a primitive (/.c. indemonstrable) 
proposition to the effect that xRy is a proposition for all values of x 
and y. We then have to consider the following classes: The class of 
terms which have the relation R to some term or other, which I call the 
class of refereiitH with respect to R\ and the class of terms to which 
some term has the relation f?, which I call the class of relnta. Thus if 
R be paternity, the referents will lie fathers and the relata will l)e 
children. We have also to consider the corresponding classes with 
resj)ect.to particular terms or classes of terms: so-and-so^s children, or 
the children of Londoners, afford illustrations. 

The intensional view of relations here advocated leals to the result 
that two relations may have the same extension without IxMng identicAl. 
Two relations /f, R' are said to be equal or ecjiiivalent, or to have the 
same extension, when xRy implies and is implied by xR'y for all values 
of X and y. But there is no need here of a primitive proposition, as 
there was in the case of classes, in order to obtain a relation which is 
determinate when the extension is determinate. We may replaw a 
relation R by the logical sum or product of the class of relations 
equivalent to if, i.i\ by the assertion of some or of all such relations ; 
and this is identical with the logical sum or product of the class of 
relations equivalent to R\ if R be equivalent to R. Here we use 

* See his article the Nature of Judpnneiit/’ Mind, N. S. No. iW). 

t 8ee my articles in R, d. M, Vol. vii, No. 2 and subsequent numbers. 
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the identity of two classes, which results from the primitive proposition 
as to identity of classes, to establish the identity of two relations — 
a procedure which could not have been applied to classes themselves 
without a vicious circle. 

A primitive proposition in regard to relations is that every relation 
has a converse, i.e, that, if i? be any relation, there is a relation R' such 
that xRy is equivalent to yR!x for all values of x and y. Following 

Schroder, I shall denote the converse of R by R, Greater and less, 
before and after, implying and implied by, are mutually converse 
relations. With some relations, such as identity, diversity, equality, 
inecjuality, the converse is the same as the original relation : such 
relations are called mpnmetrical, WTien the converse is incompatible 
with the original relation, as in such castes as greater and less, I call the 
relation (vnjminctricdl ; in intermediate cases, not -symmetrical. 

The most important of the primitive propositions in this subjei’t is 
that lietween any two terms then* is a relation not holding between any 
two other terms. This is analogous to the jmnciple that any tenn is 
the only mernl)er of some class ; but whereas that could lx* proved, 
owing to the extensional view of classc^s, this principle, so far as I can 
discover, is incapable of proof. In this point, the extensional view of 
relations has an advantage ; but the advant^ige appears to me to be 
outweighed by other considerations. When relations are considered 
intensionally, it may stnnn possible to doul)t whether the alx)ve principle 
is true at all. It will, however, lx* genei*ally admitted that, of any two 
terms, some propositional function is true which is not true of a certain 
given different pair of terms. If this lx admitted, the above principle 
follows by considering the logical prwluct of all the relations that hold 
Ixtwixn our first pair of terms. Thus the above principle may be 
I'eplfU'cnl by the following, which is equi\alent to it : If xRy implies 
xRy\ whatever R may lx*, so long as R is a relation, then x and x\ 
y and y' are n*sjx*ctivelv identical. But this princijile introduces a 
logical difficiilt\ from which we have Ix'en hitherto exempt, namely a 
varial)le with a restrictt*d field ; for unless R is a relation, xRy is not a 
proposition at all, true or false, and thus /f, it would st*t*m, cannot take 
all values, but only such as aiv relations. I shall ndurn to the discussion 
of this point at a later stagt*. 

29. Other assumptions n*(juire<i are that the negation of a relation 
is a rt*lation, and that the logical pnxluct of a class of ivlations (i.e. the 
assertion of all of them simultaneously) is a relation. Also the relative 
imxhict of two ivlations must Ix' a relation. The ix*lative product of two 
relations Jtt, S is the ivlation wdiich holds between .r and whenever 
there is a term y to which x has the relation R and which has to z the 
relation S. Thus the n*lation of a niatenml grandfather to his grandson 
is the relative product of father and mother; that of a paternal grand- 
mother to her grandson is the relative pi-oduct of mother and father; 
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that of grandparent to grandchild is the relative product of parent and 
parent. The relative product, as these instances show, is not in general 
commutative, and does not in general obey the law of tautology. The 
relative product is a notion of very great importance. Since it does not 
obey the law of tautology, it leads to powers of relations : the square of 
the relation of parent and child is the relation of grandparent and 
grandchild, and so on. Peirce and Schrckler consider also what they call 
the relative sum of two relations R and *9, which holds between x and js, 
when, if y be any other term whatever, either x has to y the relation 
or y has to z the relation S, This is a complicated notion, which I have 
found no occasion to employ, and w^hich is intrcKiuced only in order to 
preserve the duality of addition and multiplication. This duality has a 
certain technical charm when the subject is considered as an independent 
branch of mathematics ; but w^hen it is coiisideix*d solely in relation to 
the principles of mathematics, the duality in (jiiestion appears devoid of 
all philosophical importance. 

30. Mathematics recjuires, so far as I know, only two other 
primitive propositions, the one that material implication is a relation, 
the other that e (the relation of a term to a class to which it Ixilongs) is 
a relation*. We can now develop the whole of mathematic's without 
further assumptions or indefinables. Cc^rtain propositions in the logic 
of relations dciserve to hat mentioncHl, since they are important, and it 
might be doubted whether they were capable of formal proof. If w, xf 
be any two classes, there is a relation R the fissertion of w hich between 
any two terms x and y is equivalent to the assertion that x Wlongs to u 
and y to v. If u be any class which is not null, there is a relation which 
all its terms have to it, and which holds for no other pail's of terms. If 
R be any relation, and u any class contained in th<» class of referents 
with respect to i?, there is a relation which has a for the class of its 
referents, and is (H]uivalent to R throughout that class ; this relatiori is 
the same as R where it holds, but has a more restricted domain. (I use 
donuiinscA synonymous w'ith vlaJis of rfferents.) From this point onward.s, 
the development of the subject is technical : special types of relations are 
considered, and spec'ial branches of mathematic's result. 

D. Peano\s Symbolic Loffu\ 

31. So much of the above brief outline' of Symbolic l^ogic is 
inspired by Peano, that it seems desirable to discuss his work explicitly, 
justifying by criticism the points in which I have depai Ud fi*om him. 

^Ihe c]uestion as to which of the notions of symbolic logic are to be 
taken as indefinable, and which of the propositions as indemonstrable, 
is, as Professor Peano has insistedf, to some extent arbitrary. But it is 

There is a diflfieiilty in regard to this primitive proposition, discussed in §§ *^3, 
94 below'. 

+ K.g, F. 1901, p. 6; F. Itt97, Part I, pp. 62-3. 
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important to establish all the mutual relations of the simpler notions 
of logic, and to examine the consequence of taking various notions as 
indefinable. It is necessary to realize that definition, in mathematics, 
does not mean, as in philosophy, an analysis of the idea to be defined 
into constituent ideas, ’'rhis notion, in any case, is only applicable to 
concepts, whereas in mathematics it is possible to define terms which 
are not concepts*. Thus also many notions are defined by symbolic 
logic which are not capable of philosophical definition, since they are 
simple and unanalyzable. Mathematical definition consists in pointing 
out a fixed relation to a fixed term, of which one term only is capable: 
this term is then defined by means of the fixed relation and the fixed 
term. The point in which this dificrs from philosophical definition 
may Ik* elucidated by the remark that the mathematical definition does 
not point out the term in question, and that only what may be called 
philosophical insight reveals which it is among all the terms there are. 
This is due to the fact that the term is defined bv a concept which 
denotes it unambiguously, not by actually mentioning the term denoted. 
What is meant by denoting^ as well as the different ways of denoting, 
must Ik acwpted as primitive ideas in any symlx>lic logicf: in this 
resjKct, the order adoptwl setmis not in any degree arbitrary. 

32. For the sake of definiteness, let us now^ examine some one 
of Professor Peano's expositions of the subject. In his later expositions^ 
he has abandoned the attempt to distinguish clearly certain ideas and 
propositions as primitive, prolmbly because of the realization that any 
such distinction is largely arbitrary. But the distinction appears useful, 
as intrcKlucing greater definiteness, and as showing that a ceibiin set 
of primitive ideas and propositions are sufficient ; so far from being 
al)andoned, it ought rather to Ik made in every possible way. I shall, 
therefore, in what follows, exjwund one of his earlier expositions, that 
of 1897§. 

The primitive notions with which Peano starts are the following : 
Class, the relation of an indivnlual to a class of which it is a member, 
the notion of a term, implication where both proptisitions contain the 
same variables, i.r. formal implication, the simultaiu-ous affirmation of 
two propositions, the notion of definition, and the negation of a pro- 
position. From these notions, together with the division of a complex 
proposition into parts, Peano professes to deduce all symbolic logic by 
means of certain primitive propositions, l^t us examine the deduction 
in outline. 

Wc may observe, to betgin with, that the simultaneous affirmation 
of trvo propositions might seem, at first sight, not enough to take as a 
primitive idea. For although this can be extended, by successive steps, 
to the simultaneous affirmation of any finite number of propositions, 

* Sec Chap. iv. + See Chap. v. 

J K 1901 and H. d, M. Vol. vii. No. 1 (1900). § F, 1897, Part 1. 
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yet this is not all that is wanted ; we require to be able to affirm 
simultaneously all the propositions of any class, finite or infinite. But 
the simultaneous assertion of a class of propositions, oddly enough, is 
much easier to define than that of two propositions (see § 34, (3)). If k 
be a class of propositions, their simultaneous affirmation is the assertion 
that “y; is a A:” implies p. If this holds, all propositions of the class are 
true; if it fails, one at least must be false. We have seen that the 
logical product of two propositions can be defined in a highly artificial 
manner; but it might almost as well bo taken as indefinalile, sintv no 
further property can bo proved by means of the definition. We may 
observe, also, that formal and material implication are combined by 
Peano into one primitive idea, whereas they ought to l>e kc})t separate, 
33. Before giving anv primitive propositions, Peano pro(‘eeds to 
some definitions. (1) If a is a class, “j’ and y are a’s" i^ to mean 
“ is an a and y is an a.*” (2) If a and b are classes, “ every a \s 
means “.r is an a implies that x is a If we accept formal implication 
as a primitive notion, this definition seems unobjectionable ; but it may 
well be held that the relation of inclusion iKdween classes is simpler than 
formal implication, and should not lie defined by its means. This is a 
difficult (piestion, which I reserve for substHjuent distnission. A formal 
implication appears to be the asscTtion of a whole class of material 
implications. The complication intrcKhiced at this point arises from 
the nature of the variable, a jK)int which IVano, though he has done 
very much to show its imp<irtance, appears not to have himself suffi- 
ciently considered. The notion of one proposition containing a variable 
implying another such projxxsition, which he takes as primitive, is 
complex, and .should therefore he separated into its constituents ; from 
this separation arises the necessity of considering the simultamK)us 
affirmation of a whole class of propositions Ix'fore interpreting such 
a proposition as “ j* is an a implies that j’ is a b.'" (3) We come next 

to a perfectly worthless definition, which has l)een sinc(‘ almndonwl*. 
This is the definition of su('h that. The j's such that x is an we arc 
told, are to mean the class a. But this only gives the meaning of fturh 
that when placed before a proposition of the tyjx; “ is an aT Now 
it is often necessary to consider an x such that some pro|K)sition is true 
of it, where this proposition is not of the form “ x is an a.'” Peano holds 
(though he does not lay it down as an axiom) that every proposition 
containing only one variable is mhicible to the form “j" is an at.’' 
But we shall see (Chaj:). x) that at least one such pniposition is not 
reducible to this form. And in any case, the only utility of .w/cA that 
is to effect the reduction, which cannot therefore he assumed to be 
already effec-ted without it. The fact is that siuh that contains a primi- 
tive idea, but one which it is not easy clearly to disengage from other ideas. 

* In consequence of the critiewms of Padfia, R. rf. M. Vol. vi, p. 112. 

t R. d. M. Vol. VII, No. 1, p. 25 ; F. 1901, p. 21, § 2, Prop. 4. 0, Note. 
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In order to grasp the meaning of jrwcfc thcUy it is necessary to observe, 
first of all, that what Peano and mathematicians genemlly call one 
proposition containing a variable is really, if the variable is apparent, 
the conjunction of a certain class of propositions defined by some 
constancy of form ; while if the variable is real, so that we have a 
propositional function, there is not a proposition at all, but merely 
a kind of schematic representation of any proposition of a certain type. 

“ The sum of the angles of a triangle is two right angles,” for example, 
when staU*d by means of a variable, becomes : I^t be a triangle ; then 
the sum of the angles of x is two right angles. This expresses the 
conjunction of all the propositions in which it is said of particular 
definite entities that if they are triangles, the sum of their angles is 
two right angles. But a proj^ositional function, where the variable is 
mil, represents any proposition of a certain form, not all such proposi- 
tions (s€?e §§ 59-62). There is, for each propositional function, an 
indefinable relation Ixdwt^^^n profxisitions and entities, which may be 
expressed by stiying that all the propositions have the same fomi, 
but diflert‘nt entith's enter into them. It is this that gives rise to 
propositional functions, (riven, for example, a constant relation and 
a constant term, there is a one-one correspondence Ixlween the propo- 
sitions asserting that various terms have the sfiid relation to the said 
term, and the various terms wliieh (K-cur in these propositions. It is 
this notion which is nsjuisite for the comprehension of jtui fi that. Ix‘t 
X lx* a variable w hose values form the class and let f {x) be a one- 
valiiwl function of x w Inch is a true proposition for all values of .r w ithin 
the class ri, and which is false for all other values of .r. 'Fhen the terms 
of a are the class of terms xnch thatf{x) is a true proposition. This 
gives an explanation of .such that. Hut it must always lx? mnembered 
that the Hp[K*arance of having one pro|K>sition f{x) satisfied by ,a 
numixr of values of x is fallacious : /*(.r) is not a proposition at all, 
but a propositiimal funi tion. What is fundamental is the relation of 
various pro{x>sitions of given form to the various terms entering 
sevenilly into them as arguments or values of the variable ; this 
relation is etpjally rixjuinxl for interpnding the propositional function 
f{x) and the notion .such thaiy but is itself ultimate and inexplicable. 
(4) We come next to the definition of the logical pnxluct, or 
common pail, of two classes. If a ami h lx two classes, their common 
part consists of tie* class of terms x such that x is an a and x is a b. 
Here already, as Badoa {xiints out (1(h\ ri/.), it is necessary to extend the 
meaning of .such that Ixyond the case where our propexsition asserts 
memlxrship of a class, since it is only by means of the definition that 
the common jmuI is shown to he a class. 

34 , The remainder of the definitions preceding the primitive 
propositions are less important, and may he passed over. Of the 
primitive propositions, some appear to be merely concerned with the 



80 The Indefinables of Mathematics [ceiap. n 

symbolism, and not to express any real properties of what is symbolized ; 
others, on the contrary, are of high logical importance. 

(1) The first of Peano’s axioms is “every class is contained in 
itself.’’ This is equivalent to “ every proposition implies itself.” There 
seems no way of evading this axiom, which is equivalent to the law of 
identity, except the method adopted above, of using self-implication 
to define propositions. (2) Next we have the axiom that the product 
of two classes is a class. This ought to have been stated, as ought also 
the definition of the logical product, for a class of classes; for when 
stated for only two classes, it cannot be extended to the logical product 
of an infinite* class of classes. If doss is taken as indefinable, it is a 
genuine axiom, which is very necessary to reasoning. But it might 
perhaps be somewhat generalized by an axiom concerning the terms 
satisfying propasitions of a given form : e,g. “ the tenns liaving one 
or more given relations to one or more given terms form a class.” 
In Section B, above, the axiom was wholly evaded by using a generalized 
form of the axiom as the definition of class, (3) We have next two 
axioms which are really only one, and appear distinct only b<?caiise Peano 
defines the common part of two classes instead of the common part of a 
class of classes. These two axioms state that, if a, 6 be classes, their logical 
product, ai, is contained in a and is contained in 6. These ap[)ear as 
different axioms, because, as far as the symbolism shows, ab might l>e 
different from ba. It is one of the defects of most symbolisms that they 
give an order to terms which intrinsically have none, or at least none 
that is relevant. So in this case : if JT be a class of classes, the logical 
product of K consists of all tenns belonging to every class that belongs 
to K, With this definition, it becomes at once evident that no order 
of the terms of K is involved. Hence if K has only two terms, a and 6, 
it is indifferent whether we represent the logical product of K by ab 
or by Jfl, since the order exists only in the symbols, not in what is 
symbolized. It is to be observed that the corresponding axiom with 
regard to propositions is, that the simultaneous assertion of a class of 
propositions implies any proposition of the class ; and this is perhaps 
the best form of the axiom. Nevertheless, though an axiom is not 
required, it is necessary, here as elsewhere, to have a means connecting 
the (»se where we start from a class of classes or of propositions or of 
relations with the case where the class results from enumeration of its 
terms. Thus although no order is involved in the product of a class of 
propositions, there Ls an order in the product of two definite proposi- 
tions g, and it is significant to assert that the products pq and qp are 
e(]ui valent. But this can be proved by means of the axioms with which 
we began the calculus of propositions (§ 18). It is to be observed that 
this proof is prior to the proof that the class whose terms are p and q is 
identical with the class whose terms are q and p. (4) We have next 
two forms of syllogism, both primitive propositions. The first asserts 
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that, if a, £, c be classes, and a is contained in 6, and is an a, then x is 
a b ; the second asserts that if a, 6, c be classes, and a is contained in 6, 
b in c, then a is contained in c. It is one of the greatest of Peano's 
merits to have clearly distinguished the relation of the individual to its 
class from the relation of inclusion between classes. The difference is 
exceedingly fundamental : the former relation is the simplest and most 
essential of all relations, the latter a complicated relation derived from 
logical implication. It results from the distinction that the syllogism 
in Barlmra has two forms, usually confounded . the one the time-honoured 
assertion that Socrates is a man, and therefore mortal, the other the 
assertion that Greeks are men, and therefore mortiil. These two forms 
are stated by Peano’s axioms. It is to be observed that, in virtue of the 
definition of what is meant by one clas.** being contained in another, 
the first form results from the axiom that, if p, r be propositions, and 
p implies that q implies r, then the product of p and q implies r. This 
axiom is now substituted by Peano for the first form of the syllogism*: 
it is more general and mnnot be deduced from the said form. The 
second form of the syllogism, when applied to propositions instead of 
classes, asserts that implication is transitive. This principle is, of course, 
the very life of all chains of reasoning. (5) We have next a principle 
of reasoning which Peano calls cmnjmsition : this asserts that if a is 
contained in h and also in r, then it is contained in the common part 
of both. Stating this principle with reganl to propositions, it asserts 
that if a proposition implies each of two others, then it implies their 
joint assertion or logical product; and this is the principle which was 
called C(mpo»iti(yn alK)ve. 

36. From this point, we advance^ successfully until we require the 
idea of negaJtwn. This is taken, in the edition of the Formulaire we are 
considering, as a new primitive idea, and di.sj unction is defined by its 
means. By means of the negation of a proposition, it is of course easy 
to define the negation of a class : for “ is a not-a ” is equivalent to “ .r 
is not an aT" But we retjuire an axiom to the effect that iioUa is a 
class, and another to the effect that not-not-a is a. I’eano gives also a 
third axiom, namely : If «, A, c be classes, and ab is contained in r, and x 
is an a but not a c, then x is not a A. This is simpler in the form : If p, 
9, r he propcxsitions, and p, q together imply r, and q is true while r is 
false, then q is false. This would be still further improved by being put 
in the form : If 9, r are propositions, and 9 implies r, then not-r implies 
not-9; a form which Peano obtains as a deduction. By dealing with 
propositions before classes or pn>positional functions, it is posvsible, as we 
saw, to avoid treating negation as a primitive idea, and to replace all 
axioms respecting negation by the principle of reduction. 

We come next to the definition of the disjunction or logical sum of 
two classes. On this subject Peano has many times changed his 
* See e.ff. F, 1901, Part I, § 1, Prop. 3. 3 (p, 10). 
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procedure. In the edition we are considering, “ a or 6 ” is defined as the 
negation of the logical product of not-a and not-A, i,e. as the class of 
terms which are not both not-a and not- A. In later editions (e.g*. F. 1901, 
p. 19), we find a somewhat less artificial definition, namely: or A"** 

consists of all terms which belong to any class which contains a and 
contains A. Either definition seems logically unobjectionable. It is to 
be observed that a and A are cla.sses, and that it remains a question for 
philosophical logic whether there is not a quite different notion of the 
disjunction of individuals, as e.g. “Browm or Jones."” I shall consider 
this question in- Chapter v. It will be remembered that, when we iK'gin 
by the calculus of propositions, disjunction is defined before negation ; 
with the above definition (that of 1897), it is plainly necessary to take 
negation first. 

36. The connected notions of the null-class and the existence of a 
class are next dealt w ith. In the edition of 1897, a clas.s is defined as 
null when it is contained in every class. When we i*ememlx*r the 
definition of one class a being contained in another A (“j" is an a"” 
implies “x is a A"” for all values of x\ we see that we are to reganl 
the implication as holding for all values, and not only for those values 
for which x really is an a. This is a point upon which IVano is not 
explicit, and I doubt whether he has nuule up his mind on it. If the 
implication were only to hold when x really is an a, it would not give a 
definition of the null-class, for which this hypothesis is false for all values 
of X, I do not know whether it is for this reason or for some other that 
Peano has since abandoned the definition of the inclusion of classes 
by means of formal implication Ixtween propositional functions : the 
inclusion of classes appears to be now’ regarded as indefinable. Another 
definition which Peano has sometimes favoured (vg. F. 1895, Errata, 
p. 116) is, that the null-class is the product of any class into its 
negation — a definition to which similar remarks apj)ly. In R, d. M. vn. 
No. 1 (§3, Prop. 1. 0), the null-cla.s.s is defined as the class of those terms 
that belong to every class, \.e. the class of terms x such that is a 
class’" implies “.r is an for all values of «. There are of course* no 
such terms x\ and there is a grave logical difficulty in trying to interjwx't 
extensionally a class w Inch has no extension. This point is one to which 
I shall return in Chapter vi. 

Prom this jioint onward, Peano’s logic proc^*eds by a smooth develop- 
ment. But in one re.sjxct it is .still defective : it dtxs not rtrognize as 
ultimate relational proj>ositions not asserting memlxiship of a class. 
For this reason, the definitions of a function* and of other essentially 
relational notions an* defective. But this defect is easily rtimwlied by 
applying, in the manner explained above, the principlt*s of the 
Forrnulaire to the logic of relations f. 

♦ E.g. F. Part I, § 10, Props. 1. 0. 01 (p. .*53). 

t See my article “Sur la logi<jue des relations/’ R, d. M. Vol. vii, 2 (1901). 



CHAPTER III. 

IMPLICATION AND FORMAL IMPLICATION. 

37. In the prectxling chapter I endeavoured to present, briefly and 
uncritically, all the data, in the shape of formally fundamental ideas 
and propositions, that pure mathematics requires. In subse(|uent Parts 
I shall show that these art? all the data by giving definitions of the 
various mathematical concepts — nunilx^r, infinity, continuity, the various 
spaces of g«‘ometry, and motion. In the rtnnainder of Part I, I shall 
give indications, as lK»st 1 can, of the philosophical problems arising in 
th<‘ analysis t)f the data, and of the directions in which I imagine these 
problems to bt‘ prolwibly soluble. Some logical notions will lx elicited 
which, though they seem c|uite fundamental to logic, are not eoimnonly 
discus.se<l in works on the subject ; and thus problems no longcT clothwl 
in mathematical symbolism will lx presented for the consideration of 
phihisophical logicians. 

Two kinds of implication, the material and the formal, were found to 
lx es.sential to everv kind of dc'iluction. In the present chapter I wish 
to examine aiul distinguish thest' two kinds, and to discuss some methods 
of attempting to analyze the swond of them. 

In the discussion of inferencx*, it is common to jxnnit the intrusion 
of a psvchologicxl element, and to et)nsider our acquisition of ncw^ 
knowknlge by its means. But it is plain that where we validly infer one 
proj)osition frtnn another, we do so in virtue of a relation w^hieh holds 
betwcxm the two propositions whether wc {xreeive it or not; the mind, 
in fact, is as purely nx'eptive in inference as common sense supposes it to 
be in perception of sensible objix'tN. The relation in virtue of which it 
is pos.sible for us validly to infer is what I call material implication. 
We have already stxm that it would be a vicious circle to define this 
relation as meaning that if one proposition is true, th^u another is true, 
for if and then alretuly involve implication. The relation holds, in fact, 
when it dcxs hold, without any reference to the truth or falsehood of the 
propositions involved. 

But in developing the consequences of our Jissumptions as to impli- 
cation, we were led to conclusions which do not by any means agree with 
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what is commonly held concerning implication^ for we found that any 
fidse proposition implies every proposition and any true proposition is 
impli^ by every proposition. Thus propositions are formally like a set 
of lengths each of which is one inch or two, and implication is like the 
relation “equal to or less than^ among such lengths. It would certainly 
not be commonly maintained that “2 + 2 = 4” can be deduced from 
^‘Socrates is a man,” or that both are implied by “Socrates is a triangle.” 
But the reluctance to admit such implications is chiefly due, I think, to 
preoccupation with formal implication, w'hich is a much more familiar 
notion, and is^ really before the mind, as a rule, even where material 
implication is what is explicitly mentioned. In inferences from “Socrates 
is a man,” it is customary not to consider the philosopher who vexed the 
Athenians, but to regard Socrates merely as a symbol, capable of being 
replaced by any other man ; and only a vulgar prejudice in favour of 
true propositions stands in the way of replacing Socrates by a number, a 
table, or a plum-pudding. Nevertheless, wherever, as in Euclid, one 
particular proposition is deduced from another, material implication is 
involved, though as a rule the material implication may be regarded as a 
particular instance of some formal implication, obtained by giving some 
constant value to the variable or variables involved in the said formal 
implication. And although, while relations are still regarded with the 
awe caused by unfamiliarity, it is natural to doubt whether any such 
relation as implication is to be found, yet, in virtue of the ^neral 
principles laid down in Section C of the preceding chapter, there must 
be a relation holding between nothing except propositions, and holding 
between any two propositions of which either the first is false or the 
second true. Of the various equivalent relations satisfying these 
conditions, one is to be csXieA. implication^ and if such a notion seems 
unfamiliar, that does not suffice to prove that it is illusory. 

38. At this point, it is necessary to consider a very difficult 
logical problem, namely, the distinction between a proposition actually 
asserted, and a proposition considered merely as a complex concept. 
One of our indemonstrable principles was, it will be remembered, that 
if the hypothesis in an implication is true, it may be dropped, and the 
consequent asserted. This principle, it was observed, eludes formal 
statement, and points to a certain failure of formalism in general, 'fhe 
principle is employed whenever a proposition is said to be proved ; for 
what happens is, in all such cases, that the proposition is shown to be 
implied by some true proposition. Another form in which the principle 
is constantly employed is the substitution of a constant, 8ati.sfying the 
hypothesis, in the consequent of a formed implication. If implies 
for all values of j?, and if a is a constant satisfying <f>Xy we can assert 
dropping the true hypothesis This occurs, for example, when- 
ever any of those rules of inference which employ the hypothesis 
that the variables involved are propositions, are applied to particular 
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propositions. ITie principle in question is, therefore, quite vital to any 
kind of demonstration. 

The independence of this principle is brought out by a consideration 
of Lewis Carrolls puzzle, “ What the Tortoise said to Achilles The 
principles of inference which we accepted lead to the proposition that, if 
p and q be propositions, then p together with “p implies q^ implies q. 
At first sight, it might be thought that this would enable us to assert q 
provided p is true and implies q. But the puzzle in question shows that 
this is not the case, and that, until we have some new principle, we shall 
only be led into an endless regress of more and more complicated impli- 
cations, without ever arriving at the assertion of q. We need, in fact, 
the notion of therefore y which is quite different from the notion of implies^ 
and holds bt^tween different entities. In grammar, the distinction is that 
between a verb and a verbal noun, between, say, is greater than 
and “ u4\ tx^ing greater than B.^ In the first of thes(% a proposition is 
actually asst*rted, whereas in the second it is merely considered. But 
these are psychological terms, whereas the difference which I desire to 
express is genuinely logical. It is plain that, if I may be allowed to 
use the word (Lft.siTthm in a non-psychologi(‘al sense, the proposition 
“p implies q"^ amrts an implication, though it diK^s not assert p or q. 
The p and the q which enter into this proposition are not strictly the 
same ils the p t>r the q which are separale propositions, at least, if they 
are true, "Hie question is: How' dons a proposition differ by being 
actually tnie from what it w ould be as an entity if it were not true ? It 
IS plain that true and false propositions alike are entities of a kind, but 
that true pro[)ositions have a (juality not Ix^longing to falst? ones, a 
quality which, in a non -psychological sense, may be eAlled being 
OHsaied. Yet there are grave difficulties in forming a consistent thtwy 
on this point, for if assertion in any wa\ changed a proposition, no 
proposition which can ptxssibly in any context lx* una.sserted could bo 
true, sinw when asserted it would become a different proposition. But 
this is plainly false ; for in “p implies q^^ p and q are not asserted, and 
yet they may be true. Ix*aviiig this puzzle to logic, how'cver, we must 
insist that there is a diffc renege of some kind l)etwcen an asserted and an 
unasserti^d profK>siti<>nf. When we say therefore y we state a relation 
which can only hold lx?tween asserted propositions, and which thus 
diff’ers from implication. Wherever ihenfore exTurs, the hypothesis 
may be droppefl, and the conclusion assert(*d by itself. This seems to 
lx? the first step in answering Ix!wis Carroll's puzzle. 

39. It is tx)!nnionly said that an inference mu.st have premisses 
and a conclusion, and it is held, apparently, that two or more premisses 
are nec*essary, if not to all inferences, yet to most. This view^ is borne 
out, at first sight, by obvious facts : every syllogism, for example, is held 

♦ Mind, N. S. Vol. IV, p. 278. 

t Frege {loc. eit.) has a special symbol to denote assertion. 
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to have two premisses. Now such a theory greatly complicates the 
relation of implication, since it renders it a relation which may have any 
number of terras, and is syraraetrical with respect to all but one of them, 
but not symmetrical with respect to that one (the conclusion). This 
complication is, however, unnecessary, first, because every simultaneous 
assertion of a number of propositions is itself a single proposition, and 
secondly, because, by the rule which we called exportation^ it is always 
possible to exhibit an implication explicitly as holding between single 
propositions. To take the first point first : if A: be a class of proposi- 
tions, all the .propositions of the class k are asserted by the single 
proposition “for all values of j-, if x implies x, then ‘.r is a fc’ implies 
x^ or, in more ordinary language, “ every k is true.'’ And as regards 
the second point, which assumes the number of premisses to l>e finite, 
pq implies r"" is c(juivalent, if j be a proposition, to “p implies that q 
implies r,” in which latter form the implications hold explicitly between 
single propasitions. Hence we may safely hold implication to be a 
relation between two propositions, not a relation of an arbitrary number 
of premisses to a single conclusion. 

40. I come now to formal implication, which is a far more difficult 
notion than material implication. In order to avoid the gt^neral notion 
of propositional function, let us begin by the discussion of a particular 
instance, say x is a man implies is a mortal for all values of 
This proposition is equivalent to “all men are mortal” “every man is 
mortal” and “any man is mortal.” But it seems highly doubtful 
whether it is the sfiinc profxxsition. It is also connected with a pnrc?ly 
intensional proposition in which man is asserted to be a complex notion 
of which mortal is a constituent, but this proposition is quite distinct 
from the one we are discussing. Indeed, such intensional propositions 
are not always present where one class is included in another : in gt?neral, 
either class may be defined by various different predicates, and it is by 
no means necessary that every predicate of the smaller class should 
contain every predicate of the larger class as a factor. Indee<l, it may 
very well happen that both predicates are philosophically simple ; thus 
colour and eocistent appear to be both simple, vet the class of colours is 
part, of the class of exi.stents. The intensional view, derived from 
predicates, is in the main irrelevant to Symbolic I^)gic and to Mathe- 
matics, and I shall not consider it further at present. 

41. It may be doubted, to begin with, whether “o’ is a man 
implies a; is a mortal ” is to be regarded as a.sserted strictly of all possible 
terms, or only of such terms as are men. Pcano, though he is not explicit, 
appears to hold the latter view. But in this case, the hypothesis ceases 
to be significant, and becomes a mere definition x \ a* is to mean any 
man. 'Ihe hy{)othesis then becomes a mere assertion concerning the 
meaning of the symbol t, and the whole of what is asserted concerning 
the matter dealt with by our symbol is put into the conclusion. The 
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says : j? is to mean any man. The conclusion says : a: is mortal. 
But the implication is merely concerning the symbolism : since any man 
is mortal, if jt denotes any man, x is mortal. Thus formal implication, 
on this view, has wholly disappeared, leaving us the proposition “any 
man is mortal^ as expressing the whole of what is relevant in the 
proposition with a variable. It would now only remain to examine 
the projKisition “any man is mortal,’^ and if possible to explain this 
proposition without reintroducing the variable and formal implication. 
It must be confessed that some grave difficulties are avoided by this 
view. Consider, for example, the simultaneous assertion of all the 
propositions of some class k: this is not expressed by “‘.r is a A’’ implies 
jr for all values of .r."” For as it stands, this profK)sition does not express 
what is meant, since, if or lx; not a proposition, “ j? is a A "’ cannot imply 
JT ; hence the range of variability of .r must lx* confined to propositions, 
unlt*ss we prefix (as above, § S9) the hv{x)thesis “j™ implii^s .r.*” This 
remark applies generally, throughout the ])ropositional calculus, to all 
cases when* the conclusion is represented by a single letter ; unless the 
letter d(K*s actually n*pn*sent a propositiorj, the implication asserted will 
lx* false, since only propositions can lx* implied. The jK)int is that, if j; 
lx* our v/iriable, jt itself is a jiroposition for all values of j’ which are 
propositions, hut not for other values. This makes it plain what the 
limitations are to w-hich our variable is s^ibject : it must vary only w ithin 
the range of values for which the two sides of the principal implication 
an* propositions, in other wonts, the two sides, when the variable is not 
replaced by a eonstant, must lx* gi*nuine propisitional fuiietions. If this 
restriction is not ohst*rved, fallacies (juickly lx*gin toap[K*ar. It should be 
notici*<l that there may lx* any !iumlx*r of subordinate implications which 
do not require that their terms should lx* p^opo^itions : it is only of the 
prineipal implieation that this is n*ijuin*d. Take, for example, the first 
principle of infennee : If p implies ry, then p implies q. This holds 
«|ually whether p and q lx* propositions or not ; for if either is not a 
proposition, “y; imjdies q" Ixroines false, but d(x*s not evase to lx* a 
proposition. In fact, in \irtue of the definition of a proposition, our 
principle states that implies q^ is a propositional function, i.c. that 
it is a pn>|H>sition for (dl values of p and q. But if we apply the 
principle of im{)ortation to this proposition, so as to obtain “‘y> implies 
y,' together with y^, implies q^ we have a formula which is only true 
when p aiWl q are propositions : in onler to make it true universiilly, we 
must prefacH? it by the hyjKithesis “y? implies p and q implies 9 ." In this 
way, in many ca.ses, if not in all, the restriction on the variability of the 
variable can be rernovcHl ; thus, in the assertion of the logical pnxluct of 
a class of propositions, the formula “if jt in plies .r, then ‘.r is a A’’ 
implies appears unobjectionable, and allows .r to vary without restric- 
tion. Here the subordinate implications in the premiss and the conclusion 
are material : only the principal implication is formal. 
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Returning now to ;r is a man implies is a mortal,'' it is plain that 
no restriction is required in order to insure our having a genuine pro- 
position. And it is plain that, although we might restrict the values of 
X to men, and although this seems to be done in the proposition 
“ all men are mortal," yet there is no reason, so far as the truth of our 
proposition is concern^, why we should so restrict our x. Whether x 
be a man or not, “ is a man " is always, when a constant is substituted 
for x^ a proposition implying, for that value of j*, the proposition ‘‘ x is 
a mortal." And unless we admit the hypothesis equally in the cases 
where it is f^se, we shall find it impossible to deal satisfactorily with the 
null-class or with null propositional functions. We must, therefore, 
allow our x^ wherever the truth of our fonnal implication is thereby 
unimpaired, to take all values without exception; and where any 
restriction on variability is required, the implication is not to be 
regarded as formal until the said restriction has been removed by being 
prefixed as hypothesis. (If ^x be a proposition whenever .r satisfies 
where (f>x is a propositional function, and if ^Xy whejiever it is a pro- 
position, implies '^^Xy then ^^yfrx implies is not a formal implication, 
but implies that yfrx implies ^x'^ is a formal implication.) 

42. It is to be observed that ^*x is a man implies is a mortal " 
is not a relation of two pix>positional functions, but is itself a single 
propositional function having the elegant pn>j)erty of bcdng always 
true. For is a man" is, as it stands, not a proposition at all, 
and doe.s not imply anything ; and we must not first vary our x in 
“j? is a man," and then independently vary it in “j’ is a mortal," 
for this would lead to the proposition that “everything is a man" 
implies “everything is a mortal," which, though true, is not what was 
meant. This proposition would have to l)e exprc^ssed, if the language 
of variables were retained, by two variables, as “x is a man implies 
y is a mortal." But this fonnula too is unsatisfactory, for its natural 
meaning would be: “If anything is a man, then everything is a mortal." 
The point to be emphasized is, of course, that our j', though variable, 
must be the same on both side>» of the implication, and this requires 
that we should not obtain our formal implication by first varying (say) 
Socrates in “Socrates is a man," and then in “Socrates is a mortal," 
but that we should start from the whole propossition “ Socrates is a 
man implies Socrates is a mortal," and vary Socrates in this pro[)osition 
as a whole. Thus our formal implication asserts a class of implications, 
not a single implication at all. We do not, in a word, have one im- 
plication containing a variable, but rather a variable implication. We 
have a class of implications, no one of which contains a variable, and 
we assert that every member of this class is true. I'his is a first step 
towards the analysis of the mathematical notion of the variable. 

But, it may be asked, how comes it that Socrates may be varied 
in the proposition “ Socrates is a man implies Socrates is mortal"? I” 
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virtue of the fact that true propositions are implied by all others, we 
have “Socrates is a man implies Socrates is a philosopher”; but in this 
pro{K>sition, alas, the variability of Socrates is sadly restricted. TTiis 
seems to show that formal implication involves something over and 
above the relation of implication, and that some additional relation 
must hold where a term can be varied. In the case in question, it is 
natural to say that what is involved is the relation of inclusion between 
the classe-s men and mortals — the very relation which was to be defined 
and explained by our formal implication. But this view is too simple 
to meet all cases, and is therefore not reejuired in any case. A larger 
number of cast‘s, though still not all rases, can be dealt w'ith by the 
notion of what I shall call assertions. This notion must now be briefly 
explainwl, leaving its critical disc*ussion to (Chapter vii. 

43. It lias alw'ays been customary to divide propositions into 
subject and predicate ; but this division has the defect of omitting the 
verl). It is true that a graceful concession is sometimes made bv loose 
talk alK)ut the copula, but the verb deserves far more r€\spet‘t than is 
thus paid to it. We may say, broadly, that every pro{X)sition may l>e 
dividwl, some in only one way, some in seveml ways, into a term (the 
.subject) and something which is said alxiut the subject, which something 
I shall call tlie assertion. Thus “ Soirates is a man” may lx‘ divided 
into SiX'ratvs and a vinn. 'Hie verb, which is the distinguishing mark 
of propositions, iXMTiains with the ass<*rtion ; but the as.sertion itself, 
bi*ing roblx*d of its subject, is neither true nor false. In logical dis- 
cus.sions, the notion of as.sertion often (X'curs, but as the word jrroposition 
is used for it, it diH»s not obtain sejmrate i*onsideration. ('onsider, for 
example, the Ixst statement of the identity of indi.scernibles : “ If «r and y 
be any two diverse entities, some lussertion holds of .r which does not 
hold of y.'^ But for the wonl assertion^ w'hich would ordinarily be 
replaced by proposition^ this .statement i.s one which would commonly 
pass unchallenged. Again, it might lx said: “Socrates was a philo- 
sopher, and the .same is tnie of Plato.” Such statements require the 
analysis of a pn){K)silion into an assertion and a suhjeet, in order that 
there may be something identical which can be said to l>e affirmed of 
two subjects. 

44. We can now sw how, whtTc the analy.sis into subjei*t and 
as.sertion is legitimate, to distinguish implications in which there is a 
term which can lx* varied frtmi others in which this is not the case. Two 
ways of making the distinetion may lx* suggested, and we shall have to 
decide betw'een them. It may Ix' said that there is a relation between 
the two as.si*i*tions “is a man” and “is a mortal,” in virtue of w’hich, 
when the one holds, so d<K»s the other. Or again, we may analyze the 
whole proposition “Scxrates.is a man implu^s Socratt‘s is a mortal” into 
SoiTates and an assertion aliout him, and say tliat the assertion in 
question holds of ail terms. Neither of these theories i*eplaces the above 
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analysis of is a man implies is a mortal ^ into a class of material 
implications ; but whichever of the two is true carries the analysis one 
step further. The first theory suffers from the difficulty that it is 
essential to the relation of assertions involved that both assertions 
should be made of the same subject, though it is otherwise irrelevant 
what subject we choase. Tlie second theory appears objectionable on 
the ground that the suggested analysis of “ Socrates is a man implies 
Socrates is a mortal*” seems scarcely possible. The proposition in 
question consists of two terms and a relation, the terms being “Socrates 
is a man*” and “Socrates is a mortaP; and it would seem that when a 
relational proposition is analyzed into a subject and an assertion, the 
subject must be one of the terms of the ndation which is asserted. This 
objection seems graver than that against the former view; I shall 
therefore, at any rate for the present, adopt the former view, and n?gard 
formal implication as derived from a relation between assertions. 

We remarked above that the relation of inclusion between classes is 
insufficient. This results from the irreducible nature of relational 
propositions. Take e,g. “Socrates is married implied Socrates had a 
father.” Here it is affirmed that because Socrateii has one relation, 
he must have another. Or better still, take A is before B implies B is 
after AT' This is a fonnal implication, in which the assertions are 
(superficially at least) conceming different subjects; the only way to 
avoid this is to say that both propositions have lx)th A and B as 
subjects, which, by the way, is quite different from saying that they 
have the one subject “ A and BT Such instance's make it plain that 
the notion of a propositional function, and the notion of an eussertion, 
are more fundamental than the notion of cUuts^ and that the latter is 
not adecjuate to explain all cases of formal implication. I shall not 
enlarge upon this point now, as it will l)c abundantly illustrated in 
subsequent portions of the present work. 

It is important to realize that, according to the above analysis of 
formal implication, the notion of every term is indefinable and ultimate. 
A formal implication is one which holds of every term, and therefore 
every cannot \nt explained by means of formal implication. If a and b 
be classes, we can explain “every a is a 6” by means of “j: is an a 
implies a: is a 6”; but the everi/ which occurs here is a derivative and 
subseejuent notion, presupposing the notion of every term. It seems 
to be the very’ essence of what may be called a formal truth, and of 
formal reasoning generally, that some assertion is affirmed to hold of 
every term; and unless the notion of every term is admitted, formal 
truths are impossible. 

46. The fundamental importanc^e of fonnal implication is brought 
out by the consideration that it is involved in all the rules of inference. 
This shows that we cannot hope wholly to define it in terms of material 
implication, but that some further element or elements must be involved. 
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We may observe, however, that, in a particular inference, the rule 
according to which the inference proceeds is not required as a premiss. 
This point has been emphasized by Mr Bradley*; it is closely connected 
with the principle of dropping a true premiss, being again a respect 
in which formalism breaks down. In order to apply a rule of inference, 
it is formally nec^essary to have a premiss asserting that the present 
case is an instance of the rule; we shall then need to aflfinn the rule by 
which we can go fn)m the rule to an instance, and also to affirm that here 
we have an instance of this rule, and so on into an endless proc^ess. 
The fact is, of course, that any implication warranted by a rule of 
inference dtxis actually hold, and is not merely implied by the rule. 
This is simply an instance of the non-formal principle of dropping a 
true premiss; if our rule implies a certain imy.)li cation, the rule may be 
dropf>ed and the implication asserted. But it remains the case that the 
fact that our rule does imply the said implication, if intrcxluced at all, 
must lx* simply perceived, and is not guarantee<l by any formal deduction; 
and often it is just as easy, and consequently just as legitimate, to perceive 
ininiffliately the implication in question as to jx^rtvive that it is implied 
bv one or more of the rules of inference. 

'Fo sum up our disi’ussioii of formal implication ; a formal implication, 
we said, is the affirmation of ex^ery material implication of a certain 
clasvs; and the class of maU*rial implications involved is, in simple cases, 
the class of all pro(M)sitions in which a given fixed assertion, made con- 
ctirning a certain subject or subjects, is affirme<l to imply another given 
fixed assertion conceming tlu* same subject or subjei-ts. \Vhcre a formal 
implication holds, we agrt*ed to regard it, wherever possible, as due to 
some relation lK*twi*eii the as^sertions conct*rned. This theory raises many 
formidable logical problems, amt ret|uircs, for its defence, a thorough 
analysis of the constituents of propositions. To this task we must now 
addixvss ourselves. 


♦ lA)pic, BcK»k II, Tart I, C'hap. u (p. 227). 



CHAPTER IV. 


PKOPEK NAMES, ADJECTIVES, AM) VERBS. 

46. In the present chapter, certain questions arc‘ to he discusstnl 
belonging to what may be called philosophical grammar. The study 
of grammar, in my opinion, is capable of throwing far more light on 
philosophical questions than is commonly supposed by philosophers. 
Although a grammatical distinction cannot be uncritically assumed to 
correspond to a genuine philosophical difference, yet the cme is primd 
facie evidence of the other, and may often 1 k^ most usefully employed 
as a source of disc-overy. Moreover, it must \ye admit t«l, I think, that 
every word occurring in a sentenc*e must have wrne meaning : a |XTfeclly 
meaningless sound could not be employed in the more or less fixed 
way in which language employs words. The corwtness of our philo- 
sophical analysis of a proposition may thertjfore lx ustdijlly checkcii 
by the exercise of assigning the meaning of each won! in the sentence 
expressing the proposition. On the whole, grammar seems to me to 
bring us much nearer to a correct logic than the current opinions of 
philosophers ; and in what follows, grammar, though not our master, 
will yet be taken a,s our guide 

Of the |>arts of speech, three are specially important ; substantives, 
adjectives, and verbs. Among sul)sta]itives, some are derived from 
adjectives or verbs, as humanity from hiimafi, or sc‘quent!e from follows. 
(I am not speaking of an etymological derivation, but of a logical one.) 
Others, such as proper names, or space, time, and matter, are not 
derivative, but appear primarily as substantives. What we wish to 
obtain is a classification, not of words, but of ideas ; I shall therefore 
call adjectives or predicates all notions which are cajmble of Ixing such, 
even in a form in which grammar would call them substantives, 'i'^he 
fact is, as we shall see, that human and humanlttj denote prc(!iscly 
the same concept, these wonls Ixing employed respectively iiccordiiig to 
the kind of relation in which this concept stands to the other constituents 
of a proposition in which it occurs. The distinction which we require 

* 'ITie excellence of grammar as a guide is proportional to the paucity of 
inflexions, i.e. to the degree of analysis effected by the language considered. 
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is not identical with the grammatical distinction between substantive 
and adjective, since one single concept may, according, to circumstances, 
be either substantive or adjective : it is the distinction between proper 
and general names that we recjuire, or rather between the objects in- 
dicated by such names. In every proposition, as we saw in Chapter iii, 
we may make an analysis into something asst^rted and something about 
which the assertion is made. A proper name, when it occurs in a 
proposition, is always, at least according to one of the possible ways 
of analysis (where there are several), the subject that the proposition 
or some subordinate constituent proposition is about, and not what is 
said about the subjei:t. Adjectives and verbs, on the other hand, 
art^ capable of tK-curring in propositions in which they cannot be 
n^gard(Hl as .subject, but only as |>arts of the assertion. Adjectives 
are distinguished by capacity for denoting— h. temi which I intend 
to list* in a technical sense to be discussed in Chapter v. Verbs 
are distinguished by a special kind of connection, exceedingly hard 
to define, with truth and falsehotxl, in virtue of which they dis- 
tinguish an aaserti*^! proposition from an unasserted one, e.g, “Caesar 
died " from “ the death of Caesar.*^ Thc^» distinction's must now be 
amplified, and I shall l)egin with the distinction betwt^en general and 
proptT names. 

47. Philosophy is familiar with a certain set of distinctions, all 
mon.* or less e<^uivalent : I mean, the distinctions of subject and pre- 
dicate, sulwtamv and attribute, substantive and adjective, this and 
what*. I w'isli now to point out briefly what apj:>ears to me to be the 
truth concerning these cognate distinctions. The subject is important, 
since the issues iK'twet^n monism and mona<iisni, betwe^en idealism and 
empiricism, and iK’twet'u those who maintain and those who deny that 
all truth is concerned w ith w'hat exists, all dejxmd, in whole or in part, 
U[K)n the theory we adopt in n?ganl to the presc^nt question. But the 
subject is treated here only bei»u.se it is essential to any doctrine of 
number or of the natuiv of the variable. Its bearings on general 
philosophy, important as they an*, will be left wholly out of account. 

Whatever may be an obje<*t of thought, or may otx'ur in any true 
or false pro{M>sition, or c>an be counted as o/m*, I call a term. This, 
then, is the widest word in the philasophiml vocabulary. I shall use 
■as synonymous with it the words unit, individual, and entity. The 
first two emphasi/x' the fact that every term is while the thin! is 
derived from the fact that every term has being, i.e. Lf in some sense. 
A man, a moment, a number, a class, a relation, a chiniaera, or anything 
•else that can be mentioned, is .sure to be a term ; and to deny that such 
and such a thing is a term must always be false. 

It might perhaps be thought that a word of such extreme generality 
<^uld not be of any great use. Such a view, however, owing to certain 
* This last pair of terms is due to Mr Bradley. 



44 The Indejinables of Mathematics [chap, iv 

wide-spread philosophical doctrines, would be erroneous. A term is, 
in fact, possessed of all the properties commonly assigned to substances 
or substentives. Every term, to begin with, is a logical subject : it is, 
for example, the subject of the proposition that itself is one. Again 
every term is immutable and indestructible. What a term is, it is, and 
no change can be conceived in it which would not destroy its identity 
and make it another term*. Another mark which belongs to terms 
is numerical identity with themselves and numerical diversity from all 
other termsf. Numerical identity and diversity are the source of unity 
and plurality ; and thus the admission of many terms destroys monism. 
And it seems undeniable that every constituent of every proposition can 
be counted as one, and that no proposition contains less than two 
constituents. Term is, therefore, a useful word, sinc^e it marks dissent 
from various philosophies, as well as because, in many statements, we 
wish to speak of any term or some term. 

48. Among terms, it is possible to distinguish two kinds, which 
I shall call respectively things and amcepis. The former are the terms 
indicated by pro{)er names, the latter those indicated by all other wortls. 
Here proper names are to be understcKKl in a somewhat wider sense than 
is usual, and things also are tt) be understcKxl as embracing all par- 
ticular points and instants, and many other entities not commonly callwl 
things. Among concepts, again, two kinds at least must Ik.‘ distinguislied, 
namely those indicated by axljectives and those indicated by verl)s. The 
former kind will often he called predicates or class-<*oncepts ; the latter 
are always or almost always relations. (In intransitivi* verbs, the notion 
expressed bv the verb is complex, and usually asserts a deHnite relation 
to an indefinite relatum, as in “Smith breathes.”) 

In a large class of propositions, we agreed, it is possible, i*i one or 
more ways, to distinguish a subject and an assertion alxmt the subject. 
The assertion must always contain a verb, but except in this res[)ect, 
assertions apjxjar to have no universal properties. In a relational 
proposition, .say “.4 is greater than we may reganl A as the subject, 
and “ is greater than as the assertion, or B as tlie subject and A is 
greater than ” as the assertion. There are thus, in the case proposeil, 
two ways of analyzing the proposition into subject and assertion. 
Where a relation has more than two terms, as in A is here now+,” 
there will be more than two ways of making the analysis. But in 
some proposition.s, there is only a single way : these are the subject- 

* ITic notion of a term here set hirth is a nioflifiration of Mr (i, K. Moore’s 
notion of a ronrept in his article *‘()n the Nature of Judgment,” Mind^ N. S, No. .‘JO, 
from which notion, however, it diifers in some important respeeits. 

+ On identity, see Mr ii. E. M( sire’s article in the Proeepdinp* of the Aristotetian 
Society, 

I This proposition means A is in this place at this time." It will be shown in 
Part VI 1 that the relation expressed is not reducible to a two-term relation. 
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predicate propositions, such aa “Socrates is human.” The proposition 
^‘humanity belongs to Socrates,” which is equivalent to “Socrates is 
human,” is an assertion about humanity; but it is a distinct propo- 
sition. In “ Socrates is human,” the notion expressed by human occurs 
in a different way from that in which it occurs when it is called 
humanity the difference being that in the latter case, but not in the 
former, the proposition is afxmt this notion. This indicates that 
humanity is a concept, not a thing. I shall speak of the terms of a 
prt)position as those terms, however numerouK, which occur in a propo- 
sition and may lx? reganled as subjects about v/hich the proposition is. 
It is a characteristic of the terms of a pro|>osition that any one of 
them may be replaml by any other entity without our ceasing to have 
a proposition. 'Fhus we shall say that “ S(K‘rates is human ” is a 
projKisition having only one tenn ; of the rtunaining components of 
the proposition, one is the verb, the other is a fn^edwate. With the sense 
which Is has in this projxjsition, we no longer have a proposition at all 
if we replace human by something other than a predicate. Predicates, 
then, are concepts, other than verl)s, which iK*ciir in propositions having 
only one term or subject. Starates is a thing, IxTause Soemtes can 
never occur otherwise than as term in a pro|H)siiion ; Socrates is not 
capable of that curious twofold u.st* whicli is involved in human and 
humanity. Points, instants, bits of matter, particular states of mind, 
and particular existents gt*nerally, are things in the alK>vc simse, and 
so are many terms which do not exist, for e»mple, the points in a 
non-Kuclidean space and the psiaido -existents of a novel. All classes, 
it would s(H?m, as numlx'rs, men, spaces, etc., when taker, as single terms, 
are things ; but this is a point for Chapter vi. 

Predicates art* distinguishtd from other terms by a numl>cr of verV 
interesting pro[KTties, chief among which is their coniuH-tion witli what 
I shall call One pixdicate always gives rise to a host of 

cognate notions : thus in addition to human and humanity ^ which 
only differ grammatically, we have man^ a 7nan^ sojnc man,, any man., 
every man,, all wrn*, all of which apj>c*ar to lx* genuinely distinct one 
from another. The stijdy of these various notions i.s absolutely vital 
to any philosophy of mathenmtiers ; and it is on account of them that 
the theory of pre<licatc*s is im[>ortant. 

49. It might Ix' thought that a distinction ought to Ix' marie 
between a c-oncept as such and a coiux*pt used as a term, between, 
f./y., such pairs as is and ftein^, human and humanity,, one in such a 
proposition as “this is one” and 1 in “1 is a numlxT.” But inex- 
tricable difficulties will envelop us if we allow such a view. There is, 

* 1 use all men as collective, i.e. as nearly synonymous with the humin race, but 
dilTeriiig therefrom by being many and not one. 1 shall ala ays use all collectively, 
confining myself to for the distributive sense. Thus 1 shall say “every man is 
mortal,” not “all men are mortal.” 
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of course, a grammatical difference, and this corresponds to a difference 
as regards relations. In the first case, the concept in question is used 
as a concept, that is, it is actually predicated of a term or asserted to 
relate two or more terms; while in the second case, the c^onwpt is 
itself said to have a predicate or a relation. ITiere is, therefore, 
no difficulty in accounting for the graniinatical difference. But what 
I wish to urge is, that the difference lies solely in extenial relations, 
and not in the intrinsic nature of the terms. For siSppose that one 
as adjective differed from 1 as term. In this statement, one as 
adjective has been made into a term ; hence either it has become 
1, in which case the supposition is self-contradictory ; or there is some 
other difference between one and 1 in addition to the fact that the 
first denotes a concept not a term while the second denotes a concept 
which is a tenn. But in this latter hypothesis, there must lx; projx)- 
sitions concerning one as term, and we shall still have to maintein 
propositions concerning one as adjective as opposed to one as term ; 
yet all such propositions must l>e false*, sin(*e a proposition alK)ut (me 
as adjex:tive makes one the subject, and is therefore really alK>ut one 
as term. In short, if there were any aeljectives which could not l>e 
made into substantives without change of meaning, all propositions 
concerning such adjectives (since they would neejessarily turn them into 
substantives) would be false, and so would the proposition that all 
such propositions are false, since this itself turns the atljectives into 
substantives. But thi^istate of things is self-contradictory. 

The above argument proves that we were right in saying that terms 
embrace everything that can occur in a pro|)osition, with the possible 
exception of complexes of terms of the kind denoted by any and cognate 
words*. For if A occurs in a proposition, then, in this statement, 
A is the subject ; and we have just seen that, if A is ever not the 
subject, it is exactly and numerically the same A which is not subje<*t 
in one proposition and is subject in another. Thus the theory that 
there are adjectives or attributes or ideal things, or whatever they may 
be called, which are in some way less substantial, less self-siibsi stent, 
less self-identical, than true substantives, appears to lx* wholly erroneous, 
and to be easily reduced to a contradiction. Terms which art* conwpts 
differ from those which are not, not in respect of self-subsistence, but 
in virtue of the fact that, iii certain true or false; ^propositions, they 
occur in a manner which is different in an indefinable w'ay from the 
manner in which subjects or terms of relations occur. 

60. Two concepts have, in addition to the numerical diversity 
which belongs to them as terms, another special kind of diversity 
which may be called conceptual. l^his may be characterized by the 
fact that two propositions in which the concepts occur otherwise than 
as terms, even if, in all other respects, the two propositions are identical, 

♦ See the next chapter. 
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yet differ in virtue of the fact that the concepts which occur in 
them are conceptually diverse. Conceptual diversity implies numerical 
diversity, but the converse implication does not hold, since not all 
terms are concepts. Numerical diversity, as its name implies, is the 
source of plurality, and conceptual diversity is less important to 
mathematics. But the whole possibility of making different assertions 
about a given term or set of terms depends upon conceptual diversity, 
which is therefore fundamental in general logic. 

61. It is interesting and not unimportant to examine very briefly 
the connection of the above d(x;trine of adjectives with certain traditional 
view.s on the nature of propositions. It is customary to regard all 
propositions as having a subject and a predicate, i.e. as having an 
immediate /Am, and a general concept attached to it by way of de.scription. 
This is, of course, an account of the theory in question which will strike 
its adherents as extremely crude; but it will ser\'p for a. general indication 
of the view to he di.scussed. This doctrine develops by internal logical 
necessity into the theory of Mr Bradley's Logic, that all words stand for 
ideas having what he calls meanings and that in every judgment there 
is a something, the true subject of the judgment, which is not an idea 
and does not have meaning. To have meaning, it scH^ms to me, is a 
notion confu.sedly compounded of logical and psychological elements. 
Wtrrds all have meaning, in the simple sense that they are symbols 
which stand for something other than thernseh^es. But a proj>osition, 
unless it happens to lx? linguistic, does not itself contain words : it 
contains the entities indicated by w'ords. Thus meaning, in the sense 
in which words have meaning, is irrelevant to logic. But such concepts 
as a man have meaning in another sense : they are, so to sj>eak, symbolic 
in their own logical nature, because they have the property which I call 
denoting, lliat is to say, when a man occurs in a proposition {e.g. 
“I met a man in the street''), the proposition is not alxiut the concept 
a man^ but about something quite different, some actual biped denoted 
by the concept. Thus concepts of this kind have meaning in a non- 
psychological sense. And in this sense, when we say “ this is a man,^ 
we are making a proposition in which a concept is in .some sense 
attached to what is not a concept. But when meaning is thus under- 
stood, the entity indicated by John does not have meaning, as Mr Bradley 
contends* ; and even among concepts, it is only those that denote that 
have meaning, ^fhe confusion is largely due, I believe, to the notion 
that words occur in propositions, which in turn is due to the notion that 
propositions are es.scntially mental and are to be identifietl with cc^gnitions. 
But these topics of general philosophy must be pursued no further in 
this Work. 

62. It remains to discvLss the verb, and to find marks by which 
it is distinguished from the adjective. In regard to verbs also, there is 

* Logic, Book I, Chap, i, §§ 17, 18 (pp. 68^60). 
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a twofold grammatical form corresponding to a difference in merely 
external relations. There is the verb in the form which it has as verb 
(the various inflexions of this form may be left out of account), and 
there is the verbal noun, indicated by the infinitive or (in English) the 
present participle. The distinction is that betw^een ‘‘Felton killed 
Buckingham ” and “ Killing no murder.'’ By analyzing this difference, 
the nature and function of the verb will appear. 

It is plain, to begin with, that the concept which occurs in the verbal 
noun is the very same as that which occurs as verb. This results from 
the previous argument, that every constituent of every proposition must, 
on pain of self-contradiction, be capable of l)eing made a logical subject. 
If we say does not mean the same as to kill^ we have already 

made kiUs a subject, and we cannot say that the croncept expressed by 
the word kiUs cannot be ma^le a subject. Thus the very verb which 
occurs as verb can cK‘cur also as subject. The question is : What logical 
difference is expressed by the difference of grammatical form ? And it 
is plain that the difference must be one in extenial nJations. But 
in regard to verl)s, there is a further point. By transforming the verb, 
as it occurs in a proposition, into a verlml noun, the whole proposition 
can be turned into a single logical subject, no longer asserted, and no 
longer containing in itself truth or falseho(xl. But here too, there six'ms 
to be no possibility of maintaining that the logical siibje<*t which results 
is a different entity from the pwposition. “ Caesiir died ” and “ the 
death of Caesar” will illustrate this point. If we ask : What is asserted 
in the proposition “ Caesar died ” the answer must be “ the death of 
Caesar is asserted.” In that case, it w'ould s€xmi, it is tlie death of (aesar 
which is true or false; and yet neither truth nor falsity Indongs to 
a mere logical subject. The answer hen» secerns to Ik* that the death of 
Caesar has an external relation to truth or falsehood (as the case may 
be), whercas “Caesar died” in some way or other contains its own truth 
or falsehood as an clement. But if this is the correct analysis, it is 
difficult to see how' “ Caesar died ” differs from “ the truth of Caesiir’s 
death ” in the ca.se where it is true, or “ the falsehcxx! of ('atsar’s death ” 
in the other casi\ Yet it is quite plain that thc» latter, at any rate, is 
never equivalent to “Caesar died.” There appears to lx* an ultimate 
notion of assertion, given by the verb, which is lost as s<H)n as we 
suljstitute a verbal noun, and is lost wlien the proposition in question 
is made the subject of some other proposition. This d(K*s not diqKiul 
upon grammatical form; for if I say thai is a proposition^ 

I do not asst.‘rt that Caesar did die, and an element which is [)rest'nt in 
“ Caesar died ” has disappeared. Thus tlie contradiction which was to 
have been avoided, of an entity which cannot lx? made a logical subject, 
apj^ars to have here txxome inevitable. This difficulty, which st'enis to 
be inherent in the ver}' nature of truth and falsehcxxl, is one with which 
I do not iuiow how to deal satisfactorily. The most obvious course 
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would be to say that the difference between an asserted and an unasserted 
proposition is not logical^ but psychological. In the sense in which 
false propositions may be asserted, this is doubtless true. But there 
is another sense of assertion, very difficult to bring clearly before the 
mind, and yet quite undeniable, in wlych only true propositions are 
asserted. True and false propositions alike are in some sense entities, 
and are in some sense capable of being logical subjects ; but when 
a proposition hapjjens to be true, it has a further quality, over and 
above that which it shares with false prof>ositions, and it is this further 
quality which is what I mean by assertion in a logical as opposed to 
a psychological sense. The nature of truth, how^ever, belongs no more 
to the principles of mathematics than to the principles of everything 
else. I therefore leave this question to the logicians with the above 
brief indication of a difficulty. 

63. It nmy l)e asked whether everything that, in the logical sense 
we are concreniwl with, is a verb, cxpres.ses a relation or not. It seems 
plain that, if we wert‘ right in holding that “ ScxTates is human ” is a 
pn)po.sition having only one term, the /.v in this proposition cannot 
expri*s.s a relation in the onlinary sense. In fact, sub ject -predicate 
propxsitions are distinguished by ju.st this non-relational character. 
Nevertheless, a relation lx‘twcrn Socrates and humanity is certainly 
implud^ and it is very difficult to conceive the proposition as expressing 
no relation at all. We may perhaps say that it is a relation, although 
it is distinguishal from other relations in thA^^t does not pennit itself 
to ht reganled as an assertion concerning either of its terms indifferently, 
but only as an assi'i-tion conceniing the refei-ent. A sinular remark may 
apply to the proposition “ A is,’’ w hich holds of every term without 
exception. The is hcR* is cpiite diffeix'iit from the is in “Socrates is 
human”; it may lx Regarded a** complex, and as really predicating 
Being of A. In this wav, the true logical verb in a pn)position may be 
always regarded as asst*rting a relation. But it is so hanl to know 
exactly what is meant by relation that the whole (|uestion is in danger 
of Incoming purely verlml. 

64, The twofold nature of the verb, as ai'tiial verb and as verbal 
noun, may lx expresstnl, if all verbs are held to be relations, as the 
difference between a relation in itself and a relation actually relating, 
(’onsider, for example, the proposition “ A differs from i?.” The 
constituents of this pn)position, if we analyze it, appear to be only A^ 
difference, Yet these constituents, thus placed side by side, do not 
reconstitute the jjroposition. ITie difference which occurs in the 
proposition actually relates A and J3, whereas the difference after 
analysis is a notion which has no connection with A and B. It may 
lx said that we ought, in the analysis, to mention the relations which 
difference has to A and relations which are expressed by m and from 
when we say is different from A” These relations consist in the 
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fact that A is referent and B relatum with respect to difference. But 
referent,* difference, relatum, B is still merely a li^t of terms, not 
a proposition. A proposition, in fact, is essentially a unity, and when 
analysis has destroyed the unity, no enumeration of constituents will 
restore the proposition. The verb, when used as a verb, embodies the 
unity of the proposition, and is thus distinguishable from the verb con- 
sidered as a term, though I do not know how to give a clear account of 
the precise nature of the distinction. 

65. It may be doubted whether the general concept difference 
occurs at all in the proposition diff*ers from B^ or whether there is 
not rather a specific difference of A and 5, and another s]:)ec^ific difference 
of C and Z), which are respectively affirine<l in ^A differs from B^ and 
“ C differs from In this way, difference becomes a class-concept of 

which there are as many instances as there are pairs of different tcTins ; 
and the instances may be said, in Platonic phrase, to partake of the 
nature of difference. As this point is quite vital in the theory of 
relations, it may be well to dwell upon it. And first of all, I must 
point out that in A differs from I intend to consider the bare 
numerical difference in virtue of which they are two, not diff'ererice in 
this or that respect. 

Let us firet try the hyfjothesis that a difference is a complex notion, 
compounded of diff*erenc^e together with some special quality distinguishing 
a particular difference from every other particular difference. So far as 
the relation of different itself is concerned, we are to suppose that 
no distinction can be made l)etween difteiwt cases ; but there are to lx? 
dift*erent associated qualities in different cases. But since? cases are 
distinguished by their terms, the quality must be primarily asstK’iated 
with the terms, not with difference. If the quality Ik? not a relation, it 
can have no special connection with the difference of A an<l B^ which it 
was to render distinguishable from bare difference, and if it fails in this 
it becomes irrelevant- On the other hand, if it lx; a new relation 
between A and B, over and above diff'erence, we shall have to hold that 
any two terms have two relations, difference and a specific difference, the 
latter not holding between any other pair of terms. ITiis view is a 
combination of two others, of which the first hokLs that the abstmet 
general relation of difference itself holds between A and B^ while the 
second holds that when two terms differ they have, corresponding to 
this fact, a specific relation of differeiuie, unique and unanalyzable and 
not shared by any other pair of terms. Either of these views may be 
held with either the denial or the affirmation of the other. Let us sen? 
what is to be said for and against them. 

Against the notion of specific differences, it may be urged that, if 
differences differ, their difterenc*\H from each other must also differ, and 
thus we are led into an endless process. Ihose who object to endless 
processes will see in this a proof that differences do not differ. But in 
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the present work, it will be maintained that there are no contradictions 
peculiar to the notion of infinity, and that an endless process is not to 
be objected to unless it arises in the analysis of the actual meaning of a 
proposition. In the present case, the process is one of implications, not 
one of analysis ; it must therefore be regarded as harmless. 

Against the notion that the abstract relation of difference holds 
betwt?en A and B, we have the argument derived from the analysis of 
“ A differs from fl,’" which gave rise to the present discussion. It is to 
be observed that the hypothesis which combines the general and the 
specific difference must suppose that there are two distinct propositions, 
the one aftinning the general, the other the specific differeiUHi. Thus if 
there cannot be a general difference between A and this mediating 
hypothesis is also impossible. And we saw that the attempt to avoid 
the failim* of analysis by in<‘luding in the nieanijig of differs from jB*” 
the relations of difference to A and B was vain, lliis attempt, in fact, 
leads to an endless pnK*t\ss of the inadmissible kind ; for we shall have to 
include the relations of the said relations to A and B and difference, and 
so on, and in this continually increasing complexity we are snpjvysed 
to l)e only analyzing the meamn^ of our original projKisition. This 
argument establishes a point of very great importance, namely, that 
when a relation holds lietw’wn two terms, the relations of the relation to 
the terms, and of these* n*lations to the relation and the tenns, and so 
on ad infinitum^ though all implied by the proposition affirming the 
original relation, fonn no part of the mraniag of this proposition. 

But the alxive argument does not suffit'c to prove that the relation 
of to .B cannot lx* abstract difference : it rt*mains tenable that, as 
was suggestexl to tK>gin with, the true .solution lies in regaiding every 
proposition as having a kind (»f unity which analysis cannot proserve, 
and which is lost even though it lx* mentioned hy analysis as an element 
in the proposition. This view' has doubtU^ss its own difficulties, but the 
view’ that no two j>airs of terms can have the same relation both contains 
difficultii»s of its own and fails to solve the difficulty for the sake of which 
it was invented. For, even it the difference of A and B lx? absolutely 
pei'uliar to A and B, .>lill the three terms A, B, difference of A from B, 
do not reconstitute the pi-oposition ^^A differs from B,"'' any more than 
A and B and diffei*ence did. And it seems plain that, even if differences 
did differ, they would .still have to have something in common. But 
the most general wav in which two terms can have something in common 
is by both having a given relation to a given term. Hence if no two 
pairs of terms can have the same relation, it follows that no two terras 
c‘an have anything in common, and hence different diffcrenc<?s will not 
be in any definable sense imtaru'es of difference *. I con<*lude, then, that 

* ITie above argument appears to prove that Mr MiH)re’ft theory of uiiiversals 
with numerically diverse instances in his paper on Identity {Proceedings of the 
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the relation affirmed between A and\B in the proposition “-4 differs 
from is the general relation of diflerence, and is precisely and 
numerically the same as the relation affirmed between C and D in 
“C differs from And this doctrine must be held, for the same 

reasons, to be true of all other relations; relations do not have instances, 
but are strictly the same in all propositions in which they occur. 

We may now sum up the main points elicited in our discussion of 
the verb. The verb, we saw, is a concept which, like the adjective, may 
occur in a proposition without being one of the terms of the proposition, 
though it nfay also be made into a logical subject. One verb, and one 
only, must occur as verb in every pro|K)sition ; but every projX)sition, 
by turning its verb into a verbal noun, can be changed into a single 
logical subject, of a kind w’hich I shall call in future a propositional 
concept. Every verb, in the logical sense of the word, may be regarded 
as a relation ; when it ocrcurs as verb, it actually relates, but hen it 
occurs as verbal noun it is the bare relation considered independently of 
the terms which it relates. V’^erbs do not, like acljectives, have instances, 
but are identical in all the cases of their occurrence. Owing to the way 
in which the verb actually relates the terms of a proposition, every 
proposition has a unity which renders it distinct from the sum of its 
constituents. All these points lead to logical problems, which, in a 
treatise on logic, would deserve to be fully and thoroughly discussed. 

Having now given a general sketch of the nature of verbs and 
adjectives, I shall proceed, in the next two chapters, to discussions 
arising out of the consideration of adjectives, and in Chapter vii to 
topics connected with verbs. Broadly speaking, classes are connec-ted 
with adjectives, while propositional functions involve verbs. It is for 
this reason that it has been necessary to deal at such length with a 
subject which might seem, at first sight, to be somewhat remote from 
the principles of mathematics. 

Aristotelian Society, 1900 — 1901) must not be applied to all concepts, llie relation of 
an instance to its universal, at any rate, must ^ actually and numerically the same 
in all cases where it occurs. 



CHAPTER V. 

DENOTING. 

66. Thk notion of denoting, like most of the notions of logic, has 
bw‘n oliscured hitherto by an undue admixture of psychology. There is 
a sense in which we denote, when we point or describe, or employ word.s 
as svndxds for concepts; this, howe\er, is not the sense that I wish to 
discuss. Hut the fati that dc'scription is possible — that we are able, by 
the employment of concepts, to designate a tiling which is not a concept 
— is due to a logical ri'lation lx*t\\ecn some concepts and some terms, in 
\irtue of which such concepts inherently and logically denote such terms. 
It is this st*nse of denoting which is here in question. Thi.s notion lies 
at the lK>ttoin (I tliink) of all theories of substance, of the subject- 
predicate logic, and of the opfMisition lietween things and ideas, 
discursive thought and immcHliate [xrception. These various develop- 
ments, in the main, ap[H‘ar to me mistaken, while the fundamental fact 
itself, out i)f which they have grown, is hartlly ever discussed in its 
logical purity. 

A concept denoU^s when, if it occurs in a proposition, the proj:K)sition 
is not oAoi/t the concept, lint alxnit a term connwteci in a certain 
peculiar way with the concept. If I say “ I met a man,' the proposition 
is not alxnit n r/ion : this is a concept which does not walk the streets, 
but lives in the shadowy limbo of the logic-lx>oks. ^^'hat I met was a 
thing, not a concept, an actual man w ith a tailor and a Iwnk-account or 
a public-house ancl a drunken wife. Again, the pmposition “any hnitc 
numt)er is odd or even'^ is plainly true; yet the comept “any finite 
nuinlxT**’ is neither (xld nor even. It i.s only {.larticular numbers that are 
(xld or even ; there is not, in juldition to these, another entity, any 
number^ which is either cnld or even, and if there were, it is plain that it 
could not be odd and could not lx? even. Of the eoncept “ any number, 
almost all the propositions that contain the phra^se “any nuniber are 
false. If we wish to speak of tlie concx'pt, w'e liave to indicate the fact by 
italics or inverted commas. People often assert that man is mortal ; 
but what is mortal will die, and yet w’e should be sm*prised to find in the 
“Times'” such a notice as the following: “Died at his residence of 
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Camelot, Gladstone Road, Upper Tooting, on the 18th of June 19 — , 
Man, eldest son of Death and Sin.*” Man, in fact, does not die ; hence 
if “ man is mortal ” were, as it appears to be, a proposition about man, 
it would be simply false. The fact is, the proposition is about men ; 
and here again, it is not about the concept men, but about what this 
concept denotes. The whole theory of definition, of identity, of classes, 
of symbolism, and of the variable is wrapped up in the theory of 
denoting. The notion is a fundamental notion of logic, and, in spite 
of its difficulties, it is quite essential to be as clear about it as possible. 

57. The notion of denoting may be obtained by a kind of logical 
genesis from subjec*>t-predicate propositions, upon which it seems more or 
less dependent. The simplest of propositions are those in which one 
predicate occurs otherwise than as a term, and there is only one term of 
which the predicate in question is asserted. Such propositions may be 
called subject-predicate propositions. Instances ai*e : A is, A is one, 
A is human. Concepts which are predicates might also l>c called c'lass- 
concepts, because they give rise to classtts, but we shall find it nect'ssary 
to distinguish between the w'oids predicate and rla^s^s-romept. Propositions 
of the subject-predicate tj^» always imply and are impliwl by t)tlier propo- 
sitions of the type w^hich asserts that an individual belongs to a cla.ss. 
Thus the above instances are etjui valent to : A is an entity, A is a unit, 
A is B. man. The.sc new' propositions are not identical with the previous 
ones, since they have an entirely different form. To Ix'gin with, i.v is now 
the only conc^ept not used as a term. A man, we shall find, is neither 
a concept nor a term, but a certain kind of combination of ctTtain terms, 
namely of those which are human. And the relation of S<xTate.s to 
a man is quite different from his relation to humanity ; indee^fl “ScKTates 
is human*” must lx* held, if the above view' is correct, to be* not, in the 
most usual sense, a judgment of relation IxdwetMi Six-rates and humanity, 
since this view w-oiild makt? human occur as term in “Sm-rates is human."*' 
It is, of course, undeniable that a re‘lation to humanity is imjdiiHi by 
•‘Six-rates is human,'" namely the relation expressed by “ Six- rates has 
humanity *” ; and this relation conversidv implies the siihjc'ct-pi’tKlicate 
proposition. Rut the two propositions can lx‘ clearly distinguished, and 
it is imjmrtant to the theory of classt^s that tliis should lx* done. 'Flius 
we have, in the case of e\ery pi-edic 4 ite, three tvfx-s of propositions 
which inijdy one another, namely, “Six-rates is human,"" “Six-rates ha> 
humanity,"" and “Socrates is a man."" The first contains a term and 
a predicate, the second two terms and a relation (the .second term being 
identical with the predicate of the fii-st proposition)*, while the third 
contains a term, a relation, and what I shall call a disjunction (a term 
which will be explained shortlv)t. The class-concept differs little, if 

♦ Cf. § 41). 

+ There are two allieii pri>pi>sitionK evpressetl by the same wonls, iiarndy 
“Socrates is a-man*' and “Socrates is-a man." Die above remarks apply to the 
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all, from the predicate, while the class, as opposed to the class-concept, is 
the sun) or conjunction of all the terms which have the given predicate. 
The relation which occurs in the second typa (Socrates has humanity) is 
charactcrissed completely by the fact that it implies and is implied by a 
proposition with only one term, in which the other term of the relation 
has become a predicate. A class is a certain combination of terms, a 
class-concept is closely akin to a predicate, and the terms whose com- 
bination forms the class are determined by the class-concept. Predicates 
an*, in a cei-tain sen.sc, the simplest tyjK* of concepts, since they occur in 
the simplest tv|)e of proposition. 

68. There is, connei-led with eve? v prt*dicate, a great variety of 
closely allied concepts, which, in so far as they ai-e distinct, it is 
important to distinguish. Starting, for example, with hjiman, we have 
man, men, all men, every man, any man, the human rare, of which all 
except the first are twofold, a denoting concept and an object denoted; 
we have also, less closely analogous, the notions “a man and “some 
man,"'' which again denote objects* other than themselves. This vast 
apparatus comurtcil with every pix^dieate must \>v borne in mind, and 
an (-‘ruleavour must lx* made to give an anal\si^ of all the al>ove notions. 
But for the prest*nt, it is the p?‘o|H*rty of denoting, rather than the 
various denoting ciincepts, that we an* concx‘nK*d with, 

'riie coinhination of concepts as >ueh to form new concepts, of gnater 
complexity than their constituents, is a suhjeit n})on which writers on 
logic liave said many things. But the ct)mbination of ternjs as such, 
to form what by analogy may bt* called complex terms, is a subject 
iij)on which logicians, old and new, give us only the scantiest discussion. 
Nevertheless, the subject is of ^ital impoitance to the philasophv of 
matheniaties, sinet* the nature both of huiuIkt and of tlie variable turns 
uj)on just this point. Six w'ords, of constant (H*eurn‘nce in daily life.^ 
an also (haracteristic of mathematics: tht'se are the words u//, 
am/^ u, wmr and thr. Fi»r corn*ctness of reasoning, it is (*sst‘ntial that 
these words should tn* sharplv distinguished one from another; but 
the subject bristles with difficulties, and is ahnost x/ooIIn neglected by 
logiciaiisf. 

It is plain, to lx*gin w'ith, that a phnise containing one of the above 


former; but iti future, uidefw the contrary is indicated by a hyphen or otherwise, 
the latter will always Ik* in que-stioii. llie former evpn*sscs the identity of Socrates 
with an amln^uoiift individual ; the latter expresses a relation of StK'rates to the 
clas.s-<^oncept mn n . 

* I shall the won! ohjfct in a wider sense than /erw, to cover both sin^fular 
»nd plural, and also caws of ambiguity, such as **a man." 'Hie fact that a wonl can 
framed with a wider meunin)^ than term raises gravi* iofrinil problems. ( f . § 47. 
t f)n the indefinite article, some ^■ood remarks are made hv Meiiion^, 
“ Ahstrahiren uiid Ver^ifleichen," Zeitm'hnft /ilr P:iiich<\iogie und Phyxiologir der 
^inficMoryanef Vol. xxiv, p. OH, 
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six words always denotes. It will be convenient, for the present 
discussion, to distinguish a class-concept from a predicate : I shall call 
human a predicate, and man a cla^-concept, though the distinction is 
perhaps only verbal. The characteristic of a class-concept, as distin- 
guished from terms in general, is that “ x is a is a propositional 
function when, and only when, u is a class-concept. It must be held that 
when u is not a class-concept, we do not have a false proposition, but 
simply no proposition at all, whatever value we may give to x. This 
enables us to distinguish a class-concept belonging to the null-class, for 
which all propositions of the above form are false, from a term which is 
not a class-coiK!ept at all, for which there are no propositions of the 
above form. Also it makes it plain that a class-concept is not a term 
in the pro{K>sition x is a w,” for u has a restricted variability if the 
formula is to remain a proposition. A denoting phrase*, we may now say, 
consists always of a class-concept preceded by one of the al)ove six words 
or some synonym of one of them. 

69 . The question which first meets us in regard to denoting is 
this : Is there one v ay of denoting six diff'erent kinds of objects, or are 
the ways of denoting diflerent? And in the latter case, is the object 
denoted the same in all six castes, or do<*s the object difler as well as the 
way of denoting it.^ In order to answer tins (juestion, it will lx* fii>t 
necessary to explain the differences lx*twei*n the six worels in qiu^stion. 
Here it will be convenient to omit the word the to begin with, sinct* this 
word is in a different position from the others, and is liable to limitations 
from which they are exempt. 

In cases where the class defined by a class-concept has only a finite* 

number of terms, it is {X)ssible to omit the class-concept wholly, anil 

indicate the variou.s objects denoted bv enumerating the terms and 

connecting them by means of and or or as the case may lx*. It will 

help to isolate a part of our problem if we fii'st consider this case, 
although the lack of subtlety in language rendei*s it difficult to grasp the 
difference between objects indicatwl by the same form of wonls. 

Let us Ix'gin by considering two terms onl\, sav Hrown and Jones. 
'Ihe objects denoted by r///, every y any^ a and some* are res}K*ctiM‘I\ 
involved in the following H\e propositions. (1) Hrown and Jones air 
two of Miss Smith's suiloi-s; (2) Ilrown and Jones are paying court to 
Miss Smith ; (3) if it was Brow n or Joiic*s vou met, it wa^ a very ardent 
lover; (4) if it was one of Miss Smith's suitors, it must ha\e htrii 
Brown or Jones; (5) Miss Smith wdll iimrev Brown or Jones. Although 
only two forms of words, liroicn and Jones and lirojen or JoneSy arc 
involved in these propositions, I mainbiin that fi\e different combinations 
are involved. The distinctions, some ofVhich are rather subtle, may 1 k' 

* I intend to distiiiguisli tietween a and Hmm in a way not warranted by language, 
the distinction of nfi and every is also a straining of usage. Both are uei'essary to 
avoid circumlocution. 
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brought out by the following considerations. In the first proposition, it 
is Brown and Jones who are two, and this is not true of either separately; 
nevertheless it is not the whole composed of Brown and Jones which is 
two, for this is only one. The two are a genuine combination of Brown 
with Jones, the kind of combination which, as we shall see in the next 
chapter, is characteristic of classes. In the second propasition, on the 
contrary, what is asserted is true of Brown and Jones severally; the 
proposition is equivalent to, though not (I think) identical with, “Brown 
is paying court to Miss Smith and Jones is paying court to Miss Smith.*” 
’Tims the c*ombination indicated by and is not the same here as in the 
first case : the fii^st case concerned off of them collectively, w'hile the 
second concerns all distributively, i.c. each or every one of them. For 
the sake of distinction, we may call the first a numerical conjunction, 
since it gives rise to number, the second a propositional conjunction, 
since the proposition in which it cx'curs is equivalent to a conjunction of 
propositions. (It should lie observwl that the conjunction of propo- 
sitions in (jiiestion is of a wholly difterent kind from any of the com- 
binations we are considering, l)eing in fact of the kind wbich is called 
the logiciil prtKluct. The propositions are combined qua projx>sitions, 
not qua terms.) 

The third proposition gives the kind of conjunction by which any is 
defined. There is some difficulty about this notion, which setjins half-way 
between a conjunction and a disjunction. This notion may be farther 
explained as follows. Let a and b bc^ tw^o different propositions, 
each of which implies a third pro{X)sition c. Then the disjunction 
“fl or implies r. Now let a and b be propositions assigning the 
same priHlicate to two different subjtTts, then then^ is a combination 
of the two subjwts to wi:ich the given predicate may lx‘ assigned so 
that the resulting proposition is tnjuivalent to the disjunction “a or fe.*” 
Thus sup|K)se we have “ if you met Brown, you met a very ardent lover,” 
and “ if you met Jones, you met a very anient lover.” Hent‘e we infer 
“ if you ii1t*t Brow'n or if you met Jones, you met a very ardent lover,” 
and we regard this as ecpiivalent to “if you met Brown or Jones, etc.” 
’Fhe combination of Brown and Jones hei'e indicated is the same as that 
indicated by cither of them. It diffc?rs from a disjunction by the fact 
that it implies and is implied b> a statement concerning both ; but in 
some more cumplicatcKl instances, this mutual implication fails. 'Ihe 
nietluxl of combination is, in fact, diff*erent from that indicated by boik^ 
and is also different from both forms of disjunction. I shall call it the 
variable conjunction. The first form of disjunction is given by (4?) : this 
is the fonn which I shall denote by a suitor. Here, although it must 
liave been Brown or Jones, it is*not true that it must have lx*en Brown, 
nor yet that it must have been Jones. Thus the propasition is not 
equivalent to the disjunction of propositions “ it must have bc^en Brown 
w it must have been Jones.” The propasition, in fact, is not capable of 
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statement either as a disjunction or as a conjunction of propositions, 
except in the very roundabout form: ^Mf it was not Brown, it was 
Jones, and if it was not Jones, it was Brown,^ a form which rapidly 
becomes intolerable when the number of terms is increased beyond two, 
and becomes theoretically inadmissible when the number of terms is 
infinite. Thus this form of disjunction denotes a variable term, that 
is, whichever of the two terms we fix upon, it does not denote this term, 
and yet it does denote one or other of them. This form accordingly I 
shall call the variable disjunction. Finally, the second form of disjunction 
is given by (5). This is what I shall call the conjdant disjunction, since 
here either Brown is denoted, or Jones is denoted, but the alternative 
is undecided. That is to say, our proposition is now equivalent to a 
disjunction of propositions, namely “ Miss Smith will many Brown, or 
she will marry Jones.*” She will marry some one of the two, and the 
disjunction denotes a particular one of them, though it may denote 
either particular one. Thus all the five combinations are distinct. 

It is to be observed that these five combinations yield neither terms 
nor concepts, but strictly and only combinations of terms. The first 
yields many terms, while the others yield something absolutely peculiar, 
which is neither one nor many. The combinations aiv combinations of 
terms, effected without the use of relations. Corresponding to each 
combination there is, at least if the terms combined form a class, a 
perfectly definite concept, which denotes the various terms of the combi- 
nation combined in the specified manner. To explain this, let us re{)eat 
our distinctions in a case where the terms to l)e combined are not 
enumerated, as above, but ain? defined as the terms of a certain class. 

60. When a class-concept a is given, it must Ixr held tliat the 
various terms belonging to the class are also given. That is to say, any 
term Ijeing proposed, it can l>e decided w^hether or not it belong? to the 
class. In this way, a collection of terms can be given otherwise than by 
enumeration. Whether a collwtion can be given otherwise? tlian by 
enumeration or by a class-concept, is a question which, for the present, 
I leave undetermined. But the possibility of giving a collection by a 
class-concept is highly important, since it enables us to deal >vith infinite 
collections, as we shall see in Part V. For the prescmt, I wish to examine 
the meaning of such phrases as all a\ ever?/ a, am/ «, an a, and som- a. 
AU as, to begin with, denotes a numerical conjunction ; it is definite as 
soon as a is given. The concept all /I’s is a j)erfectly definite single 
concept, which denotes the terms of a taken all together. 11)6 terms 
80 taken have a number, which may thus be regarded, if we choose, as 
a property of the class-c-oncept, since it is determinate for any given 
class-concept. Ever?/ a, on the contrary, though it still denotes all the 
a‘^s, denotes them in a different way, f.c. severally instead of collectively. 
Any a denotes only one a, but it is wholly irrelevant which it denotes, 
and what is said will be equally true whichever it may be. Moreover, 
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any a denotes a variable a, that is, whatever particular a we may fastra 
upon, it is certain that any a does not denote that one ; and yet of that 
one any proposition is true which is true of any a. An a denotes a 
variable disjunction ; that is to say, a proposition which holds of an a 
may be false concerning each particular a, so that it is not reducible to 
a disjunction of propositions. For example, a point lies between any 
point and any other point; but it would not be true of any one 
particular point that it lay between any point and any other point., 
since there would be many pairs of points l^^tween which it did not lie. 
This brings us finally to some a, the constant disjunction. This denotes 
just one term of the class a, but the term it denotes may be any term 
of the class. Thus ‘‘ some momcmt does not follow any moment would 
mean that there was a first moment in time, while “ a moment precedes 
any moment means the exact opposite, namely, that every moment has 
predecessors. 

61. In the case of a class a which has a finite numl)er of terms — 
say . Uny 've can illustrate the^ various notions as follows : 

(1) All denotes a, and a., and ... and r/„. 

(2) Every a denotes and denott*s /ig and ... and denotes 

(3) Any a denotes or or ... or where or has the meaning 
that it is irrelevant which we take. 

(4) An a denotes o, or or ... or where or has the meaning 
that no one in particular iriu.st In? taken, just as in all we must not 
take any one in particular. 

(5) Sonu^ a denotes o, or denotes a,, or ... or denotes where it is 
not irreleviuit which is taken, but ou the contrary some one particular a 
must l>t‘ taken. 

As the nature and properties of the various ways of combining terms 
are of vibil impoi’tance to the principles of mathematic.s, it may Ive well 
to illustrate their pro[K?rtjes by the follow ing irnjmrtant examples. 

(a) Let a Ik* a class, and h a class of cla.s.ses. AVe then obtain 
in all six possible relations (jf a to h from various combinations of any^ 
a and some. All and every dc> not, in this case, intnxhice anything new\ 
Tlie six cases are as follows. 

(1) Any a belongs to any class belonging to A, in other words, the 
class a is wholly contained in the common part or logical pixxluct of 
the various classes l>elonging to 6. 

(2) Any a belongs to a 6, i.e, the class a is contained in any 
class which contains all the /As, or, is contained in the logical sum of 
all the 6’.s. 

(3) Any a belongs to some ?>, Le, there is a class belonging to fe, 
in which the class a is contained. The diften'U<*e between this case and 
the secrond arises from the fact that here there is one b to which every 
« Ixjlongs, whereas l)efore it was only decided that every a belonged to 
a A, and different a‘*s might belong to different //s. 
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( 4 ) An a belongs to any 6, %.e. whatever b we take, it has a part 
in common with a. 

( 5 ) An a belongs to a 6, i.e, there is a ft which has a part in common 
with a. This is equivalent to ^ some (or an) a belongs to some ft.” 

(6) Some a belongs to any ft, i.e. there is an a which belongs to 
the common part of all the ft'^s, or a and all the ft^s have a common part. 
These are all the cases that arise here. 

(^) It is instructive, as showing the generality of the type of 
relations here considered, to compare the above case with the following. 
Let a, ft be two series of real numbers; then six precisely analogous 
cases arise. 

( 1 ) Any a is less than any 6, or, the series a is contained among 
numbers less than every ft. 

( 2 ) Any a is less than a ft, or, whatever a we take, there is a 6 
which is greater, or, the series a is contained among numbers less than 
a (variable) tenn of the series 6. It does not follow that some term «»f 
the series ft is greater than all the a\ 

( 3 ) Any a is less than some ft, or, there is a term of ft which is 
greater than all the a\ I1iis case is not to be confounded with (2). 

( 4 ) An a is less than any ft, i.c. whatever ft we take, there is an 
a which is less than it. 

( 5 ) An a is less than a ft, ie. it is possible to find an a and a ft 
such that the a is less than the ft. This merely denies that any a is 
greater than any ft. 

(6) Some a is less than any ft, Le. there is an a which is less than 
all the ft’s. This was not implied in ( 4 ), where the a was variable, 
whereas here it is constant. 

In this case, actual mathematics have compelled the distinction 
between the variable and the constant disjunction- But in other cases, 
where mathematics have not obtained sway, the distinction has been 
neglected; and the mathematicians, as was natural, have not investi- 
gated the logical nature of the disjunctive notions which they employed. 

(7) I shall give one other instance, as it brings in the diffeivnce 
between any and ex^ery^ which has not been relevant in the previous 
cases. Let a and 6 be two classes of classes; then twenty different 
relations betw^een them arise from different combinations of the terms 
of their terms. The following technical terms will be useful. If a be 
a class of classes, its logical sum consists of all terms belonging to any 
a, i.a all terms such that there is an a to which they belong, while 
its logical product consists of all terms belonging to every a, i,e. to the 
common part of all the a\. We have then the following cases. 

(1) Any term of any a belongs to eveiy ft, Le. the logical sum of 
a is contained in the logical product of ft. 

( 2 ) Any term of any a belongs to a ft, i.e, the logical sum of a 
is contained in the logical sum of ft. 
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(3) Any term of any a belongs to some 6, Le. there is a 6 which 
contains the logical sum of a, 

(4) Any term of some (or an) a belongs to eveiy 6, Le, there is an 
a which is contained in the product of b. 

(5) Any term of some (or an) a belongs to a ft, Le. there is an a 
which is contained in the sum of ft. 

(6) Any term of some (or an) a belongs to some ft, Le. there is a 
ft which contains one class belonging to a. 

(7) A term of any a belongs to any ft, Le. any class of a and any 
class of ft have a common part. 

(8) A term of any a belongs to a ft, Le. any claas of a has a part 
in common with the logical sum of A. 

(9) A term of any a belongs to some A, Le. there is a ft with which 
any a has a pail in common. 

(10) A term of an a belongs to every ft, Le. the logical sum of a 
and the logical product of ft have a common part. 

(11) A tenn of an a belongs to any A, i.e. given any A, an a can 
be found with which it has a common part. 

(12) A term of an a belongs to a ft, Le. the logical sums of a and 
of ft have a common part. 

(13) Any tenn of every a belongs to every 6, Le. the logical 
pnxluct of a is contained in the logical product of 6. 

(14) Any term of every a belongs to a ft, Le. the logical product 
of a is contained in the logical sum of ft. 

(15) Any term of every a belongs to some ft, Le. there is a term 
of 6 in which the logical product of a is contained. 

(16) A (or some) term of every a belongs to everj^ ft, i.e. the logical 
products of a and of ft have a common part. 

(17) A (or some) term of every a belongs to a ft, Le. the logical 
product of a and the logical sum of ft have a common part. 

(18) Some term of any a belongs to every ft, i.e. any a has a part 
in common with the logical product of ft. 

(19) A term of some a l^elongs to any 6, i.e. there is some term 
of a with which any ft has a common part. 

(20) A term of every a belongs to any ft, Le. any ft has a part in 
common with the logical product of a. 

The above examples show that, although it may often happen that 
there is a mutual implication (which has not always been stated) of 
corresponding propositions conceniing wrne and a, or concerning any 
and every^ yet in other cases there is no such mutual implication. Thus 
the five notions discussed in the present chapter arc genuinely distinct, 
and to confound them may lead to perfectly definite fdlacies. 

62 . It appears from the above discussion that, w^hether there are 
different ways of denoting or not, the objects denoted by aU men^ every 
nuin, etc. are certainly distinct. It seems therefore legitimate to say 
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that the whole difference lies in the objects, and that denoting itself is 
the same in all cases. There are, however, many difficult problems 
connected with the subject, especially as regards the nature of the 
objects denoted. AU men^ which 1 shall identify with the class of men, 
seems to be an unambiguous object, although grammatically it is plural. 
But in the other cases the question is not so simple: we may doubt 
whether an ambiguous object is unambiguously denoted, or a definite 
object ambiguously denoted. Consider again the proposition met 
a man."" It is quite certain, and is implied by this proposition, that 
what I met wjw an unambiguous perfectly definite man : in the technical 
language which is here adopted, the proposition is expressed by “ I met 
some man.’" But the actual man whom I met forms no part of the 
proposition in question, and is not specially denoted by mine man. 
Thus the concrete event which happened is not asserted in the proposi- 
tion. What is asserted is merely that some one of a class of concrete 
events took place. The whole human race is involved in n]y assertion : 
if any man who ever existed or will exist had not existed or l^een going 
to exi.st, the purport of my proposition would have been different. Or, 
to put the same point in more intensional language, if I substitute for 
man any of the other class-concepts applicable to the individual whom 
I had the honour to meet, my proposition is changed, although the 
individual in question is just as much denoted as before. What this 
proves is, that some man must not be regarded as actually denoting 
Smith and actually denoting Brown, and so on : the whole procession 
of human beings throughout the ages is always relevant to every pro- 
position in which some man occurs, and what is denoted is essentially 
not each separate man, but a kind of combination of all men. 'Hus 
is more evident in the case of every^ any^ and a. ITiere is, then, a 
definite something, different in each of the five cases, which must, in 
a sense, be an object, but is characterized as a set of terms combined 
in a certain way, which something is denoted by all men^ ever}/ man^ 
any man^ a man or some man ; and it is with this very paradoxical 
object that propositions are concerned in which the corre.sponding 
concept is used as denoting. 

63. It remains to discuss the notion of the. This notion has 
been symbolically emphasized by Peano, with very great advantage to 
his calculus; but here it is to be discussed philosophically. The use 
of identity and the theory of definition are dependent u[)on this notion, 
which has thus the very highest philosophical importance. 

The word the^ in the singular, is correctly employed only in relation 
to a class-concept of which there is only one instance. We speak of 
the King, the Prime Minister, and so on (understanding at the present 
time ) ; and in such cases there is a method of denoting one single definite 
term by means of a concept, which is not given us by any of our other five 
words. It is owing to thi.s notion that mathematics can give definitions 
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of teriTiB which are not concepts — a possibility which illustrates the 
difference between mathematical and philosophical definition. Every 
term is the only instance of some class-concept, and thus every term, 
theoretically, is capable of definition, provided we have not adopted 
a system in which the said term is one of our indefinables. It is a 
curious paradox, puzzling to the symbolic mind, that definitions, theo- 
retically, are nothing but statements of symbolic abbreviations, irrelevant 
to the reasoning and inserted only for practical convenience, while yet, 
in the development of a subject, they always require a very large amount 
of thought, and often embody some of the greatest achievements of 
analysis. This fact seems to be explained by the theory of denoting. 
An object may be present to the mind, without our knowing any concept 
of which the said object is the instant*e ; and the discovery of such a 
concept is not a mere improvement in notation. The reason why this 
appears to ht the case is that, as soon as the definition is found, it 
becomes wholly unneces.sary to the reasoning to remember the actual 
object defined, since only concept.s are relevant to our deductions. In 
the moment of discoverv, the definition is seen to be tnie^ because the 
object to be defined was already iii our thoughts ; but as part of our 
reasoning it is not tnie, but merely .symbolic, since wliat the reasoning 
m]uirt\s i.s not that it should deal with that object, but merely that 
it should deal with tlie object denoted by the definition. 

In most actual definition.s of mathematics, what is defined is a class 
of entities, and the notion of the does not then explicitly appear. But 
even in this case, what is really defined is the class satisfying certain 
conditions; for a class, as we shall .see in the next chapter, is always 
a term or conjunction of tenn.s and never a concept. Thas the notion of 
the is alwuy.s relevant in definitions ; and we may obsene generally that 
the adecpiacy of concepts to deal with things is wholly dependent upon 
the unambiguous denoting of a single term which this notion gives. 

64. The connection of denoting with the nature of identity is 
important, and help, I think, to solve some rather serious problems. 
The ([uestion whether identity is or is not a relation, and even whether 
there i.s such a concept at all, i.s not easy to answ^er. For, it may be 
said, identity cannot be a relation, since, where it is truly asserted, 
we have only one term, whereas two terms are retjuired for a relation. 
And indeed identity, an objector may urge, cannot be anything at all : 
two terms plainly are not identical, and one term cannot be, for what 
is it identical with.^ Neverthcle.ss identity must be something. We 
might attempt to remove identity from terms to relations, and say that 
two terms are identical in some respect when they have a given relation 
to a given term. But then we shall have to hold either tliat there is 
strict identity between the two cases of the given relation, or that the 
two cases have identity in the sense of having a given relation to a given 
term ; but the latter view leads to an endless process of the illegitimate 
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kind. Thus identity must be admitted, and the difficulty as to the 
two terms of a relation must be met by a sheer denial that two different 
tenns are necessary. There must always be a referent and a relatum, 
but these need not be distinct ; and where identity is affirmed, they are 
not 80 ^. 

But the question arises: Why is it ever worth while to affirm 
identity.? This question is answ'ered by the theory of denoting. If 
we say “ Edward VII is the King,^ we assert an identity ; the reason 
why this assertion is worth making is, that in the one case the actual 
term occurs, while in the other a denoting concept takes its place. 
(For purposes of discussion, I ignore the fact that Edwards form a 
dass, and that seventh Edwards form a class having only one term. 
Edward VII is practically, though not formally, a proper name.) Often 
two denoting concepts occur, and the term itself is not mentioned, as 
in the proposition the present Pope is the last survivor of his genera- 
tion.” When a term is given, the assertion of its identity with itself, 
though true, is perfectly futile, and is never made outside the logic- 
books ; but where denoting concepts are introduced, identity is at once 
seen to be significant. In this case, of course, there is involved, though 
not asserted, a relation of the denoting concept to the term, or of the 
two denoting concepts to each other. But the is which occurs in such 
propositions does not itself state this further relation, but states pure 
identity f. 

66 . To sum up. When a class-concept, preceded by one of the 
six words off, every, any, a, some, the, occurs in a proposition, the 
proposition is, as a rule, not about the concept formed of the two words 
together, but about an object quite different from this, in general not 
a concept at all, but a term or complex of terms. This may be seen by 
the fact that propositions in which such concepts occur are in gener^ 
false concerning the concepts themselves. At the same time, it is 
possible to consider and make propositions about the concepts them- 
selves, but these are not the natural propositions to make in employing 
the concepts. Any number is odd or even ” is a perfectly natural propo- 
sition, whereas ^ Any number is a variable conjunction” is a proposition 
only to be made in a logical discussion. In such cases, we say that the 
concept in question denotes. We decided that denoting is a perfectly 

* On relations of terms to themselves, t;. ir^f. Chap, ix, § 95. 

f The word is is terribly ambiguous, and great care is necessary in order not to 
coufoimd its various meaninj^. We have (1) the sense in which it asserts Being, as 
in is*'; (2) the sense of identity; (3) the sense of predication, in ^^A is human"; 
(4) the sense of ^^A is a -n aa n ** (cf. p. 54, note), which is very like identity. In 
addition to these there axe less common uses, as to be good is to be happy," where 
a relation of assertions is meant, that relation, in &ct, which, where it exists, gives 
rise to formal implication. Doubtless there are further meanings which have not 
occurred to me. On the meanings of is, cf. De Morgan, JVma/ Logie, pp. 49, 50. 
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definite relation, the same in all six cases, and that it is the nature of 
the denoted object and the denoting concept which distinguishes the 
cases. We discussed at some length the nature and the differences of 
the denoted objects in the five cases in which these objects are com- 
binations of terms. In a full discussion, it would be necessary also to 
discuss the denoting concepts : the actual meanings of these concepts, as 
opposed to the nature of the objects they denote, have not been discussed 
above. But I do not know that there would be anything further to say 
on this topic. Finally, we discussed ihe^ and showed that this notion 
is essential to what mathematics calls definition, as well as to the 
possibility of uniquely determining a term by means of concepts; the 
actual use of identity, though not its meaning, was also found to depend 
upon this way of denoting a single term. From this point we can 
advance to the discussion of cla&ses, thereby continuing the development 
of the topics connected with adjectives. 



CHAPTER VI. 

CLASSES. 

66, To bring clearly before the mind what is meant by and 
to distinguish this notion from all the notions to which it is allied, is 
one of the most difficult and important problems of mathematical 
philosophy. Apart from the fact that doss is a very fundamental 
concept, the utmost care and nicety is required in this subject on 
account of the contradiction to be discuased in Chapter x. I must 
ask the reader, therefore, not to regard as idle pedantry the apparatus 
of somewhat subtle discriminations to be found in what follows. 

It has been customary, in works on logic, to distinguish two stand- 
points, that of extension and that of intension. Philosophers have 
usually regarded the latter as more fundamental, while Mathematics 
has been held to deed specially with the former. M. ('outurat, in his 
admirable work on I^eibniz, states roundly that Symbolic lx)gic can only 
be built up from the standpoint of extension* ; and if there really were 
only these two points of view, his statement would be justified- Biit as 
a matter of fact, there are positions intermediate between pure intension 
and pure extension, and it is in these intermediate regions that Symbolic 
Logic has its lair. It is essential that the classes with which we are 
concerned should be composed of terms, and should not be pit^icates or 
concepts, for a class must be definite when its terms are given, but 
in general there will be many predicates which attach to the given 
terms and to no others. We cannot of course attempt an intensional 
definition of a class as the class of predicates attaching to the terms 
in question and to no others, for this would involve a vicious circle ; 
hence the point of view of extension is to some extent unavoidable. 
On the other hand, if we take extension pure, our class is defined by 
enumeration of its terms, and this method will not allov^ us to deal, as 
Symbolic Logic does, with infinite classes. Thus our classes must in 
geneial be regarded as objects denoted by concepts, and to this extent 
the point of view of intension is essential. It is owing to this con- 


* La Logique de LeUmix, Paris, 1901, p. 387. 
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sideration that the theory of denoting is of such great importance. In 
the present crhapter we have to sjjecify the precise degree in which 
extension and intension respectively enter into the definition and em- 
ployment of classes; and throughout the discussion, I must ask the 
readier to remember that whatever is said has to be applicable to infinite 
as well as to finite classes. 

67. When an object is unambiguously denoted by a concept, I shall 
speak of the concept as a concept (or sometimes, loosely, as the concept) 
of the object in question. ITius it will be necessary to distinguish the 
cont*e[)t of a class from a class -concept. We agreed to (»11 man a class- 
concept, but man does not, in its usual employment, denote anything. 
On the other hand, men and all men (which I shall regard as synonyms) do 
denote, and I shall contend that w'hat they denote is the class composed 
of all men. Thus man is the class-concept, men (the concept) is the 
concept of the class, and men (the object denoted by the concept men) 
are the (‘lass. It is no doubt confusing, at fii'st, to use cla&s~concept and 
amvept of a class in diff*erent senses ; but so many distinctions ate 
m|uired that some straining of language seems unavoidable. In 
the phraseology of the preceding chapter, we may say that a class is a 
numerical conjunction of tenns. This is the thesis which is to be 
established. 

68. In (’hap ter ii we regarded classes as derived from assertions, 
ie, as all the entiti«^: s^itisfying some assertion, whose form was left 
wholly vague. I shall discuss this view critically in the next chapter; 
for the pmsent, we may confine ourselves to classes as they are derived 
from predicates, leaving open the question whether every assertion is 
e<|uivalent to a predication. We may, then, imagine a kind of genesis 
of classes, through the successive stages indicated by the typical propo- 
sitions “Socrates is human,'' “Scxrrates has humanity," “Socrates is a 
man,’’ “ Socrates is one among men." Of these propositions, the last 
only, we .should say, explicitly contains the class as a constituent ; but 
every subject- predicate projxisition gives rise to the other three equivalent 
propositions, and thus every pixxlicate (provided it can be sometimes 
truly predicated) gives rise to a class. This is the gene.sis of classes from 
the intensioual standpoint. 

On the other hand, when mathematicians deal with what they call a 
manifold, aggregate, Menge^ ensemlicy or some equivalent name, it is 
common, especially where the number of terms involved is finite, to regard 
the object in question (which is in fact a class) as defined by the enumera- 
tion of its terms, and as consisting possibly of a single term, which in 
that case is the class. Here it is not predicates and denoting that are 
relevant, but terms connec^ted by the word and^ in the sense in w'hich 
this word stands for a numerical conjunction. Thus Brown and Jones 
are a class, and Brown singly is a class. This is the extensional genesis 
of classes. 
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69. The best formal treatment of classes in existence is .that of 
Peano*. But in this treatment a number of distinctions of great 
philosophical importance are overlooked. Peano, not I think quite 
consciously, identifies the class with the cl&ss-concept ; thus the relation 
of an individual to its class is, for him, expressed by is a. For him, 
“ 2 is a number ^ is a proposition in which a tenn is said to belong to 
the class number. Nevertheless, he identifies the equality of classes, 
which consists in their having the same terms, with identity — a pro- 
ceeding which is quite illegitimate when the class is regarded as the 
class-concept. ^ In order to perceive that man and fvaiherless biped are 
not identical, it is quite unnecessary to take a hen and deprive the poor 
bird of its feathei*s. Or, to take a less complex instance, it is plain that 
eve^i prime is not identical with integer next cefler 1. llius when we 
identify the class with the class-concept, we must admit that two classt*s 
may be ec|ual without being identical. Nevertheless, it is plain that 
when two class-concepts are equal, some identity is involvc^d, for we say 
that they have the same terms. Thus there is some object which is 
positively identical when two class-concepts are equal ; and this object, 
it would seem, is more properly called the class. Neglecting the plucked 
hen, the class of feathcrless bipeds, every one would say, is the same as 
the class of men ; the class of even primes is the same as the class of 
integers next after 1. Thus we must not identify the class with the 
class-concept, or regard “ Socrates is a man as expressing the relation 
of an individual to a class of which it is a member. This has two 
consequences (to be established presently) which prevent the philosophical 
acceptance of certain points in Peano’s formalism. The first conKec|uence 
is, that there is no s-uch thing as the null-ctlass, though there are null 
class-concepts. The second is, that a class having only one term is to 
be identifi^, contrary to Peano’s usage, with that one term. I should 
not propose, however, to alter his practice or his notation in consequentre 
of either of these points ; rather I should regard them as proofs that 
Symbolic Logic ought to concern itself, as far as notation goes, with 
class-concepts rather than with classes. 

70. A class, we have seen, is neither a predicate nor a class- 
concept, for different predicates and different class-concepts may corre- 
spond to the same class. A class also, in one sense at least, is distinct 
from the whole composed of its terms, for the latter is only and essentially 
one, while the former, where it has many terms, is, as we shall see later, 
the veiy kind of object of which many is to ht asserted, ''flie distinction 
of a class as many from a class as a whole is often made by language : 
space and points, time and instants, the anny and the soldiers, the navy 
and the sailors, the Cabinet and the Cabinet Ministers, all illustrate the 
distinction. The notion of a whole, in the sense of a pure aggregate 

* Neglecting Frege, who is discussed in the Appendix. 
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which is here relevant, is, we shall find, not always applicable where the 
notion of the class as many applies (see Chapter x). In such cases, 
though terms may be said to belong to the class, the class must not be 
treated as itself a single logical subject*. But this case never arises 
where a class can be generated by a predicate. Thus we may for the 
present dismiss this complication from our minds. In a class as many, 
the component terms, though they have some kind of unity, have less 
than is required for a whole. They have, in fact, just so much unity 
as is required to make them many, and not enough to prevent them from 
remaining many. A further reason for distinguishing wholes from 
classes as many is that a class as one may be one of the terms of itself 
as many, as in “ classes are one among classes (the extensional equi- 
valent of “ class is a class-concept whereas a complex whole can never 
be one of its own constituents. 

71. Class may be defined either extensionally or intensionally. 
That is to say, wc may define the kind of object which is a class, or the 
kind of concept which denotes a clas.', ; this is the precise meaning of 
the o])position of extension and intension in this connection. But 
although the general notion can be defined in this two-fold manner, 
particular classes, except when they hap{xm to be finite, can only be 
defined intensionally, i.c. as the objects denoted by .such and such con- 
cepts, I Ijelieve thi.s distinction to purely psychological : logically, 
the extensional definition appears to be etpially applicable to infinite 
classes, but practically, if we were to attempt it, Death would cut short 
our laudable endeavour before it had attained its goal. Ix)gically, 
therefore, extension and intension seem to be on a par. I will begin 
with the extensional view'. 

When a class is regarded as defined by the enumeration of its terms, 
it is more naturally called a collectmn, I shall for the moment adopt 
this name, as it will not prejudge the question whether the objects 
denoted by it are truly classes or not. By a collection I mean what is 
conveyed by and or and B and (V or any other enumeration 
of definite terms. *l'he collation is defincnl by the actual mention of 
the terms, and the terms art> connected by and. It would seem that 
and represents a fundamental way of combining terms, and that just 
this way of combination is essential if anything is to result of which a 
number other than 1 can be asserted. Collections do not presuppose 
numbers, since they result simply fix)m the tenns together with afid: 
they could only presuppose numbers in the particular case where the 
terms of the collection themselves presuppos^ numbers. Tliere is a 
grammatical difficulty which, since no method exists of avoiding it, 
must be pointed out and allowed for. A collection, grammatically, is 

* A plurality of terms is not the logical subject when a number is asserted of it : 
such propositions have not one subject, but many subjects. See end of § 74. 
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singular, whereas A and A and B and C, etc, are essentially plural. 
This grammatical difficulty arises from the logical fact (to be discussed 
presently) that whatever is many in general forms a whole which is 
one; it is, therefore, not removable by a better choice of technical 
terms. 

The notion of and was brought into prominence by Bolzano*. In 
order to understand what infinity is, he says, we must go back to one 
of the simplest conceptions of our understanding, in order to reach an 
agreement concerning the word that we are to use to denote it. This is 
the conception which underlies the conjunction which, however, if 
it is to stand out as clearly as is required, in many eases, both by the 
purposes of mathematics and by those of philosophy, I believe to be best 
expressed by the words : ‘ A system {Inhcgr\ff*) of certain things,’ or 
‘a whole consisting of certain parts.’ But we must add that every 
arbitrary object A can be combined in a system with any others 
J?, C, J9, ..., or (speaking still more correctly) already forms a system 
by itself f, of which some more or less important truth can be enunciated, 
provided only that each of the presentations A^ C\ in fai*t 

represents a different object, or in so far as none of the propositions 
^ A is the same as B^ ^ A is the same as C,’ Is the same as />,’ etc., 
is true. For if c.g. A is the same as jB, then it is a'rtainly unreasonable 
to speak of a system of the things A and jB.” 

ITie above passage, good as it is, neglects several distinctions which 
we have found necessary. First and foremost, it does not distinguish 
the many from the whole which they form. Secondly, it d<K^ not appear 
to observe that the methtxl of enumeration is not pnu*tically applicable 
to infinite systems. Thirdly, and this is connected w ith the second point, 
it does not make any mention of intensional definition nor of the notion 
of a class. What we have to consider is the difference, if any, of a class 
from a collection on the one hand, and from the whole formed of the 
collection on the other. But let us first examine further the notion 
of and. 

Anything of which a fiidto number other than 0 or 1 can be asserted 
would be commonly said to he many, and many, it might be said, are 
always of the form and B and C and Here Ay By C ... are 

eat‘h one and are all different. To say that A is one seems to amount 
to much the same as to say that A is not of the form A i and A.j and 
A;i and ...,” To say that Ay By C, ... are all different seems to amount 
only to a condition as regaixls the syinl^ols: it should be hehl that 
** A and A"^ is meaningless, so that diversity is implied by and, and need 
not be specially stated. 

A term A which is one may be regardeti as a particular case of a 

* Paradoxien timt VnendHvhen, !.<eipzig, 1854 (2 ik 1 eil., Berlin, 1888), § 3. 

t f.a the combination of A witli B, Cy ... already forms a system. 
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collection, namely as a collection of one term. Thus every collection 
which is many presupposes many collections which are each one : A and 
B presupposes A and presupposes B, Conversely some collections of 
one term presuppose many, namely those which are complex: thus 
differs frcjm is one, but presupposes A and difference and B, 
But there is not symmetry in this respect, for the ultimate presupposi- 
tions of anything are always simple terms. 

Every pair of terms, without exception, can be combined in the 
manner indicated by A and and if neither A nor B be many, then 
A and B are two. A and B may be any conceivable entities, any 
possible objetrts of thought, they may be points or niimlxjrs or true or 
false propositions or events or people, in short anything that can be 
counted. A teaspoon and the numlxT 3, or a chimaera and a four- 
dimensional space, are certainly tw«). Thus no restriction whatever is 
to be placed on A and 5, except that neither is to be many. It should 
be ol>serv€*d that A and B nml not exist, but must, like anything that 
can be mentioned, have Being. l"he distinction of Being and existence 
is iin}K>rtant, and is well illustrate<l by the process of counting. VVhat 
can be countwl must bt* something, and must certainly he^ though it 
need by no means Ix' pos.sessed of the further privilege of existence. 
Thus what w'e demand of the terms of our collection is merely that each 
should be an entity. 

'Hie question may now be a.sked : What is meant by A and B ? 
Ihxs this mean anything moR* than the juxtaposition of A with B} 
'Hiat is, does it contain any element over and above that of A and that 
of B? Is ami a separate concept, which occurs besides A^ B? To 
either answer there are objections. In the first place, and, we might 
suppose, cannot be a new coiuvpt, for if it were, it would have to be 
some kind of relation between A and // ; A and B would then be a 
proposition, or at least a propositional concept, and would be one, not 
two. Moreover, if there are tw'o concepts, there arc two, and no third 
mediating corux?pt seen)s necessary to make them two. Thus and would 
seem meaningless. But it is difficult to maintain this theory. To begin 
with, it seems i*ash to hold that any word is meaningless. When we use 
the word and, we do not seem to be uttering mere idle breath, but some 
idea seems to correspond to the word. Again some kind of combination 
seems to be implic?d by the fact that A and B are two, which is not true 
of either separately. When we say ^^A and B are yellow,"^ we can replace 
the proposition by “ A is yellow and “ B is yellow ; but this cannot 
be done for “ A and B are two ^ ; on the contrary, A is o/w? and B is one. 
'rhus it seems best to regard and as expressing a definite unique kind of 
combination, not a relation, and not combining A and B into a whole, 
which would be one. 'Hiis unique kind of combination will in future be 
called addition of individuals. It is important to observe that it applies 
to terms, and only applies to numbers in consequence of their being 
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tamiB. Thus ibr the present, 1 and % «ie two, and 1 and 1 is 
meaningless. 

As regards what is meant by the combination indicated by and, it is 
indistinguishable from what we before called a numerical conjunction. 
That is, A and B is what is denoted by the concept of a class of which 
A and B are the only members. If n be a class-concept of which the 
propositions A isatt’’‘*-Bisaw'’ are true, but of which all other 
propositions of the same form are false, then ^all u's'' is the concept of 
a class whose only terms are A and B ; this concept denotes the terms 
A^ B combined in a certain way, and ^ A and B"^ are those terms com- 
bined in just that way. Thus ^ A and jB*” are the class, but are distinct 
from the class-concept and from the concept of the class. 

The notion of and, however, does not enter into the meaning of a 
class, for a single term is a class, although it is not a numerical 
conjunction. If be a class-concept, and only one pmposition of the 
form jr is a be true, then “all ti’s*” is a concept denoting a single 
term, and this term is the class of which “all is a concept. Thus 
what seems essential to a class is not the notion of and, but the lx.‘ing 
denoted by some concept of a class. This brings us to the intension^ 
view of classes. 

72. We agreed in the preceding chapter that there are not 
diflTerent ways of denoting, but only different kinds of denoting cont^epts 
and correspondingly different kinds of denoted obji^cts. We have 
discussed the kind of denoted object which constitutes a class ; we have 
now to consider the kind of denoting concept. 

The consideration of classes which results from denoting concepts 
is more general than the extensional consideration, and that in two 
respects. In the first place it allows, what the other practically 
excludes, the admission of infinite classes; in the second place it 
introduces the null concept of a class. But, l)efore discussing these 
matters, there is a purely logical point of some importance to l)e 
examined. 

If 2 / be a class-conccpt, is the concept “ all n \ analyzable into two 
constituents, all and a, or is it a new concept, defined by a certain 
relation to w, and no more complex than u itself.? We may observe, 
to l)egin with, that “ all is synonymous with “ m’s,’’ at least according 
to a very common use of the plural. Our question is, then, as to the 
meaning of the plural. The word all has certainly some definite 
meaning, but it seems highly doubtful whether it means more than 
the indication of a relation. “All men’'* and “all numbers” have in 
common the fact that they both have a certain relation to a class- 
concept, namely to man and member respectively. But it is very difficult 
to isolate any further element of all-ness which both share, unless we 
take as this element the mere fact that both are concepts of classes. 
It would seem, then, that “all w’s” is not validly analyzable into all 
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It might perhaps be thought that a ckuw ouj|^t to be considered, 
not merely as a numerical conjunction of terms, but as a numerical 
conjunction denoted by the concept of a class. This complicatioai, 
however, would serve no useful purpose, except to preserve Peano^'s 
distinction between a single term and the class whose only term it is— 
a distinction which is easy to grasp when the class is identified with the 
class-concept, but which is inadmissible in our view of classes. It is 
evident that a numerical conjunction considered as denoted is either 
the same entity as when not so considered, or else is a complex of 
denoting together with the object denoted ; and the object denoted is 
plainly what we mean by a class. 

With regard to infinite classes, say the class of numbers, it is to be 
obstTved tliat the concept all nurnbersy though not itself infinitely 
complex, yet denotes an infinitely complex object. This is the inmost 
secTet of our power to deal with infinity. An infinitely complex 
concept, though there may be such, can certainly not be manipulated 
by the human intelligence , but infinite collections, owing to the notion 
of denoting, can be manipulated without introducing any conc'epts uf 
infinite complexity. Throughout the discussions of infinity in later 
Parts of the present work, this remark should be borne in mind ; if 
it is forgotten, there is an air of magic which causes the results obtained 
to seem doubtful. 

73. Great difficulties are associated with the null-class, and 
generally w'ith the idea of ncAhing. It is plain that there is such a 
concept as nothhigj and that in some sense nothing is something. In 
fact, the pnjposition nothing is not nothing ^ is undoubtedly capable 
of an interpretation which makes it true — a point which gives rise to 
the contradictions discussed in Plato's Sophist. In Symbolic Logic 
the null-class is the class which has no terms at all ; and symbolically 
it is quite necessary to introduce some such notion. We have to 
consider whether the contradictions which naturally arise can be 
avoided. 

It is necessary to realize, in the first place, that a concept may 
denote although it does not denote anything. This occurs when there 
are propositions in which the said concept occurs, and which are not 
about the said concept, but all such propositions are false. Or rather, 
the above is a first step towards the explanation of a denoting concept 
which denotes nothing. It is not, however, an adequate explanation. 
Consider, for example, the proposition ^‘chimaeras are animals'' or 
“even primes other than S are numbers," TThese propositions appear 
to be true, and it would seem that they are not concerned with the 
denoting concepts, but with what these concepts denote; yet that is 
impossible, for the concepts in question do not denote anything. 
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Symbolic Logic says that these concepts denote the null-class, and that 
the propositions in question assert ^at the null-class is contained in 
certain other classes. But with the strictly extensional view of classes 
propounded above, a class which has no terms fails to be anything at 
all : what is merely and solely a collection of terms cannot subsist when 
all the terms are removed. Thus we must either find a different 
interpretation of classes, or else find a method of dispensing with 
the null-class. 

The above imperfect definition of a concept which denotes, but 
does not denote anything, may be amended as follows. All denoting 
concepts, a.s we saw, are derived from class-concepts ; and a is a class- 
concept when is an a’’ is a propositional function. ITie denoting 
concepts associated with a will not denote anything when and only 
when “iT is an a is false for all values of x. This is a complete 
definition of a denoting concept which does not denote anything ; and 
in this case we shall say that a is a null class-concept, and that “ all a\ 
is a null concept of a class. Thus for a system such as Peano^s, in 
which what are called classes are really class-concepts, technical difficulties 
need not arise ; but for us a genuine logical problem remains. 

The proposition “ chimaeras are animals ^ may be easily interpreted 
by means of formal implication, as meaning is a chiraaera implies 
X is an animal for all values of xT" But in dealing with classes we 
have been assuming that propositions containing aU or any or every^ 
though equivalent to formal implications, were yet distinct from them, 
and involved ideas requiring independent treatment. Now in the case 
of chimaeras, it is easy to substitute the pure intensional view, according 
to which what is really stated is a relation of predicates : in the case in 
question the adjective animal is part of the definition of the adjective 
chimerical (if we allow ourselves to use this word, contrary to usage, 
to denote the defining predicate of chimaeras). But here again it is 
fairly plain that we are dealing with a proposition which implies that 
chimaeras are animals, but is not the same proposition — indeed, in the 
present case, the implication is not even reciprocal. By a negation 
we can give a kind of extensional inteipretation ; nothing is denoted 
by a chimaera which is not denoted by an animal. But this is a very 
roundabout interpretation. On the whole, it seems most correct to 
reject the proposition altogether, while retaining the various other 
propositions that would be equivalent to it if there were chimaeras. 
By symbolic logicians, who have experienced the utility of the null- 
class, this will be felt as a reactionary view. But I am not at present 
discussing what should be done in the logical calculus, where the 
established practice appears to me the best, but what is the philo- 
sophical truth concerning the null-class. We shall say, then, that, 
of the bundle of normally equivalent interpretations of logical symbolic 
formulae, the class of interpretations considered in the present chapter, 
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which are dependent upon actual classes, fail where we are concerned 
witli null class-concepts, on the ground that there is no actual null-class. 

We may now reconsider the proposition “nothing is not nothing"^ — 
a proposition plainly true, and yet, unless (rarefully handled, a source of 
apparently hopeless antinomies. Nothing is a denoting concept, which 
denotes nothing. The concept which denotes is of course not nothing, 
i,e, it is not denoted by itself. The proposition which looks so para- 
doxical means no more than this: Nothing, the denoting concept, is 
not nothing, i.e. is not what itself denotes. But it by no means follows 
from this that there is an actual null-class : only the null class-concept 
and the null concept of a class are to he admitted. 

But now a new difficulty has to be met. The equality of class- 
concepts, like all relations which are reflexive, symmetrical, and transitive, 
indicates an underlying identity, i.c. it indicates that every class-concept 
has to some term a relation which ail ecpial class-concepts also have to 
that term — the term in question being different for different sets of 
equal class-concepts, but the same for the various members of a single 
set of e<]ua] class-concepts. Now for all class-concepts which are not 
null, this term is found in the corresponding class ; but where are we 
to find it for null class-concepts.^ To this question several answers may 
be given, any of which may be adopted. For we now know^ what a 
class is, and we may therefore atlopt as our tenn the class of all null 
class-concepts or of all null propositional functions These are not null- 
classes, but genuine classes, and to either of them all null class -concepts 
have the same relation. If we then wish to have an entity analogous 
to what is elsewhere to be called a class, but corresponding to null 
class-concepts, we shall be forced, wherever it is necessary (as in counting 
classes) to introduce a term which is identical for equal class-concepts, 
to substitute everywhere the class of class-concepts equal to a given 
class-concept for the class corresponding to that class-c‘oncept. The 
class corresponding to the class-concept remains logically fundamental, 
but need not be actually employed in our symbolism. The null-class, 
in fact, is in some ways analogous to an irrational in Arithmetic : it 
cannot be intcr{)reted on the same principles as other classes, and if 
we wish to give an analogoiu; interpretation elsewhere, we must substitute 
for classes other more complicated entities — in the present case, c*ertain 
correlated classes. The object of such a procedure will be mainly 
technical; but failure to understand the procedure will lead to in- 
extricable difficulties in the interpretation of the symbolism. A very 
closely analogous procedure occurs constantly in Mathematics, for 
example with every generalization of number ; and so far as I know, 
no single case in which it occurs has been rightly interpreted either by 
philosophers or by mathematicians. So many instances will meet us 
in the course of the present work that it is unnecessary to linger longer 
over the point at present. Only one possible misunderstanding must 
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be guarded against. No vicious circle is involved in the above account 
of the null-class ; for the general notion of clas 9 is first laid down, is 
found to involve what is called existence, is then symbolically, not 
philosophically, replaced by the notion of a class of equal dass-ooncepts, 
and is found, in this new form, to be applicable to what corresponds to 
null class-concepts, since what corresponds is now a class which is not 
null. Between classes simpliciter and classes of equal class-concepts 
there is a one-one correlation, which breaks down in the sole case of the 
class of null class-concepts, to which no null-class corresponds ; and tliis 
fact is the reason for the whole complication. 

74. A question which is very fundamental in the philosophy of 
Arithmetic must now be discussed in a more or less preliminary fashion. Is 
a class which has many terms to be regarded as itself one or many Taking 
the class as equivalent simply to the numerical conjunction “ A and B 
and C and etc.,"" it seems plain that it is many ; yet it is quite necessary 
that we should be able to count classes as one each, and we do habitually 
speak of a class. Thus classes would seem to be one in one sense and 
many in another. 

There is a certain temptation to identify the class as many and the 
class as one, e,g.y (ill men and the human race. Nevertheless, wherever 
a class consists of more than one term, it can be proved that no such 
identification is permissible. A concept of a class, if it denotes a class 
as one, is not the same as any concept of the class which it denotes. 
That is to say, clasnes of all ration(d anvmahty which denotes the human 
race as one term, is different from men^ which denotes men, ic. the 
human race as many. But if the human race were identical with men, 
it would follow that whatever denotes the one must denote the other, 
and the above difference would be impossible. We might be tempted 
to infer that Peano'*s distinction, between a term and a class of which 
the said term is the only member, must be maintained, at least when the 
term in question is a class*. But it is more correttt, I think, to infer an 
ultimate distinction between a class as many and a class as one, to 
hold that the many are only many, and are not also one. The class as 
one may be identified with the whole composed of the terms of the class, 
i.c., in the case of men, the class as one will be the human mce. 

But can we now avoid the contradiction always to be feared, 
where there is something that cannot be made a logical subject.^ 
I do not myself see any way of eliciting a precise contradiction in this 
case. In the case of concepts, we were dealing with what w'as plainly 
one entity ; in the present case, we are dealing with a complex esseittially 
capable of analysis into units. In such a proposition as ^^A and B are 
two,^ there is no logical subject: the assertion is not about Af nor 

* This conclusion is actually drawn by Frege from an analogous argument : 
Archie fSr eyet. Phil. i,. p. 444. See Appendix. 
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about nor about the whole compofied of both, but strictly and only 
about A and B. Thus it would seem that assertions are not necessarily 
abmd single subjects, but may be about many subjects ; and this removes 
the contradiction which arose, in the case of coiu’epts, from the im- 
possibility of making assertions about them unless .they were turned 
into subjects. This imjxMsibility being here absent, the contradiction 
which was to be feared does not arise. 

76. We may ask, as suggested by the above discussion, what is to be 
said of the objects denoted by a mauy every man, /tonic many and any man* 
Are these objects one or many or neither? Grammar treats them all as 
one. But to this view, the natural objection is, which one ? Certainly 
not Socrates, nor Plato, nor any other particular person. Can we 
conclude that no one is denoted? As well might we conclude that 
every one is denoted, which in fact is true of the concept every man. 

1 think one is denoted in every case, but in an impartial distributive 
manner. Any number is neither 1 nor 2 nor any other particular number, 
whence it is easy to conclude that any number is not any one number, 
a proiK)sition at first sight contradictory, but really resulting from an 
ambiguity in any, and more correctly expressed by “ any 'number is not 
wnuf one number.*” There are, however, puzzles in this subject which 
I do not yet know how to solve. 

A logical difficulty remains in regard to the nature of the whole 
composed of all the terms of a class. Tw^o propositions appear self- 
evident : (1) Two wholes composed of different terms must be different ; 
(2) A whole com}>aHed of one term only is that one term. It follows 
that the w^holc com[30sed of a class considei'fxl as one tenn is that class 
considered as one term, and is therefore identical with the whole 
composed of the tem^s of the class ; but this result contradicts the 
first of our Rup}X)sed self-evident principles. The answer in this case, 
however, is not difficult. ITie first of our principles is only universally 
true when all the terms composing our tw'o wholes are simple. A given 
whole is capable, if it has more than two parts, of being analyzed in a 
plurality of ways; and the resulting constituents, so long as analysts 
is not pushed as far as possible, will be different for different ways of 
analyzing. This proves that different sets of constituents may ct>nstitute 
the same whole, and thus disposes of our difficulty. 

76. Something must be said as to the relation of a term to a class 
of which it is a member, and as to the various allied relations. One of 
the allied relations is to be called and is to be fundamental in Symbolic 
I.«ogi(!, But it is to some extent optional which of them we take as 
symbolically fundamental. 

Logically, the fundamental relation is that of subject and predicate, 
expres^ in “Socrates is human*” — a relation which, as we saw in 
Chapter iv, is peculiar in that the relatum cannot be regarded as a term 
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in the proposition. The first relation that grows out of this is the one 
expressed by "Socrates has humanity,'*' which is distinguished by the 
fact that here the relation is a term. Next comes "Socrates is a 
man.’’ This proposition, considered as a relation between Socrates and 
the concept man^ is the one which Peano regards as fundamental ; and 
his e expresses the relation is a between Socrates and man. So long 
as we use class-concepts for classes in our symbolism, this pmctice is 
unobjectionable; but if we give c this meaning, we must not assume 
that two symbols representing equal class-concepts both represent one 
and the same entity. We may go on to the relation between Socrates 
and the human race, i.e, between a term and its class cHmsidered as 
a whole; this is expressed by "Socrates belongs to the human race." 
This relation might equally well be represented by e. It is plain that, 
since a class, except when it lias one term, is essentially many, it cannot 
be as stick repi-esented by a single letter: hence in any possible Symlxilic 
Logic the letters which do duty for classes cannot represent the classes 
as many^ but must represent either class-cxincepts, or the wholes com- 
posed of classes, or some other allied single entities. And thus 6 cannot 
repi-esent the relation of a term to its class as many ; for this would lie 
a relation of one term to many terms, not a two-term relation such as 
we w'ant. This relation might be expressed by “ So<‘rates is one among 
men"; but this, in any case, cannot Ixj taken to be the meaning of e. 

77. A relation which, before Peano, was almost universally con- 
founded with e, is the relation of inclusion between classes, as e.g. 
between men and mortals. Thi.s is a time-honoured relation, since 
it occurs in the traditional form of the syllogism : it has been a battle- 
ground between intension and extension, and has been so much dis- 
cussed that it is astonishing how much remains to be said about it. 
Empiricists hold that such propositions mean an actual enumeration 
of the terms of the contained class, w^ith the assertion, in each case, 
of membership of the containing class. They nmst, it is to be in- 
ferred, regard it as doubtful whether all primes are integers, since they 
will scarcely have the face to say that they have examined all primes 
one by one. Their opponents have usually held, on the contrary, that 
what is meant is a relation of whole and part between the defining 
predicates, but turned in the opposite sense from the relation l)etween 
the classes : i.e. the defining predicate of the larger class is part of that 
of the smaller. This view seems far more defensible than the other; 
and wherever such a relation does hold between the defining predicates, 
the relation of inclusion follows. But two objections may be made, 
first, that in some cases of inclusion there is no such relation between 
the defining predicates, and secondly, that in any case what is meant 
is a relation between the classes, not a relation of their defining 
predicates. The first point may be easily established by instances. 
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The concept even prime does not contain as a constituent the concept 
inieger between 1 and 10 ; the concept English King whose head was 
cut off*” does not contain the concept ** people who di^ in 1649’’; and 
so on through innumerable obvious cases. This might be met by saying 
that, though the relation of the defining predicates is not one of whole 
and part, it is one more or less analogous to implication, and is always 
what is really meant by propositions of inclusion. Such a view repre- 
sents, I think, what is said by the better advocates of intension, and 
I am not concerned to deny that a relation of the kind in question does 
always subsist between defining predicates of classes one of which is 
contained in the other. But the second of the above points remains 
valid as against any intensional interpretation. When we .say that 
men are mortals, it is evident that we are saying something about men, 
not about the concept man or the predicate human. The question is, 
then, what exactly are we saying? 

Peano held, in earlier editions of his Formulmre^ that what is 
asserted is the formal implication jt is a man implies j? is a mortal.” 
This is c*ertainly implied, but I cannot persuade myself that it is the 
same proposition. For in tliis proposition, as we saw in Chapter iiT, 
it is essential that x should take aU values, and not only such as are 
men. But w'hen we say “ all n»en are mortals,” it seems plain that we 
are only speaking of men, and not of all other imaginable terms. We 
may, if we wish for a genuine relation of classes, regard the assertion 
as one of whole and part between the two classes each considered as 
a single term. Or we may give a .still more purely extensionol form 
to our proposition, by making it mean : Every (or any) man is a mortal 
This proposition raise> very interesting questions in the theory of 
denoting : for it appears to assert an identity, yet it is plain that w'hat 
is denoted by ex^ery man is different from w hat is denoted by a mortal. 
These questions, however, interesting as they are, cannot be pursued 
here. It is only necessary to realize clearly what are the various 
equivalent propositions involved w^here one cla.ss is included in another. 
The form most relevant to Mathematics is certainly the one with formal 
implication, which will ret'eive a fresh discussion in the following 
chapter. 

Finally, we must remember that classes are to be derived, by means 
of the notion of each thatj from other sourctes than subject-predicate 
propositions and their equivalents. Any propositional function in 
which a fixed assertion is made of a variable term is to be r^arded, 
as was explained in Chapter ii, as giving rise to a class of values 
satisfying it. This topic requires a discussion of assertions; but one 
strange contradiction, which necessitates the care in discrimination 
aimed at in the present chapter, be mentioned at once. 

78. Among predicates, most of the ordinary instances cannot be 
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predicated of themselves, though, by introducing negative predicates, 
it will be found that there are just as many instances of predicates which 
aie predicable of themselves. One at least of these, namely predicability, 
or the property of being a predicate, is not negative : prcdicability, as 
is evident, is predicable, i.e. it is a predicate of itself. But the most 
common instances are negative : thus non-humanity is non-human, and 
so on. The predicates which are not predicable of themselves are, 
therefore, only a selection from among piedicates, and it is natural to 
suppose that they form a class having a defining predicate. But if so, 
let us examine whether this defining predicate belongs to the class or 
not. If it belongs to the class, it is not predicable of itself, for that is 
the characteristic property of the class. But if it is not predicable 
of itself, then it does not belong to the class whose defining predicate 
it is, which is contrary to the liypothesis. On the other hand, if it 
does not belong to the class whose defining predicate it is, then it is not 
predicable of itself, Le. it m one of those predicates that are not pre- 
dicable of themselves, and therefore it does belong to the class whose 
defining predicate it is — again contrary to the hypothesis. Hence from 
either hypothesis, we can deduce its contradictory. I shall return to 
this contradiction in Chapter x; for the present, I have introduced 
it merely as showing that no subtlety in distinguishing is likely to be 
excessive. 

79. To sum up the above somewhat lengthy discussion. A class, 
we agreed, is essentially to be interpreted in extension; it is either 
a single term, or that kind of combination of terms which is indicated 
when terms are connected by the word and. But practically, though 
not theoretically, this purely extensional method can only applied 
to finite classes. All classes, whether finite or infinite, can be obtained 
as the objects denoted by the plurals of class-concepts — men, numbers, 
points, etc. Starting with pr^icates, we distinguished two kinds of 
proposition, typified by Socrates is human"' and Socrates has 
humanity," of which the first uses human as predicate, the second 
as a term of a relation. These two classes of propositions, though 
very important logically, are not so relevant to Mathematics as their 
derivatives. Starting from human, we distinguished (1) the class-ooncept 
man, which differs slightly, if at all, from human; (2) the various 
denoting concepts aU men, every man, any man, a man and some man ; 
(3) the objects denoted by these concepts, of which the one denoted by 
ofl men was called the class as many, so that all men (the concept) was 
called the concept of the doss ; (4) the class as one, i,e. the human race. 
We had also a clarification of propositions about Socrates, dependent 
upon the above distinctions, and approximately parallel with them: 
(1) “Socrates is-a man" is nearly, if not quite, identical with “ Socrates 
has humanity"; (2) “Socrates is a-man" expresses identity between 
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Socrates and one of the terms denoted by a man ; (3) Socrates is one 
among men,*” a proposition which raises difficulties owing to the plurality 
of men; (4) ‘‘ S^rates belongs to the human race,"” which alone expresses 
a lelation of an individual to its class, and, as the possibility of relation 
requires, takes the class as one, not as many. We agreed that the null- 
class, which has no tenns, is a fiction, though there are null class-concepts. 
It appearetl throughout that, although any symbolic treatment must 
work largely with class-concepts and intension, classes and extension are 
logically more fundamental for the principles of Mathematics ; and this 
may be regarded as our main gener^ condusion in the present chapter. 



CHAPTER VII. 

PROPOSITIONAL FUNCTIONS. 

80. In the preceding chapter an endeavour was made to indicate 
the kind of object that is to be called a class, and for purposes of 
discussion classes were considered as derived from subject-predicate 
propositions. This did not affect our view as to the notion of class 
itself ; but if adhered to, it would greatly restrict . the extension of 
the notion. It is often necessary to recognize as a class an object 
not defined bv means of a subject-predicate proposition. The explana- 
tion of this necessity is to be sought in the theory of assertions and 
^uch that 

The general notion of an assertion has been already explained in 
connection with formal implication. In the present chapter its scope 
and legitimacy are to be critically examined, and its connection with 
classes and such that is to be investigated. The subject is full of 
difficulties, and the doctrines which I intend to advocate are put forward 
with a very limited confidence in their truth. 

The notion of such that might be thought, at first sight, to be 
capable of definition ; Peano used, in fact, to define the notion by the 
proposition the such that is an a are the class a.^ Apart from 
further objections, to be noticed immediately, it is to be observed that 
the class as obtained from such that is the genuine class, taken in 
extension and as many, whereas the a in ^ is an a ^ is not the class, 
but the class-concept. Thus it is formally necessary, if Peano’s pro- 
cedure is to be permissible, that we should substitute for “ j^’s such that 
so-and-so^ the genuine class-concept “a: such that so-and-so,” which 
may be regarded as obtained from the predicate such that so-and-so ” 
or rather, being an sc such that so-and-so,” the latter form being 
necessary because so-and-so is a propositional function containing x. 
But when this purely formal emendation has been made the point 
remains that such that must often be put before such propositions as 
xJta^ where A is a given relation and a a given term. We cannot 
reduce this proposition to the form ** x is an d ” without using such that ; 
for if we ask what d must be, the answer is : d must be such that each 
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of its terms, and no other terms, have the relation iZ to a. To take 
examples from daily life ; the children of Israel are a class defined by 
a certain relation to Israel, and the class can only be defined as the 
terms such that they have this relation. Siwh that is roughly equivalent 
to who or which^ and represents the general notion of satisfying a 
propositional function. But we may go further; given a class a, we 
cannot define, in terms of a, the class of propositions x is an a ” for 
different values of x. It is plain that there is a relation which each 
of these propositions has to the x which occurs in it, and that the 
relation in question is determinate when a is given. Ixt us call the 
relation R. Then any entity which is a referent with respect to R 
is a proposition of the type x is an aP But here the notion of 
such that is already employed. And the relation R itself can only be 
defiru^ as the relation which holds between “ x is an a ” and x for all 
values of ;r, and does not hold between any other pairs of terms. Here 
such that again appears. The point which is chiefly important in these 
romarks is the indefinability of propositional functions. When these 
have been admitted, the general notion of one- valued functions i.s easily 
defined. Every relation which is many-one, /.r. every rolation for which 
a given referent has only one relatum, defines a function : the relatum 
is that function of the referent which is defined by the relation in 
question. But where the function is a proposition, the notion involved 
is presupposed in the syniliolism, and cannot be defined by. means of it 
without a vicious circle ; for in the above general definition of a function 
propositional functions already occur. In the case of propositions of 
the type “j* is an if we ask what propositions are of this type, 
we can only answer “all propositions in which a term is said to be a*"; 
and here the notion to be defined n^appears. 

81. Can the indefinable element involved in propositional func- 
tions be identified w'ith assertion together with the notion of every 
proposition amtaining agiven as.sertion, or an assertion made conc^erning 
every term .? The only alternative, so far as I can see, is to accept the 
general notion of a propositional function itself as indefinable, and for 
formal purposes this course is certainly the l)est; but philosophically, 
the notion appears at first sight capable of analysis, and we have to 
examine whether or not this appearanc'e is deceptive. 

We saw in discussing verbs, in Chapter iv, that when a proposition 
is completely analyzed into its simple constituents, these constitu^ts 
taken together do not reconstitute it. A less complete analysis of 
propositions into subject and as.st*rtion has also been considered; and 
this analysis does much less to destroy the proposition. A subject and 
an assertion, if simply juxtaposed, do not, it is true, constitute a 
proposition; but as soon as the assertion is actually asserted of the 
subject, the proposition reappears. The assertion is i everything that 
remains of the proposition when the subject is omitted: the verb 
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remains an asserted verb, and is not turned into a verbal noun ; or at 
any rate the verb retains that curious indefinable intricate relation to 
the other terms of the proposition which distinguishes a relating relation 
from the same relation abstractly considered. It is the scope and 
legitimacy of this notion of assertion which is now to be exannned. 
Can every proposition be regarded as an assertion concerning any term 
occurring in it, or arc limitations necessary avS to the form of the 
proposition and the way in which the tenn enters into it? 

* In some simple cases, it is obvious that the analysis into subject 
and assertion is legitimate. In Socrates is a man," we can plainly 
distinguish Socrates and something that is asserted about him; we 
should admit unhesitatingly that the same thing may be said about 
Plato or Aristotle. Thus we can consider a class of propositions 
containing this assertion, and this will be the class of which a typical 
number is represented by ‘‘ is a man." It is to be obserxed that the 
assertion must appear as assertion, not as term : thus to be a man 
is to suffer" cont^ns the same assertion, but used as term, and this 
proposition does not belong to the class considered. In the case of 
propositions asserting a fixed relation to a fixed term, the analysis 
seems equally undeniable. To be more than a yard long, for example, 
is a perfectly definite assertion, and we may consider the class of 
propositions in which this assertion is made, which will be represented 
by the propositional function “ jr is more than a yard long." In such 
phrases as snakes which are more than a yard long," the assertion 
appears very plainly; for it is here explicitly referred to a variable 
subject, not asserted of any one definite subject. Thus if J? be a fixed 
relation and a a fixed term, ... Ra is a perfectly definite assertion. 
(1 place dots before the if, to indicate the place where the subject 
must be inserted in order to make a proposition.) It may be doubted 
whether a relational proposition can be regarded as an assertion con- 
cerning the relatuin. For my part, I hold that this can be done except 
in the case of subject-predicate propositions ; but this question is better 
postponed until we have discuss^ relations *. 

82. More difficult questions must now be considered. Is such 
a proposition as “Socrates is a man implies Socrates is a mortal," or 
“Socrates has a wife implies Socrates has a father," an assertion con- 
cerning Socrates or not ? It is quite certain that, if we replace Socrates 
by a variable, w'e obtain a propositional function ; in fact, the truth 
of this function for all values of the variable is what is asserted in the 
corresponding formal implication, which does not, as might be thought 
at first sight, assert a relation between two propositional functions. 
Now it was our intention, if possible, to explain propositional functions 
by means of assertions ; hence, if our intention can be carried out, the 
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above propositions must be assertions concerning Socrates. There is, 
however, a very great difficulty in so regarding them. An assertion was 
to be obtained from a proposition by simply omitting one of the terms 
occurring in the proposition. But when we omit Socrates, we obtain 
‘‘...is a man implies... is a mortal.^ In this formula it is essential 
that, in restoring the proposition, the mme term should be substituted 
in the two plax?es where dots indicate the necessity of a terra. It does 
not matter what term we choose, but it must be identical in both pla<|^. 
Of this requisite, however, no trace whatever appears in the would-be 
assertion, and no trace can appear, since all mejition of the term to be 
inserted is necessarily omitted. l\Tien an x is inserted to stand for 
the variable, the identity of the tenn to be inserted is indicated by the 
repetition of the letter x ; but in the assertional form no such method is 
available. And yet, at first sight, it seems very hard to deny that the 
proj)osition in question tells us a fact about Socrates, and that the same 
fact is true about Plato or a plum-pudding or the number 2. It is 
certainly undeniable that “Plato is a man implies Plato is a niortaP 
is, in some sense or other, the same function of Plato as our previous 
proposition is of Socrates. The natural interpretation of this s^tement 
would be that the one proposition has to Plato the same relation as the 
other has to Socrates. Hut this requires that we should regard the 
propositional function in (juestion as definable by means of its relation 
to the variable. Such a view, however, requires a propositional function 
more complicated than the one we are considering. If we represent 
“ j’ is a man implies x is a mortal by the view in question maintains 

that ff>x is the tenn having to x the relation /f, w'hcre R is some definite 
relation. The formal statement of this view' is as follows ; For all values 
of ir and y, is identical with is equivalent to “y has the relation 
if to x^ It is evident that this w’ill not do as an explanation, since it 
has far greater complexity than what it w^as to explain. It would seem 
to follow that propositioivs may have a certain constancy of fonn, ex- 
pressed in the fact that they are instances of a given propositional 
inunction, without its l>eing possible to analyze the propositions into a 
constant and a variable factor. Such a view' is curious and difficult: 
constancy of form, in all other cases, is retlucible to c-onstancy of rela- 
tions, but the constancy involved here is presupposed in the notion 
of con.stancy of relation, and cannot therefore be explained in the 
usual way. 

The same conclusion, I think, will result from the case of two 
variables. The simplest instance of this case is xRy^ where R is a 
constant relation, while x and y are independently variable. It seems 
evident that this is a propositional function of two independent variables: 
there is no difficulty in the notion of the class of all propositions of the 
form xRy. Tliis class is involved — or at least all those members of 
the class that are true are involved — the notion of the classes of 
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referents and relata with respect to Ry and these classes are unhesita- 
tingly admitted in such words as parents and children, masters and 
servants, husbands and wives, and innumerable Other instances from 
daily life, as also in logical notions such as premisses and conclusions, 
causes and effects, and so on. All such notions depend upon the class 
of propositions typified by whm R is constant while a: and y are 
variable. Yet it is very difficult to regard xRy as analyzable into the 
assertion R concerning x and y, for the very sufficient reason that this 
vi^ destroys the sense of the relation, i.c. its direction from x to y, 
leaving us with some assertion which is symmetrical with respect to 
X and y, such as “ the relation R holds between x and y!^ Given a 
relation and its terms, in fact, two distinct propositions are possible. 
Thus if we take R itself to be an assertion, it becomes an ambiguous 
assertion ; in supplying the term^, if we are to avoid ambiguity, we 
must decide which is referent and w^hich relatuni. We may quite 
legitimately regard .,.Ry as an assertion, as was explained before; but 
here y has become constant. We may then go on to vary y, considering 
the class of assertions .../fy for different values of y; but this process 
does not seem to be identical with that which is indicated by the 
independent variability of x and y in the propositional function xRy. 
Moreover, the suggested promss requires the variation of an element 
in an assertion, namely of y in ...5y, and this is in itself a new^ and 
difficult notion. 

A curious point arises, in this connection, from the consideration, 
often essential in actual Mathematics, of a relation of a tenn to itself. 
Consider the propositional function xRxy where iff is a constant relation. 
Such functions are required in con.sidering, the class of suicides or 
of self-made men ; or again, in considering the values of the variable 
for which it is ecjual to a certain function of itself, which may often be 
necessary in ordinary Mathematics. It seems exceedingly evident, in 
this case, that the proposition contains an element which is lost when 
it is analyzed into a term x and an assertion R. Thus here again, the 
propositional function must be admitted as fundamental. 

83. A difficult point arises as to the variation of the concept in a 
proposition. Consider, for example, all propositions of the type aRb^ 
where a and b are fixed terms, and /f is a variable relation. There 
seems no reason to doubt that the class-concept “relation between a 
and ft ” is legitimate, and that there is a cotresponding class ; but this 
retjuires the admission of such propositional functions as a/Uft, which, 
moreover, are frequently required in actual Mathematics, as, for ex^imple, 
in counting the number of many-one relations whose referents and relata 
are given classes. But if our variable is to have, as we normally 
require, an unrestricted field, it is necessary to substitute the pro- 
positional function “ is a relation implies aRb!^ In this proposition 
the implication involved is material, not formal. If the implication were 
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formal, the proposition would not be a function of JJ, but would be 
equivalent to the (necessarily false) proposition : “ All relations hold 
between a and A.*” Generally we have some such proposition as ^*aRb 
implies ^(R) provided if is a relation,'’ and we wish to turn this into a 
formal implication. If (f>{R) is a proposition for all values of if, our 
object is effected by substituting “ If ‘ if is a relation ' implies ‘ aifA,' 
then (R)-^ Here R can take all values*, and the J/^and then is a formal 
implication, while the implies is a material implication. If ^(Jf) is not 
a propositional function, but is a proposition only when R satisfies 
where V^(if) is a pn)positiona] function implied by “/f is a relation” for 
all values of if, then our formal implication can l)e put in the form “ If 
‘ if is a relation ’ implies aRh^ then, for all values of if, ylr (R) implies 
<f) (if),” where both the subordinate implications are material. As regards 
the material implication ‘ /f is a relation ' implies aRh^ this is always 
a proposition, whereas aRh is only a jiroposition when R is a relation. 
The new propositional function will only be true when /f is a relation 
which does hold Ix'tw'een a and b : w hen R is not a relation, the ante- 
cedent is false and the consequent is not a proposition, so that the 
implication is false ; w hen R is a relation which does not hold between 
a and A, the antemlent is true and the consec|uent false, so that again 
the implication is false ; only when both are true is the implication true. 
Thus in defining the class of relations holding between a and 6, the 
fonnally corrtTt course is to define them as the values satisfying “Jf 
is a relation implies aHh ^ — an implication which, though it contains a 
vai-iable, is not formal, but material, being satisfied by some only of the 
possible values of H. The variable R in it is, in Peano’s language, real 
and not apfwirent. 

ITie general principle involvwl is: If tfix is only a propasition for 
some values of ^r, then ‘“<^r implies implies is a proposition 
for all valuers of and is true when and only when is true. (The 
implications involvwl art? Ixjth material.) In some cases, implies 
will be eipiivalent to some simpler propositional function (such as “if is 
a relation ” in the above instance), which may then be substituted for itf- 

Such a propositionjil function as “ if is a relation implies aRh ” 
appears even less capable than previous instances of analysis into R and 
an assertion al>out if, since we should have to assign a meaning to ‘‘ a. . .A,” 
where the blank space may be filled by anything, not necessarily by a 
relation. There is here, however, a suggestion of an entity which has 
not yet been considered, namely the cxiuple with sense. It may be 
doubted whether there is any such entity, and yet such phrases as 

* It is necessary to assign some meaning (other than a proposition) Xo dRb when 
R is not a relation* 

t A propositional function, though for every value of the variable it is true or 
false, is not itself true or false, l»eiiig what is denoted by “any proposition of the 
type in question,*' which is not itself a proposition. 
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is a relation holding from a to 6^” seem to show that its rejection 
would lead to paradoxes. This point, however, belongs to the theory 
of relations, and will be resumed in Chapter ix (§ 98). 

From what has been said, it appears that propositional functions 
must be accepted as ultimate data. It follows that formal implication 
and the inclusion of classes cannot be generally explained by means of a 
relation between assertions, although, where a propositional function 
asserts a fixed relation to a fixed term, the ansJysis into subject and 
assertion is legitimate and not unimportant. 

84 . It only remains to say a few words concerning the derivation 
of classes from*propositional functions. When we consider the mch 
that where ^ is a propositional function, M'e are introducing a 
notion of which, in the calculus of propositions^ only a very shadowy use 
is made — I mean the notion of truth. We are considering, among 
all the propositions of the type those that are true: the corre- 
sponding values of x give the class defined by the function tf>x. It must 
be held, I think, that every propositional function which is not null 
defines a class, which is denoted by “j’’s such that <f>x\'^ There is thus 
always a concept of the class, and the class-concept corresponding will 
be the singular, “j? such that But it may be doubted — indeed the 

contradiction with which I ended the preceding chapter gives reason for 
doubting — whether there is always a defining predicate of such classes. 
Apart from the contradiction in question, this point might appear to be 
merely verbal: “being an x such that it might be said, may always 
be taken to be a predicate. But in view of our contradiction, all 
remarks on this subject must be viewed with caution. This subject, 
however, will be resumed in Chapter x. 

86, It is to be observed that, according to the theory of pro- 
positional functions here advocated, the </> in is not a separate and 
distinguishable entity : it lives in the propositions of the fonn <f>x, and 
cannot survive analysis. I am highly doubtful whether such a view does 
not lead to a contradiction, but it appears to be forced upon us, and it 
has the merit of enabling us to avoid a contradiction arising from the 
opposite view. If ^ were a distinguishable entity, there would be a 
proposition asserting ^ of itself, which we may denote by <f> (0) ; there 
would also be a proposition not-^ (^), denying (^). In this proposi- 
tion we may regard ^ as variable; we thus obtain a propositional 
function, llie question arises: Can the assertion in this propositional 
function be asserted of itself.^ The assertion is non-assertibility of self, 
hence if it can be asserted of itself, it cannot, and if it cannot, it can. 
This contradiction is avoided by the recognition that the functional 
part of a propositional function is not an independent entity. As the 
contradiction in question is closely analogous to the other, concerning 
predicates not pr^icable of themselves, we may hope that a similar 
solution will apply there also. 



CHAPTER VIIL 

THE VARIABLE. 

86. The discussions of the preceding chapter elicited the funda- 
mental nature of the variable ; no apparatus of assertions enables us to 
dispense with the consideration of the varying of one or more elements 
in a projKwition while the other elements remain unchanged. The 
variable i.s perhaps the most distinctively mathematical of all notions; 
it is certainly also one of the most difficult to understand. ITie attempt, 
if not the deed, belongs to the present chapter. 

ITie theory as to the nature of the variable, which results from our 
previous discussions, is in outline the following. When a given term 
oticurs as term in a propasition, that term may be replaced by any other 
while the remaining terms are unchanged. The class of propositions 
so obtained have what may be called constancy of fonn, and this con- 
stancy of form must be taken as a primitive idea. The notion of a class 
of propcKsitioiis of constant form is more fundamental than the general 
notion of cUms^ for the latter can be defined in terms of the former, 
but not the fonner in terms of the latter. Taking any terra, a certain 
numiber of any class of projKisitions of constant form will contain that 
term. Thus *r, the variable, is what is denoted by any term^ and i/u", 
the propositional function, is what is denoted by the proposition of the 
form ^ in which or occurs. We may say that is the x is any where 
^ denotes the class of propositions revsulting from different values of a*. 
Thus in addition to propositional functions, the notions of any and of 
denoting are presupposed in the notion of the variable. Iliis theory, 
which, I admit, is full of difficulties, is the least objectionable that I 
have been able to imagine. 1 shall now set it forth more in detail. 

87. l^t U8 observe, to begin w'ith, that the explicit mention of 
finy^ funne^ etc., need not occur in Mathematics : formal implication will 
express all that is required. Let us recur to an instance already dis- 
cussed in connection with denoting, where a is a class and b a class 
of classes. We have 

Any a belongs to any 6 ” is equivalent to ‘‘ ‘x is an a’ implies that 
* u is a implies is a tt'* ; 
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“ Any a belongs to a ft” is equivalent to “ is an a* implies *there 
is a 6, say m, such that a: is a w’”*; 

Any a belongs to some ft” is equivalent to *^there is a ft» say such 
that is an o’ implies is a 
and so on for the remaining relations considered in Chapter v. The 
question arises : How far do these equivalences constitute definitions of 
any^ a, some, and how far are these notions involved in the symbolism 
itself? 

The variable is, from the formal standpoint, the characteristic notion 
of Mathematics. Moreover it is the method of stating general theorems, 
which always mean something different from the intensional propositions 
to which such logicians as Mr Bradley endeavour to reduce them. That 
the meaning of an assertion about all men or any man is different from 
the meaning of an equivalent assertion about the concept w/rn, appears 
to me, I must confess^ to be a self-evident truth — as evident as the fact 
that propositions about John are not about the7iame John. This point, 
therefore, I shall not argue further. That the variable chflracterizes 
Mathematics will be generally admitted, though it is not generally 
peix^ived to be present in elementary Arithmetic. Elementary Arith- 
metic, as taught to children, is characterized by the fact that the numlk'n 
occurring in it are constants; the answ^er to any schoolboy’s sum is 
obtainable without propositions concerning a/iy number. But the fact 
that this is the case can only be proved by the help of propositions 
about an?/ number, and thus we are led from schoolboy’s Arithmetic to 
the Arithmetic which uses letters for numbers and proves general 
theorems. How very different this subject is from childhood’s enemy may 
be seen at once in such w'orks as those of Dedekind f and StolzJ. Now 
the difference consists simply in this, that our numlKTs have now' become 
variables instead of being constants. We now' prove theorems conceni- 
ing «, not concerning 3 or 4 or any other particular number. Thus it is 
absolutely essential to any theory of Mathematics to understand the 
nature of the variable. 

Originally, no doubt, the variable was conceived dynamically, as 
something which changed with the lapse of time, or, as is said, as some- 
thing which sucressively assumed all values of a certain class. This 
view cannot be too soon dismissed. If a theorem- is proved concerning 
w, it must not be supposed that n is a kind of arithmetical IVoUnis, 
which is 1 on Sundays and 2 on Mondays, and so on. Nor must it be 
vSup{)osed that n simultaneously assumes all its values. If n stands for 
any integer, we cannot say that n is 1, nor yet that it is 2, nor yet that 


* Here there is a c,” where c is any class, is defined as equivalent to p 
implies p, and is a c’ implies p for all values of x, then p is true.'* 
f Was sind uttd was solten die Zahlen f Brunswick, 1893. 

X AUgemeinH Ariihmetik^ Leipzig, 18B5. 
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it 18 any other particular numbej^. In fact, w just denotes any number, 
and this is something quite distinct from each and all of the numbers. 
It is not true that 1 is any number, though it is true that whatever 
holds of any number holds of 1. ITie variable, in short, requires the 
indefinable notion of any which was explained in Chapter v. 

88. We may distinguish what may be called the true or formal 
variable from the restricted variable. Any term is a concept denoting 
the true variable ; if u be a class not containing all terms, any u denotes 
a restricted variable. The terms included in the object denoted by the 
defining concept of a variable are called the vidnes of the variable : thus 
every value of a variable is a constant. There is a certain difficulty 
about such propositions as “ any number is a number.'" Interpreted by 
formal implication, they offer no difficulty, for they assert merely that 
the propositional function “j" is a number implies .r is a number'" holds 
for all values of j*. But if “any numl)er’’ Ix' taken to be a definite 
object, it is plain that it is not identical witli 1 or or 3 or any number 
that may lx; mentioned. Yet these are all the nuinlxi's there are, so 
that “any number cannot be a numlxr at all. The fact is that the 
concept “any number"’ doi^s denote one number, but not a particular 
one. ITiis is just the distinctive point iiixmt any^ that it denotes a term 
of a cla.SvS, but in an impartial distributive manner, with no preference 
for one tenn over another. Thus although .r is a number, and no one 
number is jt, yet there is here no contradiction, so soon as it is recognized 
that X is not one definite term. 

The notion of the restricted variable can Ix' avoided, extvpt in regard 
to propositional functions, by the introcluc'tion of a suitable hy|x>thesis, 
namely the hypothesis expn.‘ssing the restriction itself. But in resj^ect 
of propositional functions this is not possible. The j" in 0.r, where ^ 
is a propositional function, is an unre>tricted variable; but the (f>x itself 
is restricted to the class which we may call <f>. (It is to lx remembered 
that the is here fundamental, for we found it impossible, without a 
vicious circle, to disc'over any common chamcteristic by which the class 
could bc» defined, since the .statement of any common chai-acteristic is 
itself a propositional function.) By making our x always an uni*estricted 
variable, we can s{xak of variable, which is conceptually identical in 
Logic, Arithmetic, Geometry, and all other formal subjei;ts. The terms 
dealt with ai'e always all term.s ; only the complex concepts that occur 
distinguish the various branches of Mathematic^s. 

89. AVe may now return to the apparent definability of any^ somx^ 
ttnd a, in terms of fonnal implication. Let a and b be class-<.x>ncepts, 
and consider the propasition “ any a is a A.” This is to be interpreted 
as meaning “ x is an a implies is a A.” It is plain that, to begin with, 
the two propositions do not mean the same thing: for any a is a concept 
denoting only whei*eas in the formal implication x need not be an a. 
But we might, in Mathematics, dispense altogether with “ any a is a A, 
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and content ourselves with the fomu^ implication : this is, in fact, 
symbolically the best course. The question to be examined, therefore, 
is; How far, if at all, do any and wme and a enter into the formal 
implication? (The fact that the indefinite article appears in ‘‘x is 
an a"” and ‘‘j? is a 6” is irrelevant, for these are merely taken as typical 
propositional functions.) We have, to begin with, a class of true 
propositions, each asserting of some constant term that if it is an a it is 
a 6. We then consider the restricted variable, “ any proposition of this 
class.'” We assert the truth of any term included among the values of 
this restricted variable. But in order to obtain the suggested formula, 
it is necessary to transfer the variability from the proposition as a whole 
to its variable term. In this way we obtain “ j' is an a implies x is 
But the genesis remains essential, for we are not here expressing a 
relation of two propositional functions ‘‘ .r is an a ” and ‘‘ x is a 6.“” If 
this were expressed, we should not require the same x both times. Only 
one propositional function is involved, namely the whole formula. Each 
proposition of the class expresses a relation of one term of the pro- 
positional function “ is an a ” to one of “ .r is a i ” ; and we may say, 
if we choose, that the w^hole formula expresses a relation of any term of 
“tT is an a’’ to some term of “j* is a ft.” We do not so much have 
an implication containing a variable as a variable implication. Or 
again, we may say that the first x is any term, but the second is sotne 
term, namely the first x. We have a class of implications not containing 
variables, and we consider any member of this class. If any member 
is true, the fact is indicated by introducing a typical implication con- 
taining a variable. Tliis typical implication is what is called a formal 
implication: it is any member of a class of material implications. Thus 
it would seem that any is presupposed in mathematical formalism, but 
that some and a may be legitimately replaced by their equivalents in 
terms of formal implications. 

90. Although s(Ynie may be replaced by its equivalent in terms of 
any^ it is plain that this does not give the meaning of some. There is, 
in fact, a kind of duality of any and some : given a cei-tain propositional 
function, if all terms belonging to the propositional function ai*e asserted, 
we have any^ while if one at least is asserted (which gives what is called 
an existence-theorem), we some. Hie proposition tf>x assertwl with- 
out comment, as in “ x is a man implies j’ is a mortal,” is to be taken 
to mean that ipx is true for all values of x (or for any value), but it 
might equally well have been taken to mean that <l>x is true for some 
value of X. In this way we might construct a calculus with two kinds 
of variable, the conjunctive and the disjunctive, in which the latter 
would occur wherever an existence-theorem was to be stated. But this 
method does not appear to possess any practical advantages. 

91. It is to observ^ that what is fundamental is not particular 
propositional functions, but the class-concept propositional Jvnctiofi. A 
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propositional function is the of all propositions which arise from 
the variation of a single term, but this is not to be considered as a 
definition, for reasons explained in the preceding chapter. 

92, From propositional functions all other classes can be derived 
by definition, with the help of the notion of such that Given a pro- 
positional function the terms such that, when x is identified with 
any one of them, if)X is true, are the class defined by This is the 
class as many, the class in extension. It is not to be assumed that every 
class so obtained has a defining predicate : thi^i subject will be discussed 
afresh in Chapter x. But it must be assumed, I think, that a class in 
extension is defined by any propositional function, and in particular 
that all terms form a class, since many propositional functions {e.g. 
all formal implications) are true of aH terms. Here, as with formal 
implications, it is necessary that the whole propositional function whose 
truth defines the class should be kept intact, and not, even where this 
is possible for every value of O", divided into separate propositional 
functions. For example, if a and b be two classes, defined by and 
respectively, their common part is defined by the product ij>x . where 
the product has to he made for ever}' value of and then x varied 
afterwards. If this is not done, we do not necessarily have the same 
X in and yfrx. Thus we do not multiply propositional functions, but 
propositions: the new propositional fuiui:ion is the class of products 
of corresponding propositions belonging to the previous functions, and 
is by no means the product of and yfrx. It is only in virtue of 
a definition that the logical product of the classes defined by <f>x and yfrx 
is the class defined by . yfrx. And wherever a proposition containing 
an apparent variable is asserted, what is asserted is the truth, for all 
values of the variable or variables, of the propositional function corre- 
sponding to the whole proposition, and is never a relation of propositional 
functions. 

93. It appears from the above discussion that the variable is a 

very complicated logical entity, by no means easy to analyze correctly. 
The following appears to be as nearly correct as any analysis I can make. 
Given any proposition (not a propositional function), let a be one of 
its terms, and let us call the proposition (f> (a). Then in virtue of the 
primitive idea of a propositional function, if o' be any term, w'e can 
consider the proposition ^(x)^ which arises from the substitution of x 
in place of a. We thus arrive at the class of all propositions ^ (x). 
If ^1 are true, ^ (a^) is asserted simply : (x) may then be called a 

Jhrmal truth. In a formal implication, 0 {xhfor every value qfx^ states 
an implication, and the assertion of ^(x) is the assertion of a class of 
implications, not of a single implication. If ^(^) is sometimes true, 
the values of x which make it true form a class, which is the class defined 
by ^{x): the class is said to exist in this case. If is false for all 
values of the class defined by is said not to exist, and as a 
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matter of fact, as we saw in Chapter vipithere is no such class, if classes 
ai*e taken in extension. Thus x is, in some sen^, the object denoted by 
any term^ yet this can hardly be strictly maintained, for different 
variables may occur in a proposition, yet the object denoted by any 
terjny one would suppose, is unique. This, however, elicits a new point 
in the theor}" of denoting, namely that any term does not denote, 
properly speaking, an assemblage of terms, but denotes one term, only 
not one particular definite term. Thus any term may denote different 
terms in different places. We may say ; any term has some relation to 
any term ; and this is quite a different proposition from ; any term has 
some relation to itself. ITius variables have a kind of individuality. 
This arises, as I have tried to show, from propositional functions. 
AVhen a propositional function has two variables, it must be regarded 
as obtained by successive steps. If the propositional function (.r, y) 
is to be asserted for all values of x and y, we must consider the assertion, 
for all values of y^ of the propositional function y)y where a is 

a constant. This does not involve y, and may be represiMited by rfr (rt). 
We then vary a, and assei*t ylr(x) for all valiums of .r. The process is 
analogous to double integration ; and it is necessary to prove formally 
that the order in which the variations are made makes no different 
to the result. The individuality of variables appears to be thus ex- 
plained. A variable is not any tei m simply, but any term as entering 
into a propositional function. We may say, if be a pn>positionai 
function, that x is ilu* term in any proposition of the class of proposi- 
tions whose type is <f>x. It thus appears that, as regards propositional 
functions, the notions of class, of denoting, and of any^ are fundamental, 
being presupposed in the symbolism employed. With this conclusion, 
the analysis of formal implication, which has been one of the principal 
problems of Part I, is carried as far as I am able to cairy it. May 
some reader succ.'ced in rendering it more complete, and in answering the 
many questions w'hich I have had to leave unanswered. 



CHAPTER IX. 

RELATIONS. 

94. Nkxt after subject-predicate propositions come two types of 
propositions whicii appear ec]ually simple. ^Fhese are the propositions 
in which a relation is asserted between two terms, and those in which 
two terms are said to be two. The latter class of propositions will be 
considered hereafter; the former must t)e consider^ at once. It has 
often been held that every propasition can be reduced to one of the 
subjt^ct-predicate type, but this view we shall, throughout the present 
work, find abundant reason for reje<-ting. It might be held, however, 
that all propositions not of the subject-predicate type, and not asserting 
numbers, could be reduml to propositions containing two terms and 
a relation. ITiis opinion would be more difficult to refute, but this too, 
we shall find, has no good grounds in its favour*. We may therefore 
allow that there are relations having more than two terms ; but as these 
are more complex, it will be well to consider first such as have two 
terms only. 

A relation between two tenns is a concept which occurs in a 
proposition in which there are two terms not occurring as conoeptsf, 
and in which the interchange of the two terms gives a different pro- 
position. This last mark is retjuired to distinguish a relational 
proposition from one of the type a and b are two,"^ which is identical 
with “ h and a arc two.*" A relational proposition may be symbolized 
by aJ2A, where R is tlie relation and a and b are the terms ; and oRb 
will then always, provided a and b are not identical, denote a different 
proposition from hRa. That is to say, it is characteristic of a relaticm 
of two terms that it pn>cceds, so to speak, one to the other. This 
is what may be called the sense of the relation, and is, as we shall find, 
the source of order and series. It must be held as an axiom that aRb 
implies and is implied by a relational proposition bR'a^ in which the 

* See tnf.. Part IV, Chap, xxv, § 200. 

t 'Jliis description, as we saw above (§ 48), excludes the pseudo-relation of subject 
to predicate. 
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relation R proceeds from & to a, may or may not be the same 
relation as R. But even when aRb implies and is implied by bRa^ 
it 'must be strictly maintained that these are different propositions. 
We may distinguish the term from which the relation proceeds as the 
referent^ and the term to which it proceeds as the relatum. Hie sense 
of a relation is a fundamental notion, which is not capable of definition. 
The relation which holds between b and a whenever R holds between 
a and b will be called the converse of 22, and will be denoted (following 
Schroder) by 22. The relation of 5 to 22 is the relation of oppositeness, 
or difference of sense ; and this must not be defined (as would seem at 
first sight legitimate) by the above mutual implication in any single 
case, but only by the fact of its holding for all cases in which the given 
relation occurs. The grounds for this view are derived from certain 
propositions in which terms are related to themselves not-synimetrically, 
Le, by a relation whose converse is not identical w'ith itself. Hiese 
propositions must now be examined. 

96. There is a certain temptation to affirm that no term can be 
related to itself ; and there is a still stronger temptation to aflinn that, 
if a term can be related to itself, the relation must be symmetrical, 
i.e. identical with its converse. But both these temptations must be 
resisted. In the first place, if no term were related to itself, we should 
never be able to assert self-identity, since this is plainly a relation. 
But since there is such a notion as identity, and since it seems undeniable 
that every term is identical with itself, we must allow that a term may 
be related to itself. Identity, how^ever, is still a symmetrical relation, 
and may be admitted without any great qualms. The matter becomes 
far worse when we have to admit not -symmetrical relations of terms 
to themselves. Nevertheless the following propositions seem undeniable ; 
Being is, or has being ; 1 is one, or has unity ; concept is conceptual : 
term is a term ; class-concept is a class-concept. All these are of one 
of the three equivalent types which we distinguished at the beginning of 
Cliapter v, which may be called respectively subject-predicate proposi- 
tions, propositions asserting the relation of predication, and propositions 
asserting membership of a class. What we have to consider is, then, 
the fact that a predicate may be predicable of itself. It is necessary, for 
our present purpose, to take our propositions in the second form (Socrates 
has humanity), since the subject-pr^icate form is not in the above sense 
relational. We may take, as the type of such propositions, “ unity has 
unity."” Now it is certainly undeniable that the relation of predication 
is asymmetrical, since subjects cannot in general be predicate of their 
predicates. Thas ‘‘ unity has unity asserts one relation of unity to 
itself, and implies another, namely the converse relation : unity has 
to itself both the relation of subject to predicate, and the relation of 
predicate to subject. Now if the referent and the relatum eat identical, 
it is plain that the relatum has to the referent the same relation as the 
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referent has to the relatum. Hence if the converse of a relation in 
a particular case were defined by mutual implication in that particular 
case, it would ap{)ear that, in the present case, our relation has two 
converses, since two difl[*erent relations of relatum to referent are implied 
by “unity has unity.” We must therefore define the converse of a 
relation by the fact that aRb implies and is implied by bRa whatever 
a and b may be, and whether or not the relation R holds between them. 
That is Uy say, a and b are here essentially variables, and if we give 
them any constant value, we may find that aRb implies and is implied 
by bR'fiy where R' is some relation other than R, 

Thus three points must 1 k‘ noted with regard to relations of two 
terms: (1) they all have sense, so that, provided a and b are not 
identical, we CAn distinguish aRb from bRa; (2) they all have a 

converse, i.e* a relation R such that aRb implies and is implied by 
bRa^ whatever a and h may be; (3) some relations hold between a 
term and itself, and such relations are not necessarily symmetrical, 
i.r. there may Ix' two different relations, which are each other'^s con- 
verses, and which lK>th hold l^dween a term and itself. 

96. F 'or the general theory of relations, especially in its mathe- 
matical developments, certain axioms relating classes and relations are 
of great imjmrtance. It is to be held that to have a given relation to a 
given term is a pretlicate, so that all terms having this relation to this 
tenn form a class. It is to lx* held further that to have a given relation 
at all i.s a predicate, so that all referents with respect to a given relation 
form a cla.s.s. It follows, by considering the ctmverse relation, that all 
relata also form a class. These two classes I shall call respectively the 
domain and the coninTHe dotnahi of the relation ; the logical sum of the 
tw'o I shall call the of the relation. 

The axiom that all referents with respect to a given relation form a 
class seems, however, to nHjuire some limitation, and that on account of 
the contraiiictioii mentioni'd at the end of Chapter vi. This contra- 
diction may be stated as follows. We saw that some predicates can be 
predicated of theiiiselvtis. Consider now those of w hich this is not the 
case. Hiese are the referents (and also the relata) in w hat seems like 
a complex relation, namely the combination of non-predicability with 
identity. But there is no predicate which attaches to all of them and 
to no other terms. For this predicate will either be predicable or not 
predicable of itself. If it is predicable of itself, it is one of those 
referents by relation to which it was defined, and therefore, in virtue 
of their definition, it is not predicable of itself. Conversely, if it is not 
predicable of itself, then again it is one of the said referents, of all of 
which (by hypothesis) it is predicable, and therefore again it is predicable 
of itself. This is a conti^iction, which shows that all the referents 
considered have no exclusive common predicate, and therefore, if defining 
predicates are essential to classes, do not form a class. 
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The matter may be put otherwise. In defining the would-be class of 
predicates, all those not predicable of themselves have been used up. 
The common predicate of all these predicates cannot be one of them, 
since for each of them there is at least one predicate (namely itself) of 
which it is not predicable. But again, the supposed common predicate 
cannot be any other predicate, for if it were, it would be predicablc of 
itself, t.e, it would he a member of the supposed class of predicates, since 
these wei'e defined as those of which it is predicable. Thus no pmlicate 
is left over which could attach to all the predicates considered. 

It follows from the above that not every definable collection of 
terms forms a clash's defined by a common pi-edicate. This fact must be 
borne in mind, and we must endeavour to disc^over what properties a 
collection must have in order to form such a class. The exiu*t point 
established by the above contradiction may lx? stated as follows : A pro- 
position apparently containing only one variable may not lx? ecjuivalcnt 
to any proposition asserting that the variable in question has a cerbiin 
predicate. It remains an open question whether every class must have 
a defining predicate. 

That all terms having a given relation to a given term form a class 
defined by an exclusive common predicate results from the dwtrine of 
Chapter vii, that the proposition aRb can be analyzed into the subject 
a and the assertion Hb. To be a term of which Kb can Ix^ asserted 
appears to be plainly a predicate. But it does not follow, I think, 
that to be a term of which, for some value of y, Ry can be asserted, is 
a predicate. The doctrine of propositional functions retjuires, however, 
that all terms having the latter property should form a class. This 
cl^ss I shall call the domain of the relation R as well as the class of 
referents. The domain of the converse relation will lx? also called the 
converse domain, as well as the class of relata. The two domains 
together will be called the field of the relation — a notion chiefly im- 
portant as regards series. Thus if paternity lx? the relation, fathers form 
its domain, children its converse domain, and fathers and children 
together its field. 

It may be doubted whether a proposition aRb can be regarded as 
asserting aR of 6, or whether only Ra can be asserted of b. In other 
words, is a relational proposition only an assertion concerning the 
referent, or also an assertion concerning the relatum.? If we take the 
latter view, we shall have, connected with (say) “a is greater than 
four assertions, namely is greater than b^ ^ a is greater than,*” ‘‘ is less 
than a*" and “6 is less than.’’ I am inclined myself to adopt this view, 
but I know of no argument on either side. 

97. We can form the logical sum and product of two relations or 
of a class of relations exactly as in the case of classes, except that here 
we have to deal with double variability. In addition to these ways of 
combination, we have also the relative product, which is in general non- 
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commutative, and therefore requires that the number of factors should 
be finite. If S he two relations, to say that their relative product 
RS holds between two terms z is to say that there is a term y to 
which X has the relation if, and which itself has the relation to js. ITius 
brother-in-law is the relative product of wife and brother or of sister 
and husband : father-in-law is the relative product of wife and father, 
whereas the relative product of father and wife is mother or step-mother. 

98. Tlicre is a temptation to regard a relation as definable in 
extension as a class of couples. This has the formal advantage that it 
avoids the necessity for the primitive proposition asserting that every 
couple has a relation holding between no other pair of terms. But it is 
necessary to give sen.se to the couple, to distinguish the referent from the 
relatum : thus a couple becomes essentially distinct from a class of two 
terms, and must itself Ixi introduced as a primitive idea. It would seem, 
viewing the matter philosophically, that sense can only be derived from 
some relational proposition, and that the assertion that a is referent and 
b relatum already involves a purely lelational proposition in which a and 
b are terms, though the relation asserted is only the general one of 
referent to relatum. There are, in fact, concepts such as greater^ which 
occur otherwise than a.s terms in propositionshaving two terms (^4«8, 54); 
and no doctrine of couples can evade such propositions. It seems there- 
fore more corret!t to take an intensional view of relations, and to identify 
them rather with class-concepts than with classes. This procedure is 
formally more convenient, and seems also nearer to the logical facts. 
ITiroughout Mathematics there is the same rather curious relation of 
intensional and extensional points of view : the symbols other than 
variable terms (i.e'. the variable clasvs-concepts and relations) stand for 
intensions, while the actual objects dealt with are always extensions. 
'^Thus in the calculus of relations, it is classes of couples that are relevant, 
but the .symbolism deals with them by means of relations. This is 
precisely similar to the state of things explained in relation to classes, 
and it seems unnecessary to repeat the explanations at length. 

99. Mr Bradley, in Appearance and Reality^ Chapter iii, has based 
an argument against the reality of relations upon the endless regress 
arising from the fact that a relation which relates two terns must 
be related to each of them. The endless regress is undeniable, if 
relational propositions are taken to be ultimate, but it is very doubtful 
whether it forms any logical difficulty. We have already had occasion 
(§ 56) to distinguish two kinds of regress, the one proceeding merely to 
perpetually new implied propositions, the other in the meaning of a 
proposition itself ; of these two kinds, we agreed that the former, since 
the solution of the problem of infinity, has ceased to be objectionable, 
while the latter remains inadmissible. We have to inquire which kind 
of regress occurs in the present instance. It may be urged that it is 

of the very meaning of a relational proposition that the relation 
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involved should have to the terms the relation expressed in saying that 
it relates them, and that this is what makes the distinction, which we 
formerly (§54) left unexplained, between a relating relation and a relation 
in itself It may be urged, however, against this view, that the assertion 
of a relation between the relation and the terms, though implied, is no 
part of the original proposition, and that a relating relation is dis- 
tinguished from a relation in itself by the indefinable element of assertion 
which distinguishes a proposition from a concept. Against this it 
might be retorted that, in the concept “ difference of a and difference 
relates a and b jusj; as much as in the proposition “ a and b differ'’; but 
to this it may be rejoined that we found the difference of a and fr, except 
in so far as some specific point of difference may be in question, to be 
indistinguishable from bare difference. Thus it seems impossible to 
prove that the endless regress involved is of the objectionable kind. 
We may distinguish, I think, between “n exceeds ft” and “a is greater 
than ft,” though it would be absurd to deny that people usually mean 
the same thing by these two propositions. On the principle, from which 
I can see no escape, that every genuine word must have some meaning, 
the w and than must form part of “a is greater than ft,” which thus 
contains more than two terms and a relation. The is seems to state 
that a has to greater the relation of referent, while the than states 
similarly that ft has to greater the ivlation of relatum. But ‘‘ a cxctH}ds 
ft” may be held to express solely the relation of a to ft, without in- 
cluding any of the implications of further relations. Hence we shall 
have to conclude that a relational proposition aRb does not include 
in its meaning any relation of a or ft to /?, and that the endless regress, 
though undeniable, is logically quite harmless. With these remarks, 
we may leave the further theory of relations to later Parts of the present 
work. 



CHAPTER X. 

THE CONTRADICTION. 

100. Before taking leave of fundamental questions, it is necessary 
to examine more in detail the singular contradiction, already mentioned, 
with regard to prwlicates not predicable of thenjselves. Before attempt- 
ing to solve this puzzle, it will be well to make some deductions connected 
with it, and to state it in various different forms. I may mention that I 
was Icfl to it in the endeavour to reconcile ('antor's proof that there can 
be no greatest cardinal numlwr with the very plausible supposition that 
the class of all terms (which we have M^en to lx? essential to all formal 
propositions) has !KH?esNarily the gi'catest possible numl)er of members*. 

Let ti; be a class-concept which can lx* asseiic*d of itself, iu\ such that 
“ zc is a wr' Insbinces art* and the negations of ordinary 

class-concepts, not-man. ’^riieii (a) if zc lx* contained in another class r, 
since w is a zc, w is a r; consequently there is a term of v which is 
a class-concept that c*an be asserted of itself. Hence by contraposition, 
(/3) if u lx? a class-concept none of whose memlx*i*s are class-concepts 
that can lx; fisserted of themst»lves, no class-concept contained in u can 
lie asserted of itself. Hence further, ( 7 ) if u lx* any class-concept what- 
ever, and u the class-concept of those memlxi-s of v which are not 
predicable of thenistdves, this class-concept is contained in itself, and 
none of its members are predicable x>f themselves ; hence by (3) u is not 
pretli(M,ble of itself. Thus v is not a u\ ajul is therefore not a w; for 
the terms of u that are not terms of u are all predicable of themselves, 
which V is not. Thus (3) if u lx? any class-concept whatever, there is a 
class-concept contained in v which is not a inemlxT of w, and is also one 
of those class-concepts that are not prtxlicable of themselves. So far, our 
deductions seem scarcely open to question. But if we now take the last 
of them, and admit the class of those class-conwpts that cannot be 
asserted of themselves, we find that this cltiss must contain a class-concept 
not a member of itself and yet not belonging to the class in question. 

We may observe also that, in virtue of what we have proved in (^), the 
class of class-conccpts which cannot be asserted of themselves, w^hich we 
♦ See Part V, Cliap. xuii, § ff. ' 
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will call Wy contains as xnembens of itself all its sub-classes, although it is 
easy to prove that eveiy class has more sub-classes than terms. Again, 
if y be any term of w, and w be the whole of w except y, then w\ being 
a sub-class of is not a w but is a w, and therefore is y. Hence each 
class-concept which is a term of w has all other terms of zs? as its 
extension. It follows that the concept bicycle is a teaspoon, and teaspoon 
is a bicycle. This is plainly absurd, and any number of similar 
absurdities can be prov^. 

101. Let us leave these paradoxical consequences, and attempt the 
exact statement of the contradiction itself. Wc have first the statement 
in terms of predicates, which has been given already. If j:* be a predicate, 
X may or may not be predicable of itself. Let us assume that ‘*not- 
predicable of oneself’' is a predicate. Then to suppose either that this 
predicate is, or that it is not, predicable of itself, is self-contradictory. 
The conclusion, in this case, seems obvious : “ not-predicable of oneself" 
iwS not a predicate. 

Let us now state the same contradiction in terms of class-concepts. 
A class-concept may or may not be a term of its own extension. “Class- 
concept which is not a tenn of its own extension" appears to be a class- 
concept. But if it is a term of its own extension, it is a class-concept 
which is not a term of its own exten.sion, and vice i^ersd. Thus we must 
include, against appearances, that “class-concept which is not a tenn of 
its own extension" is not a class-concept. 

In terms of classes the contradiction appears even more extraordinary. 
A class as one may be a term of itself as many. Thus the class of all 
classes is a class; the class of all the terms that are not men is not a man. 
and so on. Do all the classes that have this property form a class ? If 
so, is it as one a member of itself as many or not ? If it is, then it is 
one of the classes which, as ones, are not members of themselves as many, 
and vice versa. Thus we must conclude again that the classes which as 
ones are not membei’s of themselves as many do not form a class — or 
rather, that they do not form a class as one, for the argument cannot 
show that they do not form a class as many. 

102. A similar result, which, however, does not lead to a contradic- 
tion, may be proved concerning any i*elation. Let if be a relation, and 
consider the class ro of terms which do not liave the relation R to them- 
selves. rhen it is impossible that there should be any term a to which 
all of them and no other terms have the relation R. For, if there were 
such^a term, the propositional function “ does not have the relation R 
to would be equivalent to “a* has the relation R to a," Substituting 
u for X throughout, which is legitimate since the equivalence is formal, 
we find a contradiction. AVhen in phice of R we put c, the relation of 
a terra to a class-concept which can lie asserted of it, we get the above 
contradiction. ITie reason that a contradiction emerges here is that 
we have taken if as an axiom that any propositional function containing 



100 - 103 ] The Contradiction 103 

only one variable is equivalent to asserting membership of a class defined 
by the propositional function. Either this axiom, or the principle that 
every class can be taken as one term, is plainly false, and there is no 
fundamental objection to dnipping either. But having dropped the 
former, the question arises : Which propositional functions define classes 
which are single terms as well as many, and which do not ? And with 
this question our real difficulties begin. 

Any method by which we attempt to establish a one-one or many- 
one correlation of all terms and all propositional functions must omit at 
least one pn)positional function. Such a methcxl would exist if all 
propositional functions could be expressed in the form ...ew, since this 
form corix'Iates u with ...ew. But the impossibility of any such conela- 
tion is proved as follows. lA‘t be a propositional function correlated 
with tC; then, if the conxdation covers all terms, the denial of 4tx(^) 
be a ])ropositional funetion, since it is a pro{M)^ition for all valutas of x. 
But it cannot Ik.‘ included in the correlation ; for if it were coiTelated 
with rr, (t>a{<^') would he e<|uivalent, for all values of to the denial of 
but this e(|uivalerice is im|K>ssihle for the value u, since it makes 
e<|uivalent to its own denial. It follows that there are more 
|)ro|Kisitional functions than terms — a result which st^enis plainly imfK)s- 
sihle, although the proof is as convineing as any in Mathematies. We 
shall shortly see how the impossibility is removed by the doetrine of 
Icjgical types. 

103. 'Fhe fii>t methcKl w liieh suggc'sts itself is to seek an ambiguity 
in tlie notion of e. But in C'hapter vi we distinguishwl the various 
meanings as far as any distinction seemed possible, and we have just 
seen that with each meaning the same contnuJiction emerges. Let us, 
liowever, attempt to state tlie eontradietion throughout in terms of 
propositional furu tions. Every propositional function which is not null, 
we supposed, defines a class, and every class can cc^rtainly be defined by 
a propositional function, 'rhus to .say that a cla.ss as one is not a 
itiemlxir of itself as many is to say that the elass as one does not satisfy 
the funetion by whicli itself as maiiv is defined. Since all propositional 
functions exrept such as arc null define classes, all will lx? used up, in 
considering all clas.ses having the above property, except such as do not 
have the above property. If any propositional function were satisfied 
by every class having the above property, it would therefore necessarily 
be one satisfied also by the cbiss k* of all such classes considered as a 
single term. Hence the c*lass w dex's not itself belong to the class ic’, 
and therefore there must be some propositional function satisfied by the 
terms of w but not by ic itself. Thus the contradiction re-emerges, and 
we must suppose, either that there is no such entity as ic, or that there 
is no propositional function satisfied by its tenns and by no others. 

It might be thought that a solution could be found by denying the 
legitimacy of vaiiable propositional functions. If we denote by for 
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the moment, the class of values satisfying our propositional function 
is the denial of where 4> is the variable. The doctrine of 

Chapter vii, that ^ is not a separable entity, might make such a variable 
seem illegitimate; but this objection can be overcome by substitut- 
ing for ^ the class of propositions or the relation of ^ to x. 
Moreover it is impossible to exclude variable propositional functions 
altogether. Wherever a variable class or a variable relation occurs, 
we have admitted a variable propositional function, which is thus 
essential to assertions about every class or about every relation. The 
definition of the domain of a relation, for example, and all the general 
propositions which constitute the calculus of relations, would be swept 
away by the refusal to allow this type of variation. Thus we require 
some further characteristic by which to distinguish two kinds of varia- 
tion. This characteristic is to be found, I think, in the independent 
variability of the function and the argument. In general, is itself 
a function of two variabh^s, ^ and x ; of these, either may be given a 
constant value, and either may be varied without reference to the other. 
But in the type of propositional functions we are considering in this 
Chapter, the argument is itself a function of the propositional function : 
instead of <f>x^ we have 0 where is defined as a function of 

Thus when <f) is varied, the argument of which (f> is asserted is 
varied too. Thus ‘‘ j: is an is equivalent to : “ <f> can be asserted of 
the class of terms satisfying this class of terms lieing x. If here 
(f> is varied, the argument is varied at the same time in a manner 
dependent upon the variation of <f). For this reason, (f> {/*(<<>)}, though 
it is a definite proposition when x is assigned, is not a propositional 
function, in the ordinary sense, when x is variable. Propositional 
functions of this doubtful type, may be called quadratic forrm^ because 
the variable enters into them in a way somewhat analogous to that in 
which, in Algebra, a variable appears in an expression of the second 
degree. 

104. Perhaps the best way to state the suggested solution is to say 
that, if a collection of terms can only l>e defined by a variable pro- 
positional function, then, though a class as many may be admitted, 
a class as one must be denied. When so stated, it appears that propo- 
sitional functions may be varied, provided the resulting collection is 
never itself made into the subject in the original profxisitional function. 
In such cases there is only a class as many, not a class as one. We took 
it as axiomatic that the class as one is to be found wherever there is 
a class as many ; but this axiom need not be universally admitted, 
and appears to have been the source of the contradiction. By denying 
it, therefore, the whole difficulty will be overcome. 

A class as one, we shall say, is an object of the same type as its 
terms ; %.e. any propositional function <^(^) which is significant when one 
of the terms is substituted for x is also significant when the class as one 
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is substituted. But the class as one does not always exist, and the dliss 
as many is of a different type from the terms of the class, even when the 
class has only one term, ix, there are propositional functions 0(u) in 
which u may be the class as many, which are meaningless if, for u, we 
substitute one of the terms of the class. And so or is one among 3c\ ^ 
is not a proposition at all if the relation involved is that of a term to its 
class as many ; and this is the only relation of whose presence a pro- 
positional function always assures us. In this view, a class as many may 
be a logical subject, but in propositions of a different kind from those in 
which its terms are subjects ; of any object other than a single term, the 
question whether it is one or many will have different answers according 
to the proposition in which it occurs. Thus we have Socrates is one 
among men,’' in which men are plural ; but “ men are one among species 
of animals,” in which men are singular. It is the distinction of logical 
types that is the key to the whole mystery *. 

105. Other ways of evading the contradiction, which might be 
suggested, appear undesirable, on the ground that they destroy too 
many quite necessary kinds of propositions. It might be suggested 
that identity is introduced in “ x is not an .r ” in a way which is not 
permissible. But it has been already shown that relations of tenns 
to themselves are unavoidable, and it may be observed that suicides 
or self-made men or the heroes of Smik^s's Self-Help are all defined 
by relations to themselves. And generally, identity enters in a very 
similar way into formal implication, so that it is quite impossible to 
reject it 

A natural suggestion for escaping from the contradiction w’ould be 
to demur to the notion of clU terms or of all classes. It might be 
urged that no such suin-total is conceivable ; and if all indicates a whole, 
our escape from the contradiction requires us to admit this. But we 
have already abundantly seen that if this view were maintained against 
any term, all formal truth would be impossible, and Mathematics, whose 
characteristic is the statement of truths com^eniing any term, would be 
abolished at one stroke. Thus the correct statement of formal truths 
requires the notion of any term or every term, but not the collective 
notion of all terms. 

It should be observed, finally, that no peculiar philosophy is involved 
in the above contradiction, which springs directly from common sense, 
and can only be solved by abandoning some common-sense assumption. 
Only the Hegelian philosophy, which nourishes itself on contradictions, 
can remain indifferent, because it finds similar problems everywhere. In 
any other doctrine, so direct a challenge demands an answer, on pain 
of a confession of impotence. Fortunately, no other similar difficulty, 
so far as I know, occurs in any other portion of the Principles of 
Mathematics. 


* On this subject, see Appendix. 
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106. We may now briefly review the conclusions arrived at in 
Part 1. Pure Mathematics was defined as the class of propositions 
asserting formal implications and containing no constants except logical 
constants. And logical constants are: Implication, the relation of a 
term to a class of which it is a member, the notion of such that^ the 
notion of relation, and such further notions as are involved in formal 
implication, which we found (§ 93) to be the following: propositional 
function, class*, denoting, and any or every term. This definition brought 
Mathematics into very close relation to Logic, and made it pmctically 
identical with Symbolic Logic. An examination of Symbolic Logic justi- 
fied the above enumeration of mathematical indefinables. In Chapter iii 
we distinguished implication and formal implication. The former holds 
between any two propositions provided the fii-st be false or the second 
true. The latter is not a relation, but the assertion, for every value 
of the variable or variables, of a propositional function which, for every 
value of the variable or variables, asserts an implication. Chapter iv 
distinguished Avhat may be called things from predicates and relations 
(including the is of predications among relations for this purpose). It 
was shown that this distinction is connected with the dtK*trinc of 
substance and attributes, but does not lead to the traditional results. 
Chapters v and vi de^'eloped the theory of predicates. In the former 
of these chapters it was shown that certain concepts, derived from 
predicates, occur in prepositions not ahont themselves, but about com- 
binations of terms, such as are indicated by «/?, every^ any^ a, some, and 
the. Concepts of this kind, we found, are fundamental in Mathematics, 
and enable us to deal with infinite classes by means of propositions of 
finite complexity. In Chapter vi we distinguished predicates, class- 
concepta, concepts of classes, classes as many, and classes as one. We 
agreed that single terms, or such combinations as result from amL are 
classes, the latter being claases as many ; and that classes as many 
are the objects denoted by concepts of classes, which are the plurals 
of class-concepts. Hut in the present chapter we decided that it is 
necessary to distinguish a single term from the class whose only member 
it is, and that consequently the null-class may be admitted. 

In Chapter vii we resumed the .study of the verb. Subject-predicate 
propositions, and such as express a fixed relation to a fixed term, could 
be analysed, we found, into a subject and an assertion ; but this analysis 
becomes impossible when a given term enters into a proposition in a 
more complicated manner than as referent of a relation. Hence it 
became necessary to take propositional ^function as a primitive notion. 
A propositional function of one variable is any proposition of a set 
defined by the variation of a single term, while the other terms remain 

* 'fhe notion of class in general, we decided, could be replaced, as an indefinable, 
by that of the class of propositions defined by a proposition^ function. 
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constant. But in general it is impossible to de6ne or isolate the 
constant element in a propositional function, since what remains, when 
a certain term, wherever it occurs, is left out of a proposition, is in 
general no discoverable kind of entity. Thus the term in question 
must be not simply omitted, but replaced by a variable. 

The notion of the variable, we found, is exceedingly complicated. 
The w is not simply any term, but any term with a certain individuality; 
for if not, any two variables would be indistinguishable. We agreed 
that a variable is any term qua term in a ceiiain propositional function, 
and that variables are distinguished by the propositional functions in 
which they occur, or, in the case of several variables, by the place they 
occupy in a given multiply variable propositional function. A variable, 
we said, is the term in any proposition of the set denoted by a given 
propositional function. 

Chapter ix pointed out that relational propositions are ultimate, 
and that they all have sense : i.e. the relation being the concept as such 
in a proposition with two terms, there is another proposition containing 
the same terms and the same concept as such, as in A is greater 
than and “ J? is greater than Tht^so two propositions, though 

different, contain precisely the same constituents. This is a characteristic 
of relations, and an instance of the loss resulting from analysis. Rela- 
tions, we agreed, arc to be taken intensionally, not as classes of couples^. 

Finally, in the present chapter, we examined the contradiction re- 
sulting from the apparent fact that, if w be the class of all classes which 
as single terms are not members of themselves as many, then tv as one 
can be proved both to be and not to be a member of itself as many. 
The solution suggested was that it is necessary to distinguish various 
types of objects, namely terms, classes of terms, classes of classes, classes 
of couples of terms, and so on ; and that a propositional function ^ in 
general requires, if it is to have any meaning, that x should belong to 
some one type. Thus X€X was held to be meaningless, because e requires 
that the relatum should be a class composed of objects which are of the 
type of the referent. The class os one, where it exists, is, we said, of the 
same type as its constituents ; but a quadratic propositional function in 
general appears to define only a class as many, and the contradiction 
proves that the class as one, if it ever exists, is certainly sometimes 
absent. 


* On this point, however, see Appendix. 
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DEFINITION OF CARDINAL NUMBERS. 

107. ^^'K have now briefly reviewed the apparatus of general logical 
notions with which Mathematics operates. In the present Part, it is to 
be shown how tliis apparatus suffices, witliout new indefinables or new 
postulates, to establish the whole theory of cardinal integers as a special 
branch of I^ogic*. No matheiiiatical subject has made, in recent years, 
greater advances than the theory of Arithmetic. The movement in 
favour of corrwtness in dt'duction, inaugurated by Weiei*strass, has been 
brilliantly continued by Dedekind, ( ant<jr, Frege, and Peano, and attains 
what seems its final goal by means of the logic of relations. As the 
modern mathematical theory is but imperfectly known even by most 
mathematicians, I shall l)egin this Part by four chapters setting forth 
its outlines in a non-syiiibolic form. I shall then examine the process 
of deduction from a philosophical standpoint, in oixler to discover, if 
possible, whether any unperceived assumptions have covertly intruded 
themselves in the course of the argument. 

108. It is often held that both numlxT and particular numbers are 
indefinable. Now' definability is a word which, in Mathematics, has a 
precise sense, though one which is relative to some given set of notionsf. 
Given any set <if notions, a term is definable by means of these notions 
when, and only when, it is the only term having to certain of these 
notions a certain relation which itself is one of the said notions. But 
philosophically, the woixl dejimilon has not, as a rule, been employed in 
this sense; it has, in fact, been restricted to the analysis of an idea 
into its constituents. This usage is inconvenient and, I think, useless ; 
moreover it seems to overltwk the fact tliat wholes are not^ as a 

* Cantor has riiown that it is nwessary to separate the study of Cardinal and 
Ordinal uumbers, which are distinct entities, of which the former are simpler, but of 
which both are esRential to ordinary Mathematics. On Onliiial numbers, cf. Chapa 
XXIX, xxxviii, irtfra. 

+ See Peano, F. 1001, p. 6 ff. and Padoa, “Theoric Algebrique dea Nombrea 
Entiers," Vol. «i, p. f314 fF. 
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rule, determinate when their constituents are given, but are themselves 
new entities (which may be in some sense simple), defined, in the 
mathematical sense, by certain relations to their constituents. I shall, 
therefore, in future, ignore the philosophical sense, and speak only of 
mathematical definability. I shdl, however, restrict this notion more 
than is done by Professor Peano and his disciples. They hold that the 
various branches of Mathematics have various indefinables, by means of 
which the remaining ideas of the said subjects are defined. I hold — 
and it is an important part of my purpose to prove — ^that all Pure 
Mathematics (including Geometry and even rational Dynamics) contains 
only one set of indefinables, namely the fundamental logical concepts 
disc*ussed in Part I. When the various logical constants have been 
enumerated, it is somewhat arbitrary which of them we regard as 
indefinable, though there are apparently some which must he indefinable 
in any theory. But my contention is, that the indefinables of Pure 
Mathematics are all of this kind, and that the presence of any other 
indefinables indicates that our subject belongs to Applied Mathematics. 
Moreover, of the three kinds of definition admitted by Peano — the 
nominal definition, the definition by postulates, and the definition by 
abstraction* — I recognize o?ily the nominal : the others, it would seem, 
are only necessitated by Peano’s refusal to regaixl relations as part of the 
fundamental apparatus of logic, and by his somewhat undue haste in 
regarding as an individual what is really a class. These remarks will be 
best explained by considering their application to the definition of 
cardinal numbers. 

109. It has been common in the past, among those who regarded 
numbers as definable, to make an exception as regards the number 1, 
and to define the remainder by its means. Thus 2 was 1 + 1, 3 was 
2 + 1, and so on. This method was only applicable to finite numbers, 
and made a tiresome difference between 1 and other numbers ; moreover 
the meaning of + was commonly not explained. We are able now-a- 
days to improve greatly upon this method. In the first place, since 
Cantor has shown how to deal with the infinite, it has bwonie both 
desirable and possible to deal with the fundamental properties of numbers 
in a way which is equally applicable to finite and infinite numbers. In 
the second place, the logical calculus has enabled us to give an exact 
definition of arithmetical addition ; and in the third place, it has become 
as easy to define 0 and 1 as to define any other number. In order to 
explain how this is done, I shall first set forth the definition of numbers 
by abstraction ; I shall then point out formal defects in this definition, 
and replace it by a nominal definition. 

Numbers are, it will be admitted, applicable essentially to classes. 
It is true that, where the number is finite, individuals may be enumerated 

Cf. Burali-Forti, Sur les diiFerentes deliiiitioiis du nombre r^l," Cangret, in, 

f. mn. 
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to make up the given number, and may be counted one by one i»ithout 
any mention of a claas-concept. But all finite collections of individuals 
form classes, so that what results is after all the number of a class. 
And where the number is infinite, the individuals cannot be enumerated, 
but must be defined by intension, i,e, by some common property in 
virtue of which they form a class. Thus when any class-concept is 
given, there is a certain number of individuals to which this class-concept 
is applicable, and the number may therefore be regarded as a property 
of the class. It is this view of numbers which has rendered possible the 
whole theory of infinity, since it relieves us of the necessity of enume- 
rating the individuals whose niiiiiber is to be considered. This view 
de{K*nds fundamentally upon the notion of a//, the numerical conjunction 
as we agreed to call it (§ 59). All men, for example, denotes men con- 
joined in a certain w'ay ; and it is as thus denoted that they have a 
number. Similarly all numbers or all points denotes numbers or points 
conjoined in a certain way, and as thus conjoined numbers or points have 
a number. Numbers, then, are to tie regaided as properties of classes. 

The next question is : lender what cin-uinstances do two classes have 
the same nunilxT? The answ^er is, that they have the same number 
when their terms can lye correlated one to one, so that any one term of 
either corresponds to one and only one term of the other. This requires 
that there should he some one-one relation whose domain is the one 
class and whose converse domain is the other class. Thus, for example, 
if in a community all the men and all the women are married, and 
polygamy and polyandry are forbidden, the number of men must be the 
same as the number of women. It might be thought that a one-one 
relation could not be defined except by reference to the number 1. But 
this is not the case. A relation is one-one when, if x and have the 
relation in question to then x and x are identical ; while if x has the 
relation in question to y and y\ then ly and y' are identical. Thus it is 
possible, w'ithout the notion of unity, to define wbat is meant by a one- 
one relation. But in onler to provide for the case of two classes which 
have no terms, it is necessary to modify slightly the above account of 
what is meant by *‘‘aying that two classes have the same number. For if 
there are no terms, the tenns cannot be correlated one to one. We 
must say; Two classes have the same number when, and only when, there 
is a one-one relation whose domain includes the one class, and which is 
such that the class of correlates of the terms of the one class is identical 
with the other class. From this it appears that two classes having no 
tenns have always the same number of terms ; for if we take any one- 
one relation whatever, its domain includes the null-class, and the class 
of correlates of the null-class is again the null-class. When two classes 
have the same number, they are said to be similar. 

Some readers may suppose that a definition of what is meant by 
^ying that two classes have the same number is i^holly unnecessary. 
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The way to find out, they may say, is to count both classes. It is such 
notions as this which have, until very recently, prevented the exhibition 
of Arithmetic as a branch of Pure Logic. For the question immediately 
arises : What is meant by counting P To this question we usually get 
only some irrelevant psychological answer, as, that counting consists in 
successive acts of attention. In order to count 10, 1 suppose that ten 
acts of attention are required : certainly a most useful definition of the 
number 10 ! Counting has, in fact, a good meaning, which is not 
psychological. But this meaning is highly complex ; it is only applicable 
to classes which cati be well-ordered, which are not known to be all 
classes ; and it only gives the number of the class when this number is 
finite— a rare and exceptional case. We must not, therefore, bring in 
counting where the definition of numbers is in question. 

The relation of similarity between classes has the three properties of 
being reflexive, symmetrical, and transitive ; that is to say, if ti, r, w be 
classes, u is similar to itself ; if be similar to v is sinnlar to u ; and 
if If be similar to and v to then u is similar to nr. These properties 
all follow easily from the definition. Now these thi’ee properties of a 
relation are held by Peano and common sense to indicate that when the 
relation holds betw^een two terms, those two terms have a certain common 
property, and xnce verm. This common property we call their number*. 
This is the definition of numbers by abstraction. 

110. Now this definition by abstraction, and generally the process 
employed in such definitions, suffers from an absolutely fatal formal 
defect: it does not show^ that only one object satisfies the definition f. 
Thus instead of obtaining owe common property of similar classes, which 
is ihe number of the classes in question, we obtain a clans of such 
properties, with no means of deciding how many terms this class contains. 
In order to make this point clear, let us examine what is meant, in the 
present instance, by a common property. What is meant is, that any 
class has to a certain entity, its number, a relation which it has to nothing 
else, but which all similar classes (and no other entities) have to the said 
number. That is, there is a many -one relation w^hich every class has to 
its number and to nothing else. Thus, so far as the definition by 
abstraction can show, any set of entities to each of which some class has 
a certain many-one relation, and to one and only one of which any given 
class has this relation, and which are such that all classes similar to a 
given class have this relation to one and the same entitv of the set, 
appear as the set of numbers, and any entity of this set is t/ie number of 
some class. If, then, there are many such sets of entities — and it is easy 

♦ Of, Peano, F, 1901, § 32, *0, Note. 

+ On the necessity of this condition, cf. Padoe, loc, ciL, p, 324 . Padoa appears 
not to perceive, however, that all definitions define the single individual of a class : 
when what is defined is a class, this must be the only term of some class of classes. 
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to prove that there are an infinite number of them — every class will 
have many numbers, and the definition wholly fails to define the number 
of a class. This argument is perfectly general, and shows that definition 
by abstraction is never a logically valid process. 

111. There arc two ways in which we may attempt to remedy this 
defect. One of these consists in defining as the number of a class the 
whole class of entities, chosen one from each of the above sets of entities, 
to which all classes similar to the given class (and no others) have some 
many-one relation or other. Hut this methcxl is practically useless, since 
all entities, without exception, l>elong to every such class, so that every 
class will have as its nuinlxT the class of all entities of everv sort and 
destription. 'I'he other remedy is more practicable, and applies to all 
the case.s in which Peano employs definition by abstraction. This 
method is, to define as the nuinlxT of a class the class of all classes 
similar to the given class. Memlx?i*ship of this class of classes (considered 
as a pivdicute) is a common projxrty of all the similar classes and of no 
others , moreover e\ tTv class of the st*t of similar classes has to the set 
a relation which it has to nothing else, and which every class has to its 
own .set. Thus the conditions are completely fulfilled by this clas.s of 
classes, and it has the merit of Ixing determinate when a class is given, 
and of Ixing different for two classes which arc not similar. This, then, 
is an irreproachable definition of the luimlxT of a class in purely logical 
terms. 

To regard a nuuilxr as a class of classes must ap^xar, at first sight, 
a wholly indefensible panulox. Thus Peano {F. 1901, §32) remarks that 
“ we cannot identify the miinlxT of [a class] a with the class of classes in 
question f/.c. the class of chisses similar to a], for these objects have 
different properties/’ He d(xs not tell us what these properties are, and 
for my part. I am unable to discover theiu. Prolmbly it appeared to him 
innnediately evident that a number is not a class of clas.scs. Hut some- 
thing may lx said to mitigate the apjK*Hrance of paradox in this view. 
In the first jdace, suc-h a won! as couplr or trio obviously does denote a 
class of classes. Tims what we have to Nay is, for example, that ** two 
men” means ‘Mogical pnxluct of class of men and couple,” and ‘‘there ore 
two men” means “there is a class of men which is also a couple.” In the 
second place, when wt‘ reim'inlxr that a class-conrept is not itself a t^ol- 
lection, but a profxrtv by which a collection is defined, we see that, if we 
define the numlxr as the class-concept, not the class, a nuinlxr is really 
defined as a (X>mmon propi^rty of a set of similar classes and of nothing 
else. ITiis view removes the appearance of paradox to a gi^eat degree. 
There is, however, a philosophical difficulty in this view, and generally in 
the connection of classes and predicates. It may be that there are many 
predicates common to a certain collection of objects and to no others. In 
this case, these predicates are all rcgaitled by Symbolic Logie as equivalent^ 
and any one of them is said to be equ^ to any other. Thus if the 



116 


Number 


[chap. XI 

predicate were defined by the collection of objects, we should not obtain, 
in general, a single predicate, but a class of predicates; for this class of 
predicates we should require a new class-concept, and so on. The only 
available class-concept would be ^^predicability of the given collection of 
terms and of no others.*^ But in the present case, where the collection is 
defined by a certain relation to one of its terms, there is some danger of 
a logical error. Let u be a class; then the number of t/, we said, is the 
class of classes similar to u. But ^Similar to cannot be the actual 
concept which constitutes the number of w; for, if v be similar to w, 
•‘similar to defines the same class, although it is a different concept. 
Thus we require, as the defining predicate of the class of similar classes, 
some concept which does not have any special relation to one or more of 
the constituent classes. In regard to every particular number that may 
be mentioned, whether finite or infinite, such a predicate is, as a matter 
of fact, discoverable; but when all we are told about a number is that it 
is the number of some class ti, it is natural that a special reference to u 
should appear in the definition. This, however, is not the point at issue. 
The real point is, that what is defined is the same whether we use the 
predicate “similar to m” or “similar to provided u is similar to r. 
This shows that it is not the class-concept or defining predicate that is 
defined, but the class itself whose terms are the various classes which are 
similar to u or to v. It is such classes, therefore, and not predicates such 
as “similar to that must be taken to constitute numbers. 

Thus, to sum up: Mathematically, a number is nothing but a class of 
similar classes: this definition allows the deduction of all the usual 
properties of numbers, whether finite or infinite, and is the only one (so 
far as I know) which is possible in terms of the fundamental concepts of 
general logic. But philosophically we may admit that every collection 
of similar classes has some common predicate applicable to no entities 
except the classes in question, and if we can find, by inspection, that 
there is a certain class of such common predicates, of which one and only 
one applies to each collection of similar classes, then we may, if we see 
fit, call this particular class of predicates the class of numbers. For my 
part, I do not know whether there is any such class of predicates, and 
I do know that, if there be such a class, it is wholly irrelevant to Ma- 
thematics. Wherever Mathematics derives a common property from a 
reflexive, symmetrical, and transitive relation, all mathematical purposes 
^ of the supposed common property are completely sencd when it is 
^ replaced by the class of terms having the given relation to a given term ; 
and this is precisely the case presented by cardinal numbers. For the 
future, therefore, I shall adhere to the above definition, since it is at 
once precise and adequate to all mathematical uses. 



CHAPTER XII. 

ADDITION AND Ml’LTlPLICATION. 

112. Iv most: mathemat icuil ac*t*ouiits of arithmetical operations wc 
find the error of endeav<niring to give at once a definition which shall be 
applicable to rationals, or even to real numlx^rs, without dwelling at 
sufficient length up<Hi the theory of integers. For the present, integers 
alone will tKrupy us. Hie definition of integers, given in the preceding 
chapter, obviously d<K‘s not admit of extension to fractions ; and in fact 
the alisolute diffet'ence l>etwei»n integers and fractions, even between 
integers and fractions who.^i* dt^nominator is unity, (*aniu>t jxissibly be too 
strongly eniphasi/ed. W hat rational fractions art‘, and what real numbers 
are, 1 shall endeavour to explain at a later stage; |K>sitive and negative 
numlxTs also are at present excludt^d. The integers with which we are 
now' concerned an* not positive, but signless. And so tlie addition and 
multiplication to lx,* defined in this chapter an* only applicable to integers; 
hut they have the merit of Ix'ing wjuitlly applicable to finite and infinite 
integers. Indewl, for the present, 1 shall rigidly exclude all propositions 
which involve either the finitude or the infinity of the numbers considered. 

113. There is only one fundamental kind of addition, namely the 

logical kind. All other kinds can hv definc<l in terms of this and logical 
multiplication. In the pn‘sent chapter the addition of integers is to be 
defined by its means. Logical luldition, as was explained in Part I, 
IS the same as disjunction; if p and g are pnipasitions, their logical 
sum is the proposition or and if u and f are classes, their 

logical sum is the class or i,e. the class to w'hich belongs every 
term which either belongs to u or belongs to v. The logical sum 
of two classes v and may 1x5 defined in terms of the logical product 
of two propositions, as the class of terms belonging to every’ class 
in which both u and v are contained*. This definition is not essen- 
tially confined to two classes, but may be extended to a class of 
classes, whether finite or infinite. Thus if Xr be a class of classes, the 
logical sum of the classes composing k (called for short the sum of k} is 

t lioi, $ 1 ^ lu 
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the class of terms belonging to every class which contains every class 
which is a term of h. It is this notion which underlies arithmetical 
addition. If A: be a class of classes no two of which have any common 
terms (called for short an exclusive class of classes), then the arith- 
metical sum of the numbers of the various classes of k is the number of 
terms in the logical sum of k. This definition is absolutely general, and 
applies equally whether k or any of its constituent classes be finite 
or infinite. In order to assure ourselves that the resulting number 
depends only upon the numbers of the various classes belonging to ky and 
not upon the particular class k that happens to be chosen, it is necessary 
to prove (as is easily done) that if fe' be another exclusive class of classes, 
similar to A, and every member of k is similar to its correlate in k\ and 
vice verscLy then the number of terms in the sum of k is the same as the 
number in the sum of k\ Thus, for example, suppose k has only two 
terms, m and Vy and suppose u and v have no common part.. Then the 
number of terms in the logical sum of u and v is the sum of the number 
of terms in u and in and if u be similar to w, and i’' to r, and u\ v 
have no common part, then the sum of u and t/ is similar to the 
sum of u and v. 

114. With regard to this definition of a sum of numbers, it is to be 
observed that it cannot be freed from reference to classes which have the 
numbers in question. The number obtained by summation is essentially 
the number of the logical sum of a certain class of classes or of some 
similar class of similar classes. The necessity of this reference to classes 
emerges when one number occurs twice or oftener in the summation. It 
is to be observed that the numbers concerned have no order of summation, 
80 that we have no such proposition as the commutative law : this pro- 
position, as introduced in Arithmetic, results only from a defective 
symbolism, which causes an order among the symbols which has no 
correlative order in what is symbolized. But owing to the absence of 
order, if one number occurs twice in a summation, we cannot distinguish 
a first and a second occurrence of the said number. If we exclude a 
reference to clas.ses which have the said number, there is no sense in the 
supposition of its occurring tw'ice : the summation of a class of numbers 
can be defined, but in that case, no number can be repeated. In the 
above definition of a sum, the numbei's concerned are defined as the 
numbers of certain classes, and therefore it i.s not necessary to decide 
whether any number is repeated or not. But in order to define, without 
reference to particular classes, a sum of numbers of which some are 
repeated, it is necessary first to define multiplication. 

This point may be made clearer by considering a special ease, such as 
1+1. It is plain that we cannot take the numt^r 1 itself twice over, 
for there is one number 1, and there are not two instances of it. And if 
the logical addition of 1 to itself were in question, we should find that 
1 ai^ 1 is 1, according to the general principle of Symbolic Logic. Nor 
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can we define 1 + 1 as the arithmetical sum of a certain class of numbers. 
This method can be employed as regards 1 4* 2, or any sum in which no 
number is repeated; but as regards 1 + the only class of numbers 
involved is the class whose only member is 1, and since this class has one 
member, not two, we cannot define 1 1 by its means. Thus the full 

definition of 1 4 1 is as follows : 1 + 1 is the number of a class w which 
is the logical sum of two classes u and v which have no common term 
and have each only one term. The chief point to be observed is, that 
logical addition of classes is the fundamental notion, while the arith- 
metical addition of numbers is wholly subsequent. 

116. llie general definition of multiplication is due to Mr A. N. 
Whitehead^. It is as follows. Let A: be a class of classes, no two of 
which have any term in common. Form what is called the multiplicative 
class of Af, i.f. the class each of whose terms is a class formed by choosing 
one and only one term from each of the classes belonging to fc. Then 
the number of terms in the multiplicative class of k is the product of all 
the numbers of the various classes composing A'. This definition, like 
that of addition given above, has tw^o merits, which make it preferable 
to any other hitherto suggested. In the first place, it introduces no 
order among the numbers multiplied, so that there is no need of the 
commutative law, which, hert‘ as in the case of addition, is concerned 
rather with the symbols than with what is syinbtdized. In the second 
place, the above definition does not require us to decide, concerning any 
of the numbers involved, whether they are finite or infinite. Cantor has 
given t definitions of the sum and product of two numbers, which do not 
require a decision as to whether these numbers are finite or infinite. 
These definitions can be extended to the sum and product of any finite 
number of finite or infinite numbers; but they do not, as they stand, 
allow the definition of the sum or product of an infinite number of 
numbers. This grave defect i.s remedied in the above definitions, which 
enable us to pursue Arithmetic, as it ought to be pursued, without 
introducing the distinction of finite and infinite until we wish to study 
it. CantoFs definitions ha^’e also the formal defect of introducing an 
order among the numbers summed or multiplied : but this is, in his 
case, a mere defect in the symbols chosen, not in the ideas which he 
symbolizes. Moreover it is not practically desirable, in the case of the 
sum or product of two numbers, to avoid this formal defect, since the 
resulting cumbrousness becomes intolerable. 

116. It is easy to deduce from the above definitions the usual 
connection of addition and multiplication, which may be thus stated. 
If A: be a class of b mutuallv exclusive classes, each of which contains 
a terms, then the logical sum of k contains a x ft terms^. It is also 

♦ American Journal Mathenuttiee, Oct 1902. 

t Math* Annalen, Vol. xlvi, § 3. { See Wliiteliead, loc^ eft 
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easy to obtain the definition of a\ and to prove the associative and dis- 
tributive laws, and the formal laws for powers, such as But 

it is to be observed that exponentiation is not to be regarded as a new 
independent operation, since it is merely an application of multipli- 
cation, It is true that exponentiation can be independently defined, 
as is done by Cantor*, but there is no advantage in so doing. Moreover 
exponentiation unavoidably introduces ordinal notions, since is not in 
general equal to 6®. For this reason we cannot define the result of an 
infinite number of exponentiations. Powers, therefore, are to be regarded 
simply as abbreviations for products in which all the numbers multiplied 
together are ecjual. 

From the data which we now possess, all those propositions which 
hold equally of finite and infinite numbers can be deduced. The next 
step, therefore, is to consider the distinc;tion between the finite and the 
infinite. 

* Lor. tit.y § 4 . 



CHAPTER XIII. 

FINITE AND INFINITE. 

117. Thk purpose of the present chapter is not to discuss the philo- 
sophical difficulties concerning the infinite, which are postponed to 
l*art V. For the present I wish inerelv to set forth briefly the mathe- 
matical theory of finite and infinite as it appears in the theory of 
cardinal numbers. This is its most fundamental form, and must he 
understood bi?fore the ordinal infinite can be adecjuately explained*. 

liCt u be any class, and let i/' be a class formed by taking away one 
term x from u. llien it may or may not happen that u is similar to u\ 
For example, if u be the class of all finite nunilx^rs, and u' the class of 
all finite numliers except 0, the terms of u are obtained by adding 1 to each 
of the terms of i/, and this correlates one term of u with one of w' and zwe 
verfth^ no term of either Ixiiig omitted or taken twice over. Thus n is 
similar to u. But if u consists of all finite nunil)ers up to 7?, where n is 
some finite nunilxir, and u consists of all these except 0, then ti is not 
similar to u. If there is one term x which can be taken away from n to 
leave a similar class u\ it is easily pn)vetl that if any otlier term y is 
taken away instead of x we also get a class similar to u. When it is 
possible to take away one term from u and leave a chiiss u similar to u, 
we say that u is an iitfinite class. When this is not possible, we say that 
w is a Jinite class. From these definitions it follows that the null-class is 
finite, since no tenn can he taken from it. It is also easy to prove that 
if u be a finite class, the class formed by adding one term to u is finite ; 
and conversely if this class is finite, so is u. It follows from the definition 
that the numbers of finite classes other than the null-class are altered 
by subtracting 1, while those of infinite classes are unaltered by this 
operation. It is easy to prove that the same holds of the addition of 1. 

118. Among finite classes, if one is a proper part of another, the 
one has a smaller number of tenns than the other. (A p^opc^r part is 
a part not the whole.) But among infinite classes, this no longer holds. 

* On the present topic cf. ('aiitor, Jliaih. Annaien, VoL xlvi, §§ 5, 6, where 
most of what follows will he found. 
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This distinction is, in fact, an essential part of the above definitions of 
the finite and the infinite. Of two infinite clasps, one may have a 
greater or a smaller number of terms than the other. A class u is said 
to be greater than a class i», or to have a number greater than that of n, 
when the two are not similar, but v is similar to a proper part of u. It 
is known that if u is similar to a proper part of n, and r to a proper 
part of u (a case which can only arise when u and v are infinite), then u 
is similar to v\ hence “ u is gi-eater than v ” is inconsistent with v is 
greater than w.” It is not at present known whether, of two different 
infinite numbers, one must be greater and the other less. But it is known 
that there is a least infinite number, Le. a number which is less than any 
different infinite number. Tliis is the number of finite integers, which 
will be denoted, in the present work, by a©*. This number is capable of 
several definitions in which no mention is made of the finite numbers. In 
the first place it may be defined (as is implicitly done by Cantorf ) by means 
of the principle of mathematical induction. This definition is as followsj’^ 
etc is the number of any class u which is the domain of a one-one relatioi r 
Ry whose converse domain is contained in but not coextensive with «, 
and w'hich is such that, calling the term to which x has the relation R 
the Amcesmr of j?, if ^ be any class to which belongs a term of u which is 
not a successor of any other term of w, and to which belongs the successor 
of every term of u which belongs to then every term of u belongs to h. 
Or again, we may define oto as follow^s. I-»et be a transitive and asym- 
metrical relation, and let any two different terms of the field of P have the 
relation P or its converse. Further let any class u contained in the field 
of P and having successors (i.e. terms to which every term of u has the 
relation P) have an immediate successor, i.e. a tenn whose predecessors 
either belong to u or precede some term of n ; let there l)e one term of 
the field of P which has no predecessors, but let every term which has 
predecessors have successors and also have an immediate predecessor ; 
then the number of terms in the field of P is Qq. Other definitions may 
be suggested, but as all are equivalent it is not necessary to multiply 
them. The following characteristic is important : Every class whose 
number is ff® can be arranged in a series having consecutive terms, a 
beginning but no end, and such that the number of predecessors of any 
term of tlie series is finite ; and any series having these characteristics 
has the number ao. 

It is very easy to show that every infinite class contains classes whose 
number is a®- For let u be such a class, and let f>e a term of u. 
Then u is similar to the class obtained by taking away which we will 
call the class w,. 'I'hus i/j is an infinite class. From this we can take 

♦ Cantor employs for this number the Hebrew Aleph with the suffix 0, hut this 
notation is inconvenient. 

. V i Muih, *Annalen, Vol. xlvi, § 6. 
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away a term j?,, leaving an infinite class ami so on. l%e series of 
terms is contained in and is of the type which has the 

number ao. From this point we can advance to an alt^ative definition 
of the finite and the infinite by means of mathematical induction, which 
must now be explained. 

119. If n be any finite number, the number obtained by adding 
1 to n is also finite, and is different from n. Thus beginning with 0 
we can form a series of numbers by successive additions of 1. We 
may define finite nuinbens, if we choose, as those numbers that can be 
obtained from 0 by such steps, and that obey mathematical induction. 
Thtit is, the class of finite numbers is the class of numbers which is 
contained in every class to which I>elongs 0 and the successor of every 
number belonging to where the successor of a number is the number 
obtained by adding 1 to the given number. Now a, is not such a 
number, since, in virtue of propositions already proved, no such number 
is similar to a pail of itself. Hence also no number greater than a, 
is finite according to the new definition. Hut it is easy to prove that 
every numlxjr less than is finite with the new definition as with the 
old. Hence the two definition.s are equivalent. Thus we may define 
finite numbers either as those that can be rt'aclu*d by mathematical 
induction, starting from 0 and increa.sing by 1 at each step, or as those 
of classes which are not similar to tlie parts of themsc»lvt*s obtained by 
taking away single terms. These two definitions are btith frequently 
employed, and it is important to reali/A; that either is a consequence 
of the other. Both will (K*cupy us much hereafter; for the present 
it is only intended, without controversy, to set forth the bare outlines 
of the mathematical theory of finite and infinite, leaving the details to 
be filled in during the course of the work. 



CHAPTER XIV. 


THEORY OF FINITE NUMBERS. 

120. Having now clearly distinguished the finite from the infinite*, 
we can devote ourselves to the consideration of finite nuniljcrs. It is 
customary, in the best treatises on the elements of Arithmetic*, not to 
define number or particular finite numbers, but to begin with certain 
axioms or primitive propositions, firom which all the ordinary results 
are shown to follow. This method makes Arithmetic into an in- 
dependent study, instead of regaixling it, as is done in the present 
work, as merely a development, without new axioms or indefinables, of a 
certain branch of general Logic. For this reason, the method in question 
seems to indicate a less degree of analysis than that adopted here. I 
shall nevertheless begin by an exposition of the more usual methcxl, 
and then proceed to definitions and proofs of what are usually taken 
as indefinables and indemonstrables. h\>r this purpose, 1 shall take 
Peano’s exposition in the Fonnulaire^^ which is, so far as I know, 
the be.st from the point of view of accuracy and rigour. This exposition 
has the inestimable merit of showing that all Arithmetic can be de- 
velojjed from three fundamental notions (in addition to those of general 
Logic) and five fundamental propositions concerning these notions. It 
proves also that, if the three notions be regarded as determined by the 
five propositions, these five propositions are imitally independent. 'ITiis 
is shown by finding, for each set of four out of the five propositions, 
an interpretation which renders the remaining proposition false. It 
therefore only remains, in order to connect Peano’s theory with that 
here adopted, to give a definition of the three fundamental notions and 
a demonstration of the five fundamental propositions. When once this 
has been accomplished, we know with certainty that everything in the 
theory of finite integers follows. 

* Except Frege's Grandgesetze der Arithmetik (Jena, 189f3). 

t F» 1901, Part II and F. 1899, § 20 ff. F. IWl differs from earlier editions in 
making number is a class ” a primitive proposition. 1 regard this as unnecessary, 
«nce it is implied by 0 is a number." I therefore follow the earlier editions. 
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Peaiio''8 three indefinables finite integer*^ and successor of. 

It is assumed, as part of the idea of succession (though it would, 

I think, be better to state it as a separate axiom), that eveiy number 
has one and only one successor. (By successor is meant, of course, 
immediate successor.) Peano’s primitive propositions are then the 
following. (1) 0 is a number. (2) If a is a number, the successor of 
a is a number. (3) If two numbers have the same successor, the two 
numbers are identical. (4) 0 is not the successor of any number. 
(5) If s l)e a class to which belongs 0 and also the successor of every 
number belonging to then every number belongs to s. The last of 
these propositions is the principle of mathematical induction. 

121. Tlic mutual independence of these five propositions has been 
demonstrated by Peano and Padoa as followsf. (1) Giving tlie usual 
meanings to 0 and successor^ but denoting by number finite integers 
other than 0, all the above propositions except the first are true, 

(2) Giving the usual meanings to 0 and smxessor^ but denoting by 
number only finite integt^rs less than 10, or less than any other specified 
finite integer, all the above propositions are true except the second. 

(3) A series which lx‘gins by an antiperiod and then becomes periodic 
(for example, the digits in a decimal which bec'omes recurring after a 
certain number of places) will satisfy all the above propositions except 
the thinl. (4) A periodic series (such as the hours on the clock) 
satisfies all except the fourth of the primitive propositions. (5) Giving 
to smressor the meaning greater by 2, so that the successor of 0 is 2, 
and of 2 is 4, and so on, all the primitive propositions are satisfied 
except the fifth, w'hich is not satisfied if s be the class of even numbers 
including 0. Thus no one of the five primitive propasitions can be 
deduced from the other four. 

122. Peano points out (/be. cii.') that other classes besides that of 
the finite integers satisfy the above five propasitions. What he says 
is as follows : ‘‘ There is an infinity of systems satisfying all the primitive 
propositions. They are all verified, r.^., by replacing number and 0 by 
number other than 0 and 1. All the systems which satisfy the primitive 
propositions have a one-one correspondence with the numbers. Number 
is what is obtained from all these systems by abstraction ; in other 
words, number is the system which has all the properties enunciated 
in the primitive propositions, and those only,*^ This observation appears 
to me lacking in logical correctness. In the first place, the question 
arises : How are the various systems distinguished, which agree in satis- 
fying the primitive propositions ? How, for example, is the system 
beginning with 1 distinguished from that beginning with OP To this 

* Hiroughout the rest of this chapter, 1 shall use number as Bynon 3 rmouB with 
finite integer. 

t F. 1809, p. 30. 
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question two different answers may be given. We may say that 0 and 
1 are both primitive ideas, or at least that 0 is so, and that therefore 
0 and 1 can be intrinsically distinguished, as yellow and blue are dis- 
tinguished. But if wc take this view — which, by the way, will have to 
be extended to the other primitive ideas, number and succession — we 
diall have to say that these three notions are what I call constants, 
and that there is no need of any such process of abstrac^tioii as Peano 
speaks of in the definition of number. In this method, 0, number, and 
succession appear, like other indehnableK, as ideas which must be simply 
recognized. Their recognition yields what mathematicians call the 
existence-theorem, i.c. it assures us that there really are numbers. 
But this process leaves it doubtful whether numbers are hgiial constants 
or not, and therefore makes Arithmetic, accoixling to the definition in 
Part I, Chapter i^prima facie a branch of Applied Mathematic:s. More- 
over it is evidently not the pi*ocess which Peano has in mind. The 
other answer to the question consists in regarding 0, number, and 
succession as a class of three ideas belonging to a rertain class of trios 
defined by the five primitive propositions. It is very easy so to state 
the matter that the five primitive propositions become transformed into 
the nominal definition of a rertain class of trios. There are then no 
longer any indefinables or indemonstrables in our theory, which has 
become a pure piece of Logic. But 0, number and sucitjssion become 
variables, since they are only detennined as one of the class of trios : 
morefiver the existenc‘e-theorem now becomes doubtful, since we cannot 
know, except by the discovery of at least one actual trio of this class, 
that there are any such trios at all. One actual trio, however, would 
be a constant, and thus we retjuire some methixl of giving constant 
values to 0, number, and succession. What we can show is that, if there 
is one such trio, there are an infinite number of them. For by striking 
out the first term from any class satisfying the conditions laid down 
concerning number, we always obtain a class which again satisfies the 
conditions in question. But even this statement, since the meaning of 
number is still in question, must be differently worded if circularity 
is to l)e avoided. Moreover we must ask ourselves : Is any process of 
abstraction from all systems satisfying the five axioms, such as Peano 
contemplates, logically possible ? Every term of a class is the term it 
is, and satisfies some proposition which become false when another term 
of the class is substituted. There is therefore no tenn of a class which 
has merely the properties defining the class and no others. What 
Peano's proc^ess of al^traction really amounts to is the consideration of 
the class and variable members of it, to the excltision of constant 
members. For only a variable member of the class will have only the 
jproperties by which the class is defined. Thus Peano does not succeed 
in indicating any constant meaning for 0, number, and succession, nor 
m that any constant meaning is possible, since the existence- 
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theorem is not proved. His onlj method, therefore, is to say that at 
least one such constant meaning can be immediately perceived, but is 
not definable. This method is not logically unsound, but it is wholly 
different fiom the impossible abstraction which he suggests. And the 
proof of the mutual independence of his five primitive propositions is 
only nccessaiy in order to show that the definition of the class of trios 
determined by them is not redundant. Redundancy is not a logical 
error, but merely a defect of what may be called style. My object, in 
the above account of cardinal numbers, has been to prove, from general 
Logic, that there is one constant meaning uhich satisfies the above five 
pro{>ositions, and that this constant meaning should be called number, 
or rather finite canlinal number. And in this way, new indefinables 
and indemonstrables are wholly avoided ; for when we have shown that 
the class of trios in question lias at least one member, and when this 
member has been used to define number, we easily show that the class 
of trios has an infinite number of members, and we define the class 
by means of the five properties enumerated in Peano's primitive proposi- 
tions. For the comprehension of the connection between Mathematics 
and I.iOgic, this point is of great importance, and similar points will 
occur constantly throughout the present work. 

123. In order to bring out more clearly the difference between 
Peano’s priK'edure and mine, I shall here repeat the definition of the 
class satisfying his five primiti\e propositions, the definition of fodU 
number^ and the proof, in the tase of finite numbers, of his five primitive 
propositions. 

The class of clasvses satisfying his axioms is the same as the class of 
classes whose cardinal niimlKT is i,e. the class of classes, according to 
my theory, which h a^. It is most simply defined as follows; is the 
class of classes u eacli of w hich is the domain of some one-one relation X 
(the relation of a term to its successor) w'hich is such that there is at 
least one term which suawds no other term, e\ery term which succeeds 
has a successor, and u is contained in any class s which contains a term 
of u having no predecessors, and also contains the suc*cessor of every 
term of u which Ix'long.? to , 9 , This definition includes Peano's five 
primitive propositions and no more. Thus of every such class all the 
usual propositions in the arithmetic of finite numbers can be proved: 
addition, multiplication, fractions, etc. can be defined, and the whole of 
analysis can be developed, in so far as complex numbers are not involved. 
But in this whole development, the meaning of the entities and relations 
which occur is to a cer^in degi'ee indeterminate, since the entities and 
the relation with which we start are variable members of a certain dass. 
Moreover, in this w'hole development, nothing shows that there are sudi 
classes as the definition speaks of. < 

In the logical theoiy of cardinals, we start from the opposite end. 
We first define a certain dass of entities, and then show that this dass 
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of entities belongs to the class a, above defined. This is done as follows. 
(1) 0 is the class of classes whose only member is the null-class. (3) A 
number is the class of all classes similar to any one of themselves. (3) 1 is 
the class of all classes which are not null and are such that, if x belongs to 
the class, the class without x is the null-class ; or such that, if x and y 
belong to the class, then x and y are identical. (4) Having shown that 
if two classes be similar, and a class of one term be added to each, the 
sums are similar, wt define that, if « be a number, 7i -h 1 is the number 
resulting from adding a unit to a class of n terms. (5) Finite numbers 
are those belongijig to every class ,? to which belongs 0, and to which 
w-fl belongs if n belongs. This completes the definition of finite 
numbers. We then have, as regai*ds the five propositions which Peano 
assumes: (1) 0 is a number. (3) Meaning w-hl by the successor of n, 
if n be a number, then 7i-|- 1 is a numl)er. (3) If 7« -I* 1 == m -f 1, then 
w = m. (4) If 71 l)e any number, w -h 1 is different from 0. (5) If be 

a class, and 0 belongs to this class, and if when n Ixjlongs to it, 7i -f- 1 
belongs to it, then all finite numbers belong to it. Thus all the five 
essential properties are satisfied by the class of finite .numbers as above 
defined. Hence the class of classes has members, and the class finite 
number is one definite menilKT of Tliere is, therefore, from the 
mathematical standpoint, no need whatever of new indefinables or 
indemonstrables in the whole of Arithmetic and Analysis. 



CHAPTER XV. 

ADDITION OF TERMS AND ADDITION OF CLASSES. 

124. Having now briefly set forth the piathematical theory of 
cardinal numbers, it is time to turn our attention to the philosophical 
questions raistxl by this theory. I shall begin by a few preliminary 
remarks as to the distinction between philosophy and mathematics, and 
as to the function of philosophy in such a subject as the foundations of 
mathematics. The following observations are not necessarily to be 
regardc'd as applicable to other branches of philosophy, since they are 
derived specially from the consideration of the problems of logic. 

The distinction of philosophy and mathematics is broadly one of 
point of view : mathematic's is constructive and deductive, philosophy is 
critical, and in a certain impersonal sense tx)ntroversial. Wherever we 
have deductive reasoning, w'e have inatheinatic*s ; but the principles of 
deduction, the recognition of indefinable entities, and the distinguishing 
between such entities, are the business of philosophy. Philosophy is, in 
fact, mainly a question of insight and pert'eption. Entities which are 
perceived by the so-calle<l senses, such as i*olours and sounds, are, for 
some reason, not common Iv rogaitled as coining within the scope of 
philosophy, except as reganls the more abstract of their relations ; but 
it seems highly doubtful whether any such exclusion can be maintained. 
In any case, however, since the present work is essentially unconcerned 
with sensible objects, we may cxjnfine our remarks to entities which are 
not regarded as existing in space and time. Such entities, if we are to 
know anything about them, must be also in some sense perceived, and 
must l>e distinguished one fn>m another; their relations also must be 
in part immediately apprehended. A certain Ixxly of indefinable entities 
and indemonstrable propositions must fonn the starting-point for any 
mathematical reasoning ; and it is this starting-point that concenis the 
philosopher. When the philosopher’s work has been perfectly accom- 
plished, its results can be wholly embodied in pi^misses from whidi 
deduction may proceed. Now it follows from the very nature of such 
inquiries that results may be disproved, but can never be proved. The 
disproof will consist in pointing out contradictions and inconsistencies; 
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but the absence of these can never amount to proof. ^11 depends, in 
the end, upon immediate perception; and philosophical argument, 
strictly speaking, consists mainly of an endeavour to cause the reader to 
perceive what has been perceived by the author. The argument, in 
short, is not of the nature of proof, but of exhortation. Thus the 
question of the present chapter : Is there any indefinable set of entities 
commonly called numbers, and different from the set of entities above 
defined? is an essentially philosophical question, to be settled by in- 
spection rather than by accurate chains of reasoning. 

126. In the present chapter, we shall examine the question whether 
the above definition of cardinal numbers in any way presupposes some 
more fundamental sense of number. There are sever^ ways in which 
this may be supposed to be the case. In the first plac^, the individuals 
which compose classes seem to be each in some sense one, and it might 
be thought that a one-one relation could not be defined without in- 
troducing the number 1. In the second place, it may very well be 
questioned whether a class which has only one term can be distinguished 
from that one term. And in the third place, it may be held that the 
notion of cktsa presupposes number in a sense different from that alcove 
defined: it may be maintained that classes arise from the addition of 
individuals, as indicated by the word ond, and that the logical addition 
of classes is subsequent to this addition of individuals. These questions 
demand a new inquiry into the meaning of one and of eUwt^ and here, 
I hope, we shall find ourselves aided by the theories set forth in Part I. 

As regards the fact that any individual or term is in some sense one, 
this is of course undeniable. But it does not follow that the notion of 
one is presupposed when individuals are spoken of : it may l)e, on the 
contrary, that the notion of term or individual is the fundamental one, 
from which that of one is derived. This view was adopted in Part I, 
and there seems no reason to reject it. And as for one-one relations, 
they are defined by means of identity, without any mention of o/ic, as 
follows : i? is a one-one relation if, when x and x' have the relation R to 
y, and x has the relation R to y and y\ then x and x are identical, and 
so are y and y\ It is true that here jr, jy, a/, y are each one term, but 
this is not (it would seem) in any way presupposed in the definition. 
This disposes (pending a new inquiiy into the nature of classes) of the 
first of the above objections. 

The next question is as to the distinction between a class containing 
only one member, and the one member which it contains. If we could 
identify a class with its defining predicate or class-concept, no difficulty 
would arise on this point. When a certain predicate attaches to one 
imd only one term, it is plain that that term is not identical with the 
predicate in question. But if two predicates attach to precisely the 
same terms, we should say thkt, although the predicates are different, 
the classes which they define are identical, ix, there is only one class 
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which both define. If, for example, all featherless bipeds are men, and 
all men are fcatherless bipeds, the classes men and ft(dherU»n bipeds are 
identical, though man differs fn>m featherless biped. This shows that a 
class cannot be identified with its class-concept or defining predicate. 
There might seem to be nothing left except the actual terms, so that 
when there is only one term, that term would have to he identical with 
the class. Yet for many formal reasons this view cannot give the 
meaning of the symbols which stand for classes in symbolic logic. For 
example, consider the class of numbers which, added to 3, give 5. This 
is a class containing no terms except the number 2. But we can say 
that 2 is a member of this class, ie. it has to the class that peculiar 
indeHnable relation which terms have to the classes they belong to. 
This seems to indicate that the class is different from the one term. 
The point is a prominent one in Peano’.s Symbolic l^gic, and is con- 
nected with his distinction l>etween the reflation of an individual to its 
class and the relation of a class to another in which it is contained. 
Thus the class of nuinlx'rs which, added to 3, give 5, is contained in the 
class of numlxrs, but is not a number; whereas 2 is a number, but is 
not a class contaiiiKl in the class of numbers. To identify the two 
relations wliich IVaiio distinguishes is to wiuse havtx* in the theoiy of 
infinity, and to destroy the formal prticision of many arguments and 
definitions. It swms, in fact, indubitable that Peano’s distinction is 
just, and that some way must be found of discriminating a term from 
a class containing that term only. 

126. In onler to decide this point, it is nwc^ssary to pass to our 
thin! difficulty, and reconsider the notion of class itself. 'Phis notion 
appears to l>e connected with the notion of denoting^ explained in Part I, 
('hapter v. Wc there' jmintt'd out five ways of denoting, one of which 
we called the numerical conjunction. This was the kind indicated by aU. 
This kind of conjunction appears to l)e that which is relevant in the 
case of classes. For example, man being the class-concx'pt, all jnen will 
be the class. But it w ill not be all men qua concept which will be the 
class, but what this concept denotc,s, i.e. certain terms combined in the 
particular way indicated by aU. The way of combination is essential, 
since any man or some man is plainly not the class, though either denotes 
combinations of prccisely the same terms. It might seem as though, if 
we identify a class with the numerical conjunction of its terms, we must 
deny the distinction of a term from a class whose only member is that 
term. But we found in Cliapter x that a class must be always on object 
of a different logical type from its members, and that, in order to avoid 
the proposition xea^y this doctrine must be extended even to classes 
which have only one member. How far this forbids us to identify 
classes with numerical conjunctions, I do not profess to decide ; in any 
the distinction between a term andHhe class whose only memb^ 
it is must be made, and yet classes must be taken extenstonally to the 
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degree involved in their being determinate when their members are 
given. Such classes are called by Frege Werthverldt^e\ and cardinal 
numbers are to be regarded as classes in this sense. 

127. There is stilU however, a certain difficulty, which is this: a 
class 9eem8 to be not many terms, but to be itself a single term, even 
when many terms are members of the class. This difficulty would seem 
to indicate that the class cannot be identified with all its members, but 
is rather to be regarded as the whole which they a)mpose. In order, 
however, to state the difficulty in an unobjectionable manner, we must 
exclude unity and plurality from the statement of it, since these notions 
were to be defined by means of the notion of class. And here it may be 
well to clear up a point which is likely to oc‘cur to the reader. Is the 
notion of one presupposed every time wc speak of a term ^ A term, 
it may be said, means one term, and thus no statement can be maiie 
concerning a term without presupposing one. In some sense of one, this 
proposition seems indubitable. Whatever is, is one: being and one, as 
Leibniz remarks, are convertible terms It is difficult to be sure how 
far such statements are merely grammatical. For although whatever 
is, is one, yet it is equally true that whatever are, are many. But the 
truth seems to be that the kind of object which is a class, i.e. the kind 
of object denoted by aU men^ or by any conc^ept of a class, is not one 
except where the class has only one term, and must not l)e made a single 
logical subject. There is, as we said in Part I, Chapter vi, in simple cases an 
associated single term which is the class as a whole ; but this is sometimes 
absent, and is in any case not identical with the class as many. But in 
this view there is not a contradiction, as in the theory that verbs and 
adjectives cannot be made subjects ; for assertions can be made about 
classes as many, but the subject of such assertions is many, not one only 
as in other assertions. “ Brown and Jones are two of Miss Smith’s 
suitors ” is an assertion about the class “ Brown and Jones,” but not 
about this class considered as a single term. Thus one-ness belongs, in 
this view, to a certain type of logical .subjects, but classes which are not 
one. may yet have assertions made about them. Hence we conclude that 
one-ness is implied, but not presupposed, in statements about a term, 
and ‘^a term” is to be regarded as an indefinable. 

128. It seems necessary, however, to make a distinction as regards 
the use of one. The sense in which every object is which is 
apparently involved in speaking of an object, is, as Frege urges +, a very 
sl^owy sense, since it is applicable to everything alike. But the sense 
in which a class may be said to have one member is quite precise. 
A class u has one member when u is not null, and and y are w's*” 
implies " x is identical with jy.” Here the one-ness is a prepay of the 

* Ed. Gerhardt, ii, p. 300. 

t Gfuwilagen 4er Arithmetik^ Breslau, 1884, p. 40. 
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class, which may therefore be called a unit-<;lass. The x which is its 
only member may be itself a class of many terms, and this shows that 
the sense of one involved in one term or a term is not relevant to 
Arithmetic, for many terms as such may be a single member of a class 
of classes. One^ therefore, is not to be asserted of terms, but of classes 
having one member in the above-defined sense ; i.e. “ u is one,^ or better 
“ u is a unit means “ n is not null, and ‘ x and y are m’s implies ‘ x 
and y are identical The member of u, in this case, will itself be none 
or one or many if t/ is a claas of classes ; but if u is a class of terms, 
the member of t/ will be neither none nor one nor many, but simply 
a term. 

129. The commonly received view, as regards finite numbers, is that 
they result from hunting, or, as some philosophers would prefer to 
say, fnmi synthesizing. I J'n fortunately, those who hold this view have 
not analyzed the notion of counting: if they had done so, they would 
have seen tliat it is very complex, and presupposes the very numbers 
which it is supp>sed to generate. 

The process of counting has, of course, a psychologicAl aspect, but 
this is quite irrelevant to the theory of Arithmetic. What I wish now 
to jK)int out is the logical pnicess involved in the act of counting, which 
is as follows. When we say one, two, three, etc., we are necessarily 
considering some one-one relation which holds lietween the numbers used 
in counting and the ohjtvts countid. IVhat is meant by the one, two, 
thret*’" is that the objects indicated by these numlx?rs are their correlates 
with ix'spect to the relation which we have in mind. (ITiis relation, by 
the way, i.s usually extremely complex, and is apt to invobe a reference 
to our state of mind at the moment.) Thus w e corrt.‘late a class of objects 
with a class of numbers ; aiul the class of numbers amsists of all the 
numbt‘rs fn>m 1 up to some iiuml>er n. The only immediate inference to be 
drawn from this correlation is, that the numlx^r of objects is the same as 
the number of numix^rs from 1 up to n. A further prtxess is required to 
show that this number of numbers is 7^, which is only true, as a matter 
of fact, when n is tinite, or, in a certain wider sense, when n is Oo (the 
smallest of infinite numbers). Moreover the process of counting givers us 
no indication as to what the numbers are, os to why they form a series, 
or as to how it is to be proved (in the cases where it is true) that there 
are ?i numbers from 1 up to w. Henc*e counting is irrelevant in the 
foundations of Arithmetic ; and with this conclusion, it may lx? dismissed 
until wc come to order and ordinal numbers. 

130. lict us return to the notion of the numerical conjunction. It 
is plain that it is of such objects as ** A and “ A and B and C,"” 
that numbers other than one are to be assert<?d. We examined such 
objects, in Part I, in relation to classes, with which we found them to 
be identical. Now we must investigate their relation to numbers and 
plurality. 
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The notion to be now examined is the notion of a numerical 
conjunction or, more shortly, a coUedion, This, is not to be identified, 
to b^n with, with the notion of a class^ but is to receive a new and 
independent treatment. By a collection I mean what is conveyed by 
“ A and or “ -4 and B and or any other enumeration of definite 
terms. The collection is defined by the actual mention of the terms, 
and the terms are connected by and. It would seem that and represents 
a fundamental way of combining terms, and it might be urg^ that 
just this way of combination is essential if anything is to result of which 
a number other than 1 is to be asserted. Collections do not presuppose 
numbers, since they result simply from the terms together with and: 
they could only presuppose numbers in the particular case where the 
terms of the collection themselves presupposed numbers. There is a 
grammatical difficulty which, since no method exists of avoiding it, 
must be pointed out and allowed for. A collection, grammatically, is 
one, whereas A and B, or A and B and C, are essentially many. The 
strict meaning of collection is the whole composed of many, but since a 
word is needed to denote the many themselves, I choose to use the word 
collection in this sense, so that a collection, according to the usage here 
adopted, is many and not one. 

As regards what is meant by the combination indicated by and^ it 
gives what we called before the numerical conjunction. That is A and 
B is what is denoted by the concept of a class of which A and B are 
the only terms, and is precisely A and B denoted in the way which is 
indicate by aU. We may say, if w be the class-concept corresponding 
to a class of which A and B are the only terms, that “all w’s’’ is a 
concept which denotes the terms A^B combine<l in a certain way, and 
A and B are those terms combined in precisely that way. Thus A and 
B appears indistinguishable from the class, though distinguishable from 
the class-concept and from the concept of the class. Henct; if n lx‘ a 
class of more than one term, it seems necessary to hold that tt is not 
one, but many, since u is distinguished both from the class-concept and 
from the whole coin[K)scd of the terms of m*. Thus we are brought back 
to the dependence of numbers upon classes; and whei'e it is not said 
that the classes in question are finite, it is practically necessary to begin 
with class-concepts and the theory of denoting, not with the theory of 
and which has just been given. The theory of and applies practically 
only to finite numbers, and gives to finite numbers a position which is 
different, at least psychologically, from that of infinite 1101111x1-8. Tliere 


* A conclusive reason against identifying a class with the whole coin}M>sed of its 
terms is, that one of these terms may be the class itself, as in the case “class is a 
class,” or rather “classes are one among classes.” llie logical type of the class ciaint 
is of an inhiiite order, and therefore the usual objection to “.rcj?*’ does not apply in 
this case. 
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are, in short, two ways of defining particular finite classes, but there is 
only one practicable way of defining particular infinite classes, namely 
by intension. It is largely the habit of considering classes primarily 
from the side of extension which has hitherto stood in the way of a 
correct logical theory of infinity. 

131. Addition, it should he carefully observed, is not primarily a 
method of fonning numbers, but of forming classes or collections. If 
we add B to A ^ we do not obtain the number 2, but we obtain A and 
which is a collection of two terms, or a couple. And a couple is defined 
as follows : u is a couple if ti has terms, and if, if j" be a term of ?/, there 
is a terra of u different from j', but if x, y be different terras of «, and z 
differs from jt and from ;y, then every class to which z belongs differs 
from M. In this definition, only diversity occurs, together with the 
notion of a class having terms. It might no doubt be objected that we 
have to take just two terms x, y in the above definition : but as a 
matter of fact any finite numl>er can be defined by induction without 
introducing more than one term. For, if w has been defined, a class u 
has w 4 1 terms w hen, if j' be a tenn of m, the number of terms of u 
which differ from j* is ii. And the notion of the arithmetical sum w4 1 
is obtaincKl fnmi that of the logical sum of a class of n terras and a class 
of one term. When we s»iy 1 + 1 = 2, it is not possible that we should 
mean 1 and 1, since there is only one 1 : if we take 1 as an individual, 
1 and 1 is nons^mse, while if we take it a> a class, the rule of Symbolic 
Logic applies, actrorcling to which 1 and 1 is 1. "flius in the corresponding 
logical proposition, we have on the left-hand side terms of which 1 con 
be asserted, and on the right-hand side we have a couple. That is, 
1+1=2 means “ one term and one term are tw o terms, or, stating the 
proposition in terms of variables, **if n has one term and r has one 
term, and n diffei's from their logical sum has two terms.’’ It is to be 
o!)served that on the left-hand side we have a numerical ix)nj unction of 
propositions, while on the right-hand side we have a proposition con- 
cerning a numerical conjunction of terms. But the true premiss, in the 
above proposition, is not the conjunction of the three propositions, but 
their logical product. This |K)int, however, has little iniporiance in the 
present connection. 

132. Thus the only point which remains is this ; Dch?s the notion 
of a terra presuppose the notion of 1 ? For we have seen that all 
numbers except 0 involve in their definitions the notion of a term, and 
if this in turn involves 1, the definition of 1 becomes circular, and 1 will 
have to be allowed to be indefinable. This objection to our procedure 
is answered by the doctrine of § 128, that a term is not ofie in the sense 
which is relevant to Arithmetic, or in the sense which is opposed to 

The notion of anff term is a logical indefinable, presupposed in 
formal truth and in the whole theory of the variable ; but this notion is 
that of the variable conjunction of terms, which in no way involves the 
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number 1. There is therefore nothing circular in defining the number 1 

means of the notion of a term or of any term. 

To sum up: Numbers are classes of classes, namely of all classes 
similar to a given class. Here classes have to be understood in the 
sense of numerical conjunctions in the case of classes having many 
terms ; but a class may have no terms, and a class of one term is distinct 
from that term, so that a class is not simply the sum of its terms. Only 
classes have numbers ; of what is commonly called one object, it is not 
true, at least in the sense required, to say that it is one, as appears from 
the fact that the object may be a class of many terms. “ One object ^ 
seems to mean merely “ a logical subject in some proposition.'” Finite 
numbers are not to be regarded as generated by counting, which on the 
contrary presupposes them ; and addition is primarily logical addition, 
first of propositions, then of classes, fmm which latter ainth metical 
addition is derivative. The assertion of numbei's depends upon the fact 
that a class of many terms can be a logical subject without being 
arithmetically one. Thus it appeared that no philosophical argument 
could overthrow the mathematical theory of cardinal numbers set forth 
in Chapters xi to xiv. 



CHAPTER XVI. 

WHOLE AND PART. 


133. Foil the coinpreliension of analysis, it is necessary to investigate 
the notion of whole and part, a notion which hiis lxfi*n wrapped in 
obscurity — ttiough not without certain more or less valid logical 
reasons — by the writers who may lx» roughly called Hegelian. In the 
present c-hapter I shall do rny lK*st to set forth a straightforward and 
non-mystical theory of the subje< t, leaving controversy as far as po.ssible 
on one side. It may lx well to {x>int out, to Ixgin with, that I shall 
use the word zchoh as strictly corri'lative to party so tliat nothing will 
lx callt^l a whole unless it has parts. Simple terms, such as points, 
instants, colours, or the fundamental concepts of logic, will not be called 
wholes 

IVrms which are not classics may Ixs as we saw’ in the pret'eding 
chapter, of two kinds. The first kind art* simple : the.se may be 
cluiracterized, tliough not defined, by the fact that the propositions 
as.serting the Ixing (>f such terms have no pre^suppositions. The second 
kind of terms that are not classes, on the other hand, are complex, and 
in their case, their Ix’ing presiippoM\s the Ix'ing of ct'rtain other terms. 
\Vhate\tr is not a class i> called a and thus units are either simple 
or complex. A complex unit is a xvhole ; its jxirts are other units, 
whether simple or complex, which are* presupposed in it This suggests 
the possibility of defining whole and j>art l>y means of logical priority, 
H sugge.stion which, though it must be ultimately rejwted, it will be 
necessary to examine at length. 

134. Wherever we have a one-.sidod formal implication, it may be 
urged, if the two propivsitional functions involvtxi art* obtainable one from 
the other by the variation of a single constituent, then what is implied 
is simpler than w'hat implies it. Thus “ Sixratt^s is a man implies 
“ Socrates is a mortal,'*’ hut the latter projx>.sition dixs not imply the 
former; also the latter projxisition is simpler than the former, since 
man is a concept of which mortal forms part. Again, if we take 
ft projKisition asserting a relation of tw’o entities J and By this 
proposition implies the being of A and the being of By and the being of 
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the relation, none of which implies the proposition, and each of which is 
simpler than the proposition. There will only be equal complexity — 
according to the theory that intension and extension vary inversely as 
one another — in cases of mutual implication, such as is greater 
than iff**’ and “5 is less than Thus we might be tempted to set up 
the following definition : A is said to be part of B when B w implies 
A «, but A u does not imply B k. If this definition could be main- 
tained, whole and part would not be a new indefinable, but would be 
derivative from logical priority. There are, however, reasons why such 
an opinion is untenable. 

The first objection is, that logical priority is not a simple relation : 
implication is wsimple, but logical priority of A to B requires not onlv 

implies A^"^ but also does not imply BT (For convenience, 
I sliall say that A implies B when A is implies B is.) This state of 
things, it is true, is realized when A is part of B ; but it seems necessary 
to regard the relation of whole to part as something simple, which must 
be different from any possible relation of one whole to another which is 
not part of it. This w'oiild not result from the alx>ve definition. For 
example, ^^A is greater and better than B"^ implies is less than yf,”" 
but the converse implication does not hold : yet the latter proposition is 
not pari of the former*. 

Another obje<‘tion is derived from such cases as redness and colour. 
These two concepts appear to be equally simple: theiv is no specification, 
other and simpler than redness itself, which can lx‘ added to colour to 
produce redness, in the way in which specifications will tuni mortal into 
vian. Hence A is red is no more complex than A is coloured^ although 
there is here a one-sided implication, Rwlness, in fact, apjx^ai-s to Ix' 
(when taken to mean one particular shiide) a simple concept, which, 
although it implies colour, does not contain colour as a constituent. 
The inverse ixdation of extension and intension, therefore, dexs not hold 
in all cases. For these n*asonh, we must reject, in spite of their \erv 
close connection, the attempt to define whole and part by means of 
implication. 

135. Having failed to define wholes by logical jiriority, we shall 
not, I think, find it possible to define them at all. "ITie iX‘lation of 
whole and pari, is, it would seem, an indefinable and ultimate relation, 
or rather, it is several relations, often confounded, of which one at least 
is indefinable. The relation of a part to a whole must be diffcraitlv 
discussed according to the nature both of the whole and of the parts. 
Lt‘t us begin with the simplest case, and proceed gradually to those that 
are more elaborate. 

(1) Whenever we have any collection of many terms, in the sense 
explained in the preceding chapter, thcie tlie terms, providt*d there is 


* See Part IV, (!hap. xxvii. 
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some non-quadratic propositional function which they all satisfy, together 
form a whole. In the preceding chapter we regarded the class as formed by 
all the terms, but usage seems to show no reason why the class should not 
equally be regarded as the whole composed of all the terms in those cases 
where there is such a whole. The first is the class as many, the second 
the class as one. Each of the terms then has to the whole a certain 
indefinable relation*, which is one meaning of the relation of whole and 
part. The whole is, in this case, a whole of a particular kind, which 
I shall call an aggregate ; it differs from wholes of other kinds by the 
fact that it is definite as soon as its constituents are known. 

(2) Hut the al)ove relation holds only betw^een the aggregate and 
the single terms of the collection composing the aggi'egate : the relation 
to our aggregate of aggregates containing some but not all the terms 
of our aggrt‘gate, is a different relation, though also one which would be 
commonly called a rt‘lation of part to whole. For example, the relation 
of the (ireek nation to the human racx* is different from that of Socrates 
to the human race ; and the relation of the whole of the primes to the 
whole of the niimlKu-s is diffeivnt from that of 2 to the whole of the 
numbers. This most vital distinction is due to Peanof. The relation 
of a subordinate aggregate to one in which it is contained can l>e defined, 
as was explained in Part I, by means of implication and the first kind of 
relation of part to whole. If w, z* Ik? two aggivgates, and for every 
value of X “ is a implies “j' is a r,'* then, }*rovided the converse 
implication d<H‘s not hold, u is a })ro{KT part (in the stTond sen.se) of i’. 
This sense of whole and part, therefore, is derivative and definable. 

(JJ) But there i^ anidher kind of whole, which may calltd a uniiij, 
Sucli a whole is always a pro{K)sition, though it iiml not lx? an mnerted 
proposition. For example, differs fix>m or “‘-■Fs diflei'ence fnmi 
is a complex of which the parts are A and U and difference; but 
this s4*nse of whole and part is diffemd from the previous semses, sincx* 
differs from is not an aggregate, and Inis no j)arts at all in the 
first two .sen.ses of fwut.s. It is jwrts in this thin! sense that are chiefly 
c(»nsidered by philosophei's, while the fiiNt two sense's aix* those usually 
relevant in symlK)lic logic aiul mathematics. This thinl sense? of pari is 
the sense which C4)m sponds to analv.sis : it appeal’s to Ix^ indefinable, 
like the first sense — rc., 1 know no wav of defining ii. It mu.st be he?ld 
that the three semses are always to (x‘ kept distinct : /.c., if A is port 
uf B in one m'usc*, while B is jiart of C in another, it must not be 
inferrexl (in general) that A is part of C in any of the three' .senses. But 
we may make a fourth general .se^nse, in which anything which is part in 

* H Inch may, if we c)iiK>Re, In? taken as Peano’s f The otywtion to thia 
meaning for # m that not every pmpfMitional function deniies a whole of the kind 
reqinred. The whole differs from the clajw as nuuiy by bei’ig of the aame type aa its 
terms. 

t C’f. e,g. F, 11101, § 1, IVop. 4. 4, note (p. li). 
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any sense, or part in one sense of part in another, is to be called a part. 
This sense, however, has seldom, if ever, any utility in actual discussion. 

136. The diffei'ence between the kinds of wholes is important, 
and illustrates a fundamental point in Logic. I shall therefore repeat 
it in other words. Any collection whatever, if defined by a non-€]uadratic 
propositional function, though as such it is many, yet composes a whole, 
whose parts are the terms of the collection or any whole composed of some 
of the terms of the collection. It is highly important to realize the differ- 
ence between a whole and all its parts, even in this case where the difference 
is a minimum. -The word collection^ being singular, applies more strictly 
to the whole than to all the parts ; but convenience of expression has led 
me to neglect grammar, and speak of all the terms as the (!ol lection. 
The whole formed of the tenns of the collection I call an affgregate. 
Such a whole is completely specified when all its simple constituents are 
specified; its parts have no direct connection inter se^ but only the 
indirect connection involved in being parts of one and the same whole. 
But other wholes occur, which contain relations or what may be called 
predicates, not oexjurring simply as terms in a collection, but hs relating 
or qualifying. Such wholes are always propositions. These are not 
completely specified when their parts are all known. Take, as a simple 
instance, the proposition “Af differs from J?,’’* where A and B are simple 
terms. The simple parts of this whole are A and B and differencx? ; but 
the enumeration of these three does not specify the whole, since theixi 
are two other wholes composed of the same parts, namely the aggregate 
formed of A and B and difference, and the pmposition “7? differs 
from A."^ In the former case, although the whole was diffeivnt from 
all its parts, yet it was completely specified by specifying its parts ; but 
in the present case, not only is the whole different, ])ut it is not even 
specified by specifying its parts. We cannot explain this fact by saying 
that the parts stand in certain relations which are omitted in the 
analysis; for in the above case of differs from the relation was 
included in the analy.sis. The fact seems to lx* that a relation is one 
thing w^hen it relates, and another when it is merely enumeratexi as a 
terra in a collection. There are certain fundaimmtal difficulties in this 
view, which how^ever I leave aside as irrelevant to our pres(*nt purpose*. 

Similar remarks apply to A i,y, which is a whole composed of A and 
Beings but is different from the whole forme^l of the collection A and 
Being. A is one raises the same point, and so does A and B are tisH). 
Indeed all propositions raise this point, and we may distinguish them 
among complex terms by the fact that they raise it. 

Thus we see that there are two very different classes of wholes, of 
which the first will be called aggregates^ while the second will be called 
unities, {Unit is a word having a quite dilferent application, since what- 


* See Part I, Chap, iv, esp. § 54. 



Whole and Part 


141 


136-139] 

ever is a class which is not null, and is such that, if x and y be members 
of it, «r and y are identical, is a unit.) Each class of wholes consists of 
terms not simply equivalent to all their parts ; but in the case of unities, 
the whole is not even specified by its parts. For example, the parts J, 
greater than^ iS, may compose simply an aggregate, or either of the 
propositions A is greater than JS,"” is greater than A,^ Unities 
thus involve problems from which aggregates are fn?e. As aggregates 
are more specially relevant to mathematics than unities, I shall in 
future generally confine myself to the former. 

137. It is important to realize that a whole is a new single term, 
distinct from each of its parts and from all of them: it is one, not many*, 
and is relate<l io the parts, but has a being distinct from theirs. The 
reader may [HThaps be inclinc^fl to doubt whether there is any need of 
wdioles other than unities ; but the following reasons seem to make 
aggregates logically unavoidal)le. (1) We .speak of one collection, one 
manifold, etc., and it would s€*em that in all these* ca.sc»s there really is 
something that is a single term. (2) The theory of fractions, as we shall 
shortly see, apj)ears to de|)end jjartly u{K)n aggrt*gates. (3) shall iiiid 
it necessary, in the theory of extensive (piantity, to assume that aggregates, 
even when they are infinite, ha\e what may be called magnitude of 
divisibility, and that two infinite aggregates may have the same number 
of tenns without having the same magnitude of divisibility: this theory, 
we shall find, is indisjxmsable in metrical geometry. For these reasons, 
it would seem, the aggregate must lx? admitted as an entity distinct 
from all it>. constituents, and having to each of them a certain ultimate 
and indefinable relation. 

138. I have alrc^mly touche<l on a very important logical doctrine, 
which the theory of whole and part brings into prominence — I mean the 
doctrine that analysis is falsification. Whatever can lx* analyzed is a 
whole, and we have already S4‘en that analysis of wholes is in some 
measure falsification. But it is important to realize the very narrow 
limits of this dcKtrine. We cannot conclude that the parts of a whole 
art* not really its [>arts, nor that the {>arts are iu)t presupposed in the 
whole in a sense in which the whole is not pn?supposed in the |:>arts, nor 
yet that the logically prior is not usually simpler than the logically 
Kubsc*(|ucnt. In short, though analysis gives us the truth, and nothing 
but the truth, yet it can never give us the whole truth. This is the 
only sense in which the doctrine is to be accepted. In any w ider sense, 
it becomes merely a cloak for laziness, by giving an excuse to those who 
dislike the labour of analysis. 

139. It is to be observed that what we called classes as one may 
always, except where they contain one term or none, or are defined by 
quadratic propositional functions, be interpreted as aggregates. Tlie 


* /.0. It is of the same logical type as its simple parts. 
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logical product of two classes as one will be the common part (in the 
second of our three senses) of the two aggregates, and their sum will 
be the aggregate which is identical with or part of (again in the second 
sense) any aggregate of which the two given aggregates are parts, but is 
neither identical with nor part of any other aggregate*. The relation 
of whole and part, in the second of our three senses, is tmnsitive and 
asymmetrical, but is distinguished from other such relations by the fact 
of allowing logical addition and multiplication. It is this peculiarity 
which forms the basis of the Logical Calculus as developed by writers 
previous to Peano’and Frege (including Schri>der)t. But wherever infinite 
wholes are concerned it is necessary, and in many other cases it is 
practically unavoidable, to begin with a class-concept or predicate or 
propositional function, and obtain the aggregate from this. Thus the 
theory of whole and part is less fundamental logically than that of 
predicates or class-concepts or propositional functions ; and it is for 
this reason that the consideration of it has been postponed to so late 
a stage. 


♦ Cf. Peano, F. 11K)1, § 2, Prop. 10 (p. 19). 
t See e.g, hie Algebra der lj>g\k, Vol. i (Leip/j^. J8.‘H)). 



CHAPTER XVII. 

INFINITE WHOI.Fi?. 

140. lx the prt*sent chapter the spe<‘ial difficulties of iiifinitv are 
not to tx' considered : all these art^ postpontxl to I’art V. My object 
now is to consider two (]uestions : (1) Ai-e there any infinite wholes? 
(52) If so, must an infinite whole which contains parts in the second of 
our three senses lx an a^grt^ji^ate of parts in the first sense ? In oixier to 
avoid the i^eference to the first, second and third senses, I propose hence- 
forward to use the following phra.seology : A part in the first sense is to 
lx callwl a term of the whole* ; a part in the second sense is to be called 
a. part sirnfjly ; and a part in the third sense w ill lx called a comtHaent 
of the whole. Thus terms and [>arts Ixlong to aggregates, while con- 
stituents belong to unities, Hie consideration of aggregates and unities, 
where infinity is concerne<l, must lx sc*parately conducted. I shall begin 
with aggregates. 

An infinite aggregate is an aggrt^gate cx)rres|x>nding to an infinite 
class, i.r. an aggregate which has an infinite number of terms. Such 
aggregates are defined by the fact that they contain parts which have 
as many terms as themselves. Our first cjuestion is : Are there any such 
aggiegates ? 

Infinite aggregates art* often denied. Even Leibniz, favourable as 
he was to the actual infinite, maintained that, when* intinitc classes are 
concerned, it is possible to make valid statements alxiut any term of the 
class, })ut not about (ill the terms, nor yet about the whole which (as he 
would say) they do not coinjxisef. Kant, again, has been much criticised 
for maintaining that spatx is an infinite given whole. Many maintain 
that every aggregate must have a finite number of terms, and that 
where this condition is not fulfillcil there is no true whole. But I do 
not believe that this view can be successfully defended. Among those 
who deny that space is a given w'hole, not a few' wrould admit that what 
they are pleased to call a finite space may be a gi^'en whole, for instance, 

A part ill this sense will also be sometimes called a or indiviaibh part 

+ ("f. Phil. Werke, ed. Gerhanlt, ii, p. .‘U5 ; also i, p. 33B, v, pp. 144-4. 
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the space in a room, a box, a bag, or a book-case. But such a space is 
only finite in a psychological sense, i,e. in the sense that we can take it 
in at a glance : it is not finite in the sense that it is an aggregate of a 
finite number of terms, nor yet a unity of a finite number of constituents. 
Thus to admit that such a space can be a whole is to admit that there 
are wholes w^hich are not finite. (This does not follow, it should be 
observed, from the admission of material objects apparently occupying 
finite spaces, for it is always possible to hold that such objects, though 
apparently continuous, consist really of a large but finite number of 
material points.)* With respect to time, the same argument holds : to 
say, for example, that a certain length of time elapses between sunrise 
and sunset, is to admit an infinite w^hole, or at least a whole which is not 
finite. It is customary with philosophers to deny the reality of space 
and time, and to deny also that, if they were real, they would be 
aggregates. I shall endeavour to show, in Part VI, that these denials 
are supported by a faulty logic, and by the now resolved difficulties of 
infinity. Since science and common sense join in the oppcxsite view, it 
w'ill therefore be acc*epted ; and thus, since no argumeht a priori can 
now be adduced against infinite aggregates, we derive from space and 
time an argument in their favour. 

Again, the natural numbers, or the fractions l)etween 0 and 1, or the 
sum-total of all colours, are infinite, and seem to he true aggn?gat(?s ; 
the position that, although true propositions can tx* made alxmt any 
number, yet there are no true propositions about all numbers, could be 
supported formerly, as Leibniz supported it, bj the supjxised contra- 
dictions of infinity, but has become, sinc^e Cantor\s solution of these 
contradictions, a wholly unnecessary paradox. And when* a collection 
can be defined by a non -quadratic, propositional function, this must be 
held, I think, to imply that there is a genuine aggregate composed 
of the terms of the collection. It may be observed also that, if there 
were no infinite wholes, the word Universe w^ould he wholly destitute of 
meaning. 

141. We must, then, admit infinite aggregates. It remains to ask 
a more difficult question, namely : Are we to admit infinite unities ? 
This question may also be stated in the form ; Are there any 
infinitely complex propositions ? This question is one of great logical 
importance, and we shall require much care lx)th in stating and in 
discussing it. 

The first point is to lx? clear as to the meaning of an infinite unity. 
A unity will be infinite when the aggregate of all its constituents is 
infinite, but this scarcely constitutes the meaning of an infinite unity. 
In order to obtain the meaning, we must introduce the notion of a 
simple constituent. We may observe, to begin with, that a constituent 
of a constituent is a constituent of the unity, i.e. this form of the 
relation of part to whole, like the second, but unlike the first form, is 
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transitive. A simple constituent may now be defined as a constituent 
which itself has no constituents. We may assume, in order to eliminate 
the question concerning aggregates, that no constituent of our unity is 
to be an aggregate, or, if there be a constituent which is an aggregate, 
then this constituent is to be taken as simple. (This view of an aggre- 
gate is rendered legitimate by the fact that an aggngate is a single term, 
and does not have that kind of complexity which t>elongs to propositions.) 
With this the definition of a simple constituent is completed. 

We may now define an infinite unity as follows ; A unity is finite 
when, and only wlien, the aggregate of its simple constituents is finite. 
In all other cascvs a unity is said to lx‘ infinite. Wc have to inquire 
whether theixt are any such unities*. 

If a unity is infinite, it is possible to find a constituent unity, which 
again contains a constituent unity, and so on without end. If there be 
any unities of this nature, two cases are jmrndjcicie possible. (1) There 
may Ik* simple constituents of our unity, hut these must lx infinite in 
number. (1^) Theit* may lx no simple constituents at all, but all 
const it lien ts, without exieplion, may lx complex; or, to take a slightly 
mort* complicateil case, it may happ€‘n that, although there are some 
simple constituent'^, yet these and the unities compostxl of them do not 
constitute all the constituents of the original unity. A unity of either 
of these two kinds will lx ealltxl infinite, 'fhe two kinds, though 
distinct, may lx considered together. 

An infinite unity will lx an infinitely complex proposition : it will 
not be analymble in any way into a finite nuinlxr of constituents. It 
thus differs radically from assertions alxut infinite aggregates. For 
example, the profKisition “any nuinlxr has a suciessor^ is eomposetl of 
a finitt* niiinlx?r of constituents ; the numbtT of amcepts entering into it 
can lx eniiineratiHl, and in addition to these then* is an infinite aggregate 
of terms denotcnl in the way indic*}itt*d by a/u/, which counts as one 
constituent. Indeed it may lx said that the logical purpose w'hich is 
served by the theory of denoting is, to enable projjositions of finite 
complexity to deal with infinite cliLsses of terms : this object is effected 
by all^ any, and rvery^ and if it were not effet‘ted, every general pro- 
position alK)ut an infinite class would have to bt* infinitely complex. 
Now% for my part, I see no jxssible w^ay of deciding whether propositions 
of infinite coniplexit\ art* possible or not ; but this at least is clear, that 
all the propositions known to us (and, it would seem, all propiwitions 
that we can know) are of finite complexity. It is only by obtaining 
such propositions about infinite classes that we an* enableil to deal with 
infinity ; and it is a nmiarkable and fortunate fact that this methixl is 
successful. Thus the question whether or not there are infinite unities 
niust be left unresolved ; the only thing we can say, on this subjeirt, is 


* 111 Leibniz's philosckphy, all contingent things are infinite unities. 
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that no such unities occur in any department of human knowledge, and 
therefore none such are relevant to the foundations of mathematics. 

142. I come now to our second question ; Must an infinite whole 
which contains pai'ts be an aggregate of terms It is often held, for 
example, that spaces have parts, and can be divided ad lib,^ but that 
they have no simple parts, i.e. they are not aggregates of points. The 
same view is put forward as regards periods of time. Now it is plain 
that, if our definition of a part by means of terms {i.e. of the second 
sense of part by means of the first) was correct, the present problem can 
never arise, since parts only belong to aggregates. But it niav be urged 
that the notion of part ought to be taken as an indefinable, and that 
therefore it inav apply to other wholes than aggiegates. This will 
require that we should add to aggi’egates and unities a new kind of 
whole, corresponding to the second sense of part. This will bt‘ a whole 
which has parts in the st^cond .sense, but is not an aggi\*gate or a unity. 
Such a whole seems to be what many philosophers are fond of calling a 
continuum, and space and time are often held to afford instances of such 
a whole. 

Now it may be admitted that, among infinite wholes, we find a 
distinction which seems relevant, but which, I believe, is in reality 
merely psychological. In some cases, we feel no doubt as to the terms, 
but great doubt as to the whole, while in others, the whole seems 
obvious, but the terms seem a precarious inference. 'Fhe ratios between 
0 and 1, for instance, are certainly indivisible entities; but the whole 
aggregate of ratios between 0 and 1 seems to be of the nature of a 
construction or inference. On the other hand, .stmsible spaces and times 
seem to be obvious whole.s ; but the inference to indivisible points and 
instants is so obscure as to be often regarded a.s illegitimate. This 
distinction seems, however, to have no logical liasis, but to be wholly 
dependent on the nature of our sen.ses. A slight familiarity w'ith co- 
ordinate geometry suffices to make a finite length seem strictly analogous 
to the stretch of frat-tions between 0 and 1. It must be atimittwl, 
nevertheless, that in ca.se.s where, as with the fractions, the indivisible 
parts are evident on inspection, the problem with which we are con- 
cerned does not arise. But to infer that all infinite wholes have 
indivisible pai'ts merely because this is known to be the erase with some 
of them, would certainly be i-ash. The general problem remains, 
therefore, namely : Given an infinite whole, is there a universal reason 
for supposing that it contains indivisible parts if 

143. In the first place, the definition of an infinite whole must not 
be held to deny that it has an assignable number of simple pai’ts which 
do not reconstitute it. For example, the stretch of fractions from 0 to 1 
has three simple parts, i, §. But these do not reconstitute the 
whole, that j.^*, the whole has other parts which are not paits of the 
as.signed parts or of the sum of the assigned parts. Again, if wc foi*m * 
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whole out of the number 1 and a line an inch long, this whole certainly 
has one simple part, namely 1. Such a case as this may be excluded by 
asking whether every part of our whole either is simple or contains 
simple parts. In this ctase, if our whole be formed by adding n simple 
terms to an infinite whole, the w simple terms can be taken away, and 
the question can lx? asked conceniing the infinite whole which is left. 
But again, the moaning of our question seems hardly to be ; Is our 
infinite whole an actual aggregate of innumerable simple parts ? This is 
doubtless an important question, but it i.s subsetjuent to the question we 
are asking, which is: Are there always simple parts at all? We may 
ol)serve that, if a finite number of simple j)arts be found, and taken 
away fnnn the whole, the rimiainder is always infinite. For if not, it 
would have a finite numlxT ; and since the term of two finite numbers is 
finite, the original whole would then be finite. Hence if it can be 
shown that every infinite whole contains one simple part, it follows that 
it contains an infinite nuinlx'r of them. For, taking away the one 
simple part, the remainder is an infinite whole, and therefore has a new 
simple j)art, and so on. It follows that every part of the whole either is 
simple, or contains simple parts, provided that every infinite whole has 
at least one simple pirt. But it seems as hard to prove this as to prove 
that every infinite wh<de is an aggrt'gate. 

If an infinite whole \w (lividc*d into a finite number of parts, one at 
least of these parts must be infinite. If this l>e again divided, one of its 
pails must lx* infinite, and so on. Thus no finite number of divisions 
will mluce all the [lails to finitude. Siicct'iisive divisions give an endless 
series of parts, and in such endU*ss series there is (lis we shall see in 
Parts IV and V) no manner of contradiction. Thus there is no method 
of proving by lulual division tlmt every infinite whole must be an 
aggregate. So far as this mothml can show, thert' is no more reason for 
simple constituents of infinite wholes than for a first moment in time or 
a last finite nuiulxT, 

But jx?rhaps a cuntra<liction may emerge in the pn?sf'nt case from the 
connection of whole and pari with logical priority. It certainly seems a 
greater paradox to niuintain that infinite wholes do not have indivisible 
parts than to rnainbiin that tluTe is no first moment in time or furthest 
limit to sjmee. This might lx* explained by the fact that we know many 
simple terms, and some infinite wholes iimloubtedly comjx)sed of simple 
terms, whereas w'e know of nothing suggt^sting a beginning of time or 
space. But it mav jx'rhaps have a more solid basis in logical priority. 
For the simpler is always implitsl in the more complex, and therefore 
there can be no truth alxmt the inoix* complex unless therc is truth 
about the simpler. Thus in the analysis of our infinite whole, we are 
always dealing wdth entities which would not lx at all unless their 
t^oristitucnts w^ere. l^his makes a real difference from the ti^nc-series, for 
example : a moment does not logically pre>uppose a previous moment, 
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and if it did it would perhaps be self-contradictory to deny a fii'st 
moment, as it has been held (for the same reason) self-coiit?'adictory to 
deny a First Cause. It seems to follow that infinite wholes would not 
have Being at all, unless there were innumerable simple Ik‘ings whose 
Bc'ing is presupposed in that of the infinite wlioles. For wlieiv the 
presupposition is false, the consequence is false also. Thus there seems 
a special reason for completing the infinite regress in the cast* of infinite 
wholes, which does not exist where other asymmetrical transitive ndations 
are concerned. ^ This is another instance of the |it'culiarity of the* r(‘lation 
of whole and part: a relation so important and fundamental that almost 
all our philosophy depends upon the theory we adopt in regard to it. 

The same argument may be otherwise stilted by asking how our 
infinite wholes are to be defined. The definition must not Ik* infinitely 
complex, since this would require an infinite unity. Now if theiv is any 
definition which is of finite complexity, this cannot he obtainc^d from 
the parts, since these arc either infinitely numerous (in the evtse of an 
aggregate), or themselves as CKmiplex as the whole (in the casi- of a 
whole'vhich is not an aggregate). But any definition which is of finite 
complexity will necessarily be intensional, i.r. it will give some chanu ter- 
istic of a collec'tion of terms. There seems to be no other known method 
of defining an infinite whole, or of obtaining such a whole in a way not 
involving any infinite unity. 

The above argument, it must be aflmitted, is less conelusive than 
could be wished, considering the great importaniT of the jM)int at issiu*. 
It may, however, be urged in support of it that all the arguments on 
the other side depend upon the supp)scd difficulties of infinity, and are 
therefore wholly fallacious ; also that the prtK'tHlure of (jreometrv and 
Dynamics (a.s will be shown in Parts VI and VII) imjxTativelv <i«*mands 
points and instants. In all applications, in short, the msults of the 
doctrine here advocated are far simpler, less paradi»xieal, and more 
logically .satisfactory, than those of the opposite view'. I shall tliert*fore 
assume, throughout the remainder of this work, that all the infiniU* 
wholes with which we shall have to deal art* aggregates of terms. 



CHAPTER XVIII. 

RATIOS AND FRACTIONS. 

144 . 'Fhk pres4*nt chapter, in so far as it deals with relations of 
integers, is e.s.s<.*ntiallv confined to finite integers: those that are infinite 
have no relations strictly analogous to what are usually called ratios. 
Hut I shall distinguish ratios, a.s relations Ix'tween integers, from 
fractions, which are relations Ixtween iiggregates, or rather lx»tween 
their magnitudes of di% isihility ; and fmctions, ue shall find, may 
expivsN relations which hold where Inith aggregates arc infinite. It will 
Ik* ne<‘essHrv to la^gin with ilie mathematical definition of ratio, before 
proeee<ling to more gt‘nc*ral considerations. 

Ratio is commonly iissociatt^tl with multiplication and division, and 
in this way iKHonies iiulistinguishable from fractions. Rut multiplication 
and division are e(|uallv applicable to finite and infinite numbers, though 
in the ca.si* of infinite numlx^rs they do not have the projx*rties which 
connect them with ratio in the finite ca.se. H<‘nee it becomes desirable 
to develop a theory of ratio which .shall be independent of multiplication 
and division. 

'Fwo finite iiuinlxi's are said to lx consecutive when, if u Ix' a class 
having on«^ of the nuiiilxrs, and one term bt* added to the resulting 
cla.ss has the other niimlxr. '^J o lx* consecutive is thus a relation which 
is one-one and asymmetrical. Ir now' a nunilxT a has to a number b 
the nth jxjw'cr of this relation of conseeutiveness (powei’s of relations 
Ix'ing defined by relative multiplication), then we have a -i- it = b. Ibis 
ecj nation expre.sses, Ixrtween a and ft, a one-one ndation which is deter- 
minate when n is given. If now' the with [xiwer of tins relation holds 
lx‘twt*eri a and ft', we shall have a -h run = ft'. Also we may define mn as 
0 + vin. If m)w we have thi’ee niim'xrs a, ft, c such that oft = r, this 
e({uation expresses between a and c ii one-one i*elation which is deter- 
minate when ft is given. lx;t us call this I'elation B. Suppose we have 
also db ==(’. 'Fheii a has to d a relation which is the relativ'e product 
of H and the converse of 7/, where B' is derived fri>ni b' B was derived 
from ft. This relation we define as the ratio of a to a. Ihis theory 
has the advantage that it applies not only to finite integers, but to 
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all other series of the same type, ix. all series of type the which I call 
progressions. 

146. ^rhe only point which it is important, for our present purpose, 
to observe as regards the above definition of ratios is, that they are 
one-one relations between finite integers, which are with one exception 
asymmetrical, which ai'e such that one and only one holds between any 
specified pair of finite integers, which are definable in terms of consecu- 
tiveness, and which themselves form a series having no fii*st or lost term 
and having a term, and therefore an infinite number of terms, between 
any two specified terms. From the fact that ratios are relation^ it 
results that no ratios are to be identified with integei's ; the ratio of 2 to 
1, for example, is a wholly different entity from 2. When, therefore, 
we speak of the series of ratios as containing integers, the integers said 
to be contained are not cardinal numbei's, but relations which liave a 
certain one-one correspondence with cardinal numbers. The same remark 
applies to positive and negative numbers. The nth power of the relation 
of consecutiveness is the positive number + a, which is plainly a wholly 
different concept from the cardinal number n. The confusion of entities 
with others to which they have some important one-one rL‘lation is an 
error to which mathematicians are very liable, and one which has 
produced the greatest havoc in the philosophy of matliematics. We 
shall find hereafter innumerable other instances of the same error, and it 
is well to realize, as early as possible, that any failure in subtlety of 
distinctions is sure, in this subject at least, to cause the most disastrous 
consequences. 

There is no difficulty in cronnc'cting the alM)ve theory of ratio with 
the usual theoiy derived from multiplication and division. But the 
usual theory does not show, as the present theory does, why the infinite 
integers do not have ratios strictly analogous to those of finite integers. 
The fact is, that ratio depends upon consecutiveness, and cxjnsecutiveiiess 
as above defined does not exist among infinite integers, since these are 
unchanged by the addition of 1. 

It should be observed that what is called addition of ratios demands 
a new set of relations among ratios, relations which may be cAllcd 
positive and negative ratios, just as certain relations among integers are 
positive and negative integers. This subject, how^ever, net*d not be 
further developed. 

146. The above theory of ratio has, it must be confessed, a highly 
artificial appearance, and one which makes it seem extraoid inary that 
ratios should occur in daily life. The fact is, it is not ratios, but 
fractions, that (x*cur, and frairtions are not purely arithmetical, but are 
really concerned with relations of whole and part. 

Fropositions asserting fractions show an im];>ortant difference fn>m 
those asserting integers. We can say A is one, A and B are two, and 
so on ; but we cannot say A is one-third, or A and B are two-thirds. 
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There is always need of some second entity, to which our first has some 
fractional relation. We say A is one-third of C, A and B together are 
two-thirds of C, and so on. Fractions, in short, are either relations of 
a simple part to a whole, or of two wholes to one another. But it 
is not necessary that the one whole, or the simple part, should be part 
of the other w'hole. In the c^ase of finite wholes, the matter seems 
simple : the fraction expresses the ratio of the number of parts in the 
one to the iiuinl)cr in the other. But the consideration of infinite 
w^holes will show us that this simple th€H3ry is inadequate to the facts. 

147. ^rhei-e is no doubt that the notion of half a league, or half 
a day, is a legitimate notion. It is therefore necessary to find some 
sense for fractions in w hich they do not essentially depend upon number. 
For, if a given periwl of twenty-four hours is to be divided into two 
continuous portions, each of which is to be half of the whole period, 
then^ is only one way of doing this ; but Cantor has shown that every 
possible way of dividing the |)eriod into two continuous j)ortions divides 
it into two portions having the same number of teniis. '^rhert; must be, 
therefore, some other respect in which two [K^ritKl> of twelve hours are 
e<|ua), while a peritxl of one hour and another of twenty-thi*ee hours 
aiv une(|ual. I shall have more to say upon this subject in Part III ; 
for the present I will point out that what we want is of the nature of a 
magnitude, and that it must 1 k' essentially a propcTty of onlered wholes. 
I shall call this projaTty maffuitude of div'mbiUty. To say now that A is 
one-half of H means : B is a whole, and if B bt‘ divided into two similar 
parts which have Ixith the sfiine magnitude of divisibility as each other, 
then A has the siime magnitude of divisibility as each of these parts. 
We may interpret the fraction ^ somewhat more simply, by regarding 
it iis a relation (analogous to ratio so long as finite wholes are concerned) 
lietween two magnitudes of divisibility. Thus finite integral fractions 
(such as w/1 ) will measure* the relation of the divisibility of an aggregate 
of n terms to the divisibility of a single U*rm ; the converse relation will 
lx* 1///. Thus here again we have a new' class of entities which is in 
dangt'r of being confusc*d with finite canlinal integei's, though in reality 
quite distinct. Fractions, as now' interprc*ted, have the advantage (upon 
which all metrical geometry dcfxmds) that they introduce a discrimina- 
tion of grc*ater and smaller among infinite aggregate's having the same 
number of terms. We shiill sen* more* and more, as the logical inaticxjuac'V 
of the usual accx)unLs of measurement is brought to light, ho w^ absolutely 
essential the notion of magnitude of divisibility really is. Fractions, 
then, in the sense in which they may express relations of infinite 
aggregates — and this is the sense which they usually have in daily life — 
are really of the nature of relations betwc*en magnitudes of divisibility ; 
and magnitudes of divisibility are only measurc*d by numl)er of parts 
where the aggregates concerned are finite. It may alst) be observed 
(though this remark is anticipatory^) that, whereas ratios, as above 
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defined, are essentially rational, fractions, in the sense, here ^ven to 
them, are also capable of irrational values. But the development of 
this topic must be left for Part V. 

148. We may now sum up the results obtained in Part II. In the 
first four chapters, the modem mathematical theory of cardinal integers, 
as it results from the joint laboui's of anthmeticians and symbolic 
logicians, was briefly set forth. (Chapter xi explained the notion of 
similar classes, and sliowed that the usual formal properties of integers 
result from defining them as classes of similar classes. In ("hapter xii, 
we showed howri arithmetical addition and multiplication both depcuid 
upon logical addition, and how both may Ik? defined in a way which 
applies equally to finite and infinite numlKi's, and to finite and infinite 
sums and products, and which moreover intn>duces nowhere any idea of 
order. In Chapter xiii, we gave the strict definition of an infinite class, 
as one which is similar to a class resulting from taking away one of its 
terms ; and w'e showed iii outline how to connect this definition with the 
definition of finite numlKrs by mathematical induction, nie special 
theory of finite integers was discusscxl in Chapter xiv, and it was shown 
how the primitive propositions, which Peano proves to bc» sufficient in 
this subject, can all l>e deduced from our definition of finite caitlinal 
integei*h. This confimied us in the opinion that Arithmetic contains no 
indefinables or indemonstrables beyond those of general logic. 

We then advanced, in Chapter xv, to the considemtion of j)hiloso- 
phical questions, with a view of tcjstiiig critically the abt>ve matheiii/itiail 
deductions. We dc^cided to regard both term and a term as indefinable, 
and to define the number 1, as well as all other numbers, by means of thesc^ 
indefinables (together with certain others). We also found it necessary 
to distinguish a class from its class-concept, since one class may have 
several diff*erent class-concepts. We decided that a class consists of all 
the terms denoted by the class-concept, denotol in a certiin indefinable 
manner ; but it appeared that both common usage and the majority of 
mathematical purposes would allow us to identify a class with the w hole 
formed of the terms denoted by the class-coni?ept. The only reasons 
against this view were, the necessity of di.stinguishing a class containing 
only one term from that one term, and the fact that some clas-se-s are 
members of themselves. We found also a distinction Ix^tw^een finite and 
infinite classes, that the former tan, while the latter cannot, be defined 
extensionally, i.c. by actual enumeration of their terms. We then 
proceeded to discuss what may be called the addition of individuals, 
i.c. the notion involved in and and we found that a more or less 

independent theory of finite integers can be baswl upon this notion. 
But it appeared finally, in virtue of our analysis of the notion of r/fl-v.v, 
that this theory was really indistinguishable from the theory previously 
expounded, the only difference Ixing that it adopted an extensioiial 
definition of classes. 
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C'haptor xvi dealt witli the relation of whole and part. We found 
that there are two indcKnable senses of this relation, and one definable 
sense, and that there ai\i two eorrespondingly different sorts of wholes, 
which we called unities and aggregates rcsj)ectively. We saw also that, 
by extending the notion of ;iggivgates tt) single terms and to the null- 
class, we could ix^gard the whole of the traditional calculus of Syinlxdic 
Ix>gic as an algebra sj)ecially applicable to the relations of wholes and 
parts in the definable sense. We considei*ed next, in ('hapter xvn, the 
notion of an infinite whole. It ap[K‘ared that infinite unitk*s, even if 
they lie logically possible, at any rate never ap[K*ar in anything acce.ssible 
to human knowledge. Ihit infinite aggregates, we found, must be ad- 
mitted ; and it seemed that all infinite wholes which are not unities 
must be aggregates of terms, though it is by no means necessary that tlie 
terms should Ik* simple. (They must, however, owing to the exclusion 
of infinite iiniti(‘s, be a.ssiim(*<l to lx* fit tile complexitv.) 

In (’hapter win, finall\, we considered ratios and fractions : the former 
were found to lx* soim wiiat complicated ivlations of finite integers, while 
the* latt(‘r were n*lations iK'tween the divisibilities of aggregates. These 
<ii\ isibilities being magnitudt .s, their further discussion Ix'longs to Part III, 
in which the gem'ral nature of cpiantity is to lx* considerixl. 
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CHAPTER XIX. 

THE MEANING OF MAGNITUDE. 

149. A MON<; the tnulitional problems of mathematical philosophy, 
few ai-e more imporlaiii than the relation of quantity to number. 
Opinion as to this relation has undergone many revolutions. Kuclid, 
as is evident from his definitions of ratio and proportion, and indeed 
from his whole procedii!x% was not [K‘rsnafie<i of the applicability of 
iimnlK‘rs to spatial magnit udes. When I)es Cartes and Vieta, by the 
iiitiTHlnction of co-ordinate (Tcoinetry, miule this applicability a funda- 
mental })ostulate of tlu'ir .systems, a new metluxl was founded, which, 
liowe\er fruitful of results, iuNolved, like most mathematical advanws of 
the ^evcHiteenth century, a diminution of logical pnx*ision and a loss in 
subtklv of distinction. What was meant by measurement, and whether 
uU sj)atial magnitudes were susceptible of a niimericiil measure, were 
questions for who.sc* decision, until \ery lately, the mH'es.sary mathe- 
matical instrument was lacking; anti even now' much remains to he 
(lone Ix'fore a complete answer can 1 h’ given. Tlie view' prevailed that 
number and quantity wert* thi' objeets of mathematical investigation, 
and tliat the two were so similar as not to retpiire eart^ful separation. 
Thus number was applitxl to tjuantities without any hesitation, and 
( <)nv(‘rsely, where existing mimlK'rs were found imulequate to measure- 
ment, new ones wejx* creattsl on the sole ground that every tjuantity 
must have a nuinerieal ineasinv. 

All this is now hajipiiy changed. Two different lines of argument, 
conduetwl in Ihe main hv different men, have laid the foundations both 
for largi* general izatitms, and for thorough aceuraey in detail. On the 
one' hand, Weierstrass, Dedekind, C^antor, and their followers, have 
pointed out that, if irrational numlx*rs an* to lx* significantly employed as 
measures of <|iiantitati\e fractions, they must be defined without n^fcrence 
to (juantity; and the same men who showwl the net'cssity of such a 
definition have supplit^I the want which they had created, in this way, 
during the last tliirty or forty years, a new subject, which has add^ 
quite immeasurably to theon'tieal correctness, has been created, which 
may legitimately Ik* ealk*d Arithmetic; for, starting with integers, it 
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succeeds in defining whatever else it requires — rationals, limits, ir- 
rationals, continuity, and so on. It results that, for all Algebra and 
Analysis, it is unnecessary to assume any material beyond the integers, 
which, as we have seen, can themselves be defined in logical terms. 
It is this science, far more than non-Euclidean Geometry, that is really 
fatal to the Kantian theory of a priori intuitions as the basis of 
mathematics. Continuity and irrationals were formerly the strongholds 
of the school who may be called intuition ists, but these strongholds are 
theirs no longer. Arithmetic luis grown so as to include all that can 
strictly be called pure in the traditional mathematics. 

160. But, concurrently with this purisCs i-eforni, an opposite iulvance 
has been effected. New branches of iiiatheinatics, which deal neither 
with number nor with quantity, have IxH'n invented ; such are the 
Logical Calculus, Projective Geometry, and — in its essence — the 'Fheory 
of Groups. Moreover it has appeared that measurement — if this means 
the correlation, with numbers, of entities which are not numbers or 
aggregates — is not a prerogative of quantities : some quantities cannot 
be measured, and some ♦^hings which are not quantities (for examj)le 
anharmonic ratios project ively definecl) can l)e mefisurwl. M(‘fisurement, 
in fact, as we shall see, is applicable to all series of a certain kind — a kind 
which excludes some (iiiantities and incliah's sonu‘ things which are* 
not quantities. The separation lK»tween numbt*r and (juantity is thus 
complete ; each is wholly independent of the other. Quantity, mon‘ov(‘r, 
has lost the mathematical importance which it used to possess, owing to 
the fact that most theorems conceniing it can lx* generalized so as to 
become theorems concerning order. It would therefore* Ix' natural 
to discuss order txfore quantity. As all propositions concerning order 
can, how'ever, be established independently for particular insbiiiccs of 
order, and as quantity will afford an illu-stration, re(|uiring slightly less 
effort of abstraction, of the principles to be applied to series in general ; 
as, further, the theory of distance, wliich forms a part of the theory of 
order, presuppose^s somewhat controversial opinions as to the nature 
of quantity, I shall follow' the more traditional course, and consider 
quantity first. My aim will be to give, in the present cha})ter, a th(*ory 
of quantity which does not dejx-nd upon niimlxr, and then to show the 
peculiar relation to number which is possessed by tw'o sjxcial classes of 
quantities, upon which depends the mexsun^ment of (|uantities wherever 
this is possible. The whole of this Part, however— and it is imjxntant 
to realize this — is a concession to tradition ; for (juaniiiy, we shall find, 
is not definable in terms of logical constants, and is not properly a 
notion belonging to pure mathematics at all. I shall discuss ((uantity 
because it is traditionally supposed to occur in mathematics, and Ixcause 
a thorough discussion is re(|uired for disproving this supposition; but 
if the supposition did not exist, I should avoid all mention of any such 
notion as (j uantity. 
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161 . In fixing the meaning of such a term as quaidity or magiiiUtde^ 
one is faced with the difficulty that, however one may define the word, 
one must apjjear to depart from usage. This difficulty arises wherever 
two characteristics have been commonly supj)osed inse{>arable which, 
upon closer examination, are discovered to he capable of existing apart. 
In the case of magnitude, the usual meaning appears to imply (1) a 
capacity for the relations of greater and fc.y.y, (2) divisibility. Of these 
characteristics, the first is supposed to iniplv the second. But as I 
pro{H)se to deny the imf)Iication, I must either admit that some things 
which are indivisible are magnitudes, or that some things which are 
grt^ater or less than othei*s are not magnitudes. As one of these de- 
partures from usage is unavoidable, I shall choose the former, which 
I believe to be the less serious. A magnitude, then, is to be defined as 
anything which is greater or le.ss than something else. 

It might Ik.* thought that eqiudity should mentioned, along with 
greater and less, in the definition of magnitude. We shall see reason 
to think, however- panuloxical a.^ ^uch a view may ap]x*ar — that what 
can l)e greater or less than ^ome term, can never he t'nual to any term 
whatever, and l ue zrrm. 'I’his will recjuire a distinction, whose neces.sity 
will iKvome more and mon* evident as we proceed, l>etwTen the kind of 
terms that can l)e equal, and the kiiul that can l>e gmiter or less. The 
former I sliall call qnuntH'u'a^ the latter magtiHuikft. An atdual foot- 
rule is a quantity : it^ length is a magnitude. Magnitudes ait? more 
abstract than quant itit‘s: when two tjuantities are e(|ual, they have the 
mme magnitude, 'riic necessity of this abstraction is the first point to 
Ik? established, 

162. Setting aside magnitiule.s for the moment, let us consider 
quantitie.s. A (juantitv is anything which is capable of quantitative 
equality to something else. yijantitati\e tHpiality is to be distinguished 
from other kinds, such as arithmetical or logical equality. All kinds 
of equality have in common the thriM:; proi>erties of being reflexive, 
symmetrical, and transitive, i.c. a term which has this relation at all 
has this relation to itself; if A has the rt*lation to />, B has it to A ; 
if A has it to B, and B to A has it to C *. What it is that dis- 
tinguishes (jUHiititative eijuality from othc’i* kinds, and whether this 
kind of wjualitv is analv/able, is a further and inoit* difficult que.stion, 
to which we must now proceed. 

There are, so far as I know', tliree main views of quantitative 
equality. There is (1) the tradilitmal view, which denies quantity as 

* On the indepe.nrieiice of there three properties, see IVano, Hevuc de niatiqtte^ 

vii, p. 2‘J. The reflexive pn)perty i.s not strictly necessary ; what is prt)perly iiecessitry 
and what is alone (at first sight at any rate) true of quant ’tiitive equality, i.s, that there 
extsts at least one pair of terins having the relation in question. It follo>^s then from 
the other two properties that each of these terms lias to itself tlie relation in 
question. 
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an independent idea, and asserts that two terms are equal when, and 
only when, they have the same number of parts. (2) There is what may 
be called the relative view of quantity, according to which equal, greater 
and less are all direct relations between quantities. In this view we 
have no need of magnitude, since sameness of magnitude is replaced 
by the symmetrical and transitive relation of ecjuality. (3) There is 
the absolute theory of quantity, in w'hich ecjunlity is not a direct relation, 
but is to be analyzed into possession of a common magnitudt', i.e. into 
sameness of relation to a third term. In this case there will be a special 
kind of relation of a tenn to its magnitude; l^etween two magnitudes 
of the same kind there will be the relation of greater and less ; while 
equal, gi'eater and less will apply to quantities only in virtue of their 
relation to magnitudes. The difference Ix^tween the second and third 
theories is exactly typical of a difference which arises in the case of many 
other series, and notably in regard to spm-e and time. The decision 
is, therefore, a matter of very considerable importance. 

163. (1) The kind of ec]iiality which consists in having the same 

number of parts has been already discussed in Part II. If this Ik* 
indeed the meaning of quantitative e(juality, then quantity introduces 
no new idea. But it may he shown, I think, that greater and less have 
a wider field than whole and part, and an inde[K*ndent meaning. The 
arguments may be enumeratol as follows: (a) We must admit indi- 
visible quantities; (yS) where the number of siirqjle parts is infinite, 
there is no generalizfition of nurnlKT which will give the recognized 
results as to inequality ; ( 7 ) some relations must Ik* allowt*d to Ik* 
quantitative, and relations are not even conceivably divisible; ( 8 ) e\en 
where there is divisibility, the axiom that the whole is greater than the 
part must be allowed to Ik significant, and not a result of definition. 

(a) Some quantities are indivisible. For it is generally admitted 
that some psychical existents, such as pleasure and pain, are (juantitative. 
If now equality means sameness in the nurnlxT of indi\isible parts, we 
shall have to regard a pleasure or a pain as consisting of a collection 
of units, all perfectly simple, and not, in any significant sense, equal 
inter se ; for the wjuality of comy)ound pleasures results on this hypothesis, 
solely from the number of simple ones entering into their com|K>sition, 
so that equality is formally inapplicable to indivisible pleiisures. If, on 
the other hand, we allow' pleasures to Ik* infinitely divisible, so that no 
unit we can take is indivisible, then the numlKT of units in aiiy given 
pleasure is wholly arbitrary, and if there is to lx* any e(|uality of 
pleasures, we shall have to admit that any two units may be significantly 
called equal or unequal*. Hence we .shall nsjuire for equality some 
meaning other than sameness as to the iiumlxr of parts. ITiis latter 

* I shall nevftr use the w'ord unequal to mean merely not equal, but always to 
mean greater or lesn, Le. not equal, though of the same kind of quantitiefl. 
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theory, however, seems unavoidable. For there is not only no reason 
to ix'^ard pleasures as consisting of definite sums of indivisible units, 
but further — as a miidid consideration will, I think, convince anyone — 
two pleasures can ahmyx be significantly judge<l equal or unequal. 
However small two pleasuit.\s may lx.*, it must always be significant to 
sav that they art‘ e(]ual. But on the theory I am combating, the judg- 
ment in (|uestion would suddenly (vase to be significant when both 
pleasuri's were indivisible units. Such a view' seiuns wholly unwarrant- 
able, and I cannot Ix'lieve that it has Ixvn consciously held by those* 
who have advocated the prtMniss<‘s from which it follows. 

{$) Some quantities infinitely divisible, and in these, whatever 
definition we take of infinite number, equality is not coextensive with 
sameness in th(‘ nurnlKT of parts. In the first j)lace, wjuality or 
inw|uality must always lx* definite; conct‘niing two (juantities of the 
sam(‘ kind, one answer must lx right and the other wrong, though it is 
often not in our power to decide the alteniative. From this it follows 
that, when* (plant it ies consist of an infinite nuinlxr of parts, if equality 
or in(‘(pialitv is to Im* reduced to numlxr of parts at all, it must be 
rcsluced to niindxT of Mimple parts; for the numlxr of complex parts 
that may lx taken to make up the whol(‘ is wholly arbitrary. But 
(‘(pialitv, for (‘xample iri Creometr}, is far narrower than sameness in the 
numlxr of parts. 'The canlinal numlxr of parts in any two continuous 
portions of space is the sfime, as we know fi-om t'antor; e\en the onlinal 
numlxr or type is the sfiiue for any two lengths whatever. Hence if 
thei*e is to lx anv spatial ineipiality <»f the kind to which Geometry and 
common-sense have accustomed us, we must sexk some other ine^ining for 
equality th*in that ()btHiiK*d from the numlxr of parts. At thi> point 
I shall lx told tluit the meaning is \erv obvious: it is obtained from 
superposition. Without tiviichiiig too far oti discussions which lx*long 
to a lat(T part, I may observe (a) that superposition applies to matter, 
not to space, {h) that as a criterion of ecjuality, it presupposes that the 
matter supeq)osed is rigid, (( ) that rigidity means constancy as rt*gards 
metrical pro}XM-iies. 'I'liis show> that we cannot, without a vicious 
circle, define spatial (‘quality by sujxrpositiou. Spatial magnitude is, in 
fac‘t, as indefinable as every other kind ; and numlxr of pirts, in this case 
as in all others where the numlxT is infinite, is wholly inadLMjuate even 
as a criterion. 

(7) Some relations are (juantities. This is suggested by the above 
discussion of spatial magnitudes, w here it is very natural to base e(]uality 
upon distances. Although this view, as we shall six hereafter, is not 
wholly ade(|iiate, it is yet partly true. Theit' apjxar to be in (xrtain 
.sj)a(vs, and there certainly are in some series (for instance that of the 

* E,g. Mr Bradley, “What do we mean by the Intensity t»f rsyebioal States?” 
Mind, N. S. Vol. iv ; sec esp. p. 6. 
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rational numbers), quantitative relations of distance among the various 
tenns. Also similarity and diffei-ence appear to l)e quantities, ('onsider 
for example two shades of colour. It seems undeniable that two shades 
of red are more similar to each other than either is to a shade of blue ; 
yet there is no common property in the one case which is not found in 
the other also. Red is a mere collei’tive name for a certain series of 
shades, and the only reason for giving a collective name to this series 
lies in the close resemblance l>etwcen its terms. Hence red must not Ik! 
regarded as a common property in virtue of which two shmles of red 
resemble each (Tther. And since illations are not even conceivably 
divisible, gi-eater and less among relations cannot dejKMid uj)on mimlxn- 
of parts. 

(S) Finally, it is well to consider directly the meanings of greater 
and less on the one hand, and of whole and {)art on tlie othei'. Fuel id's 
axiom, that the w'hole is greater than the part, seems undeniably signi- 
ficant; but on the traditional view of quantity, this axiom would lx‘ 
a mere tautology. 'Phis point is again connected with the cjiK^stion 
whether superposition is to be taken as the meaning of e(|uality, or as a 
mere criterion. On the latter view, the axiom must 1 h‘ significant, and 
we cannot identify magnitude with number of parts*. 

154 . (2) There is therefore in quantity something over and above 

the ideas which we have hitherto discussed. It nmiains to decide betw een 
the relative and absolute theories of imignitiule. 

The relative theory regards e(jual quantities as not po.s.sesst^l of any 
common property over and above that of iinetjual t|uantities, but as 
distinguished merely by the mutual relation of e(|uality. There is no 
such thing as a magnitude, .shared by ecjiial (juantities. We mn?.t not 
say : This and that are both a yaid long; we must sav : This and that 
are equal, or are both ecjual to the .standard \ard in the Kxcliet|uer. 
Inequality is also a direct relation Ixitween quantities, not between 
magnitudes. There i.s nothing by which a set of e(|ual (|uantitie.s are 
distinguished from one which is not e(|ual to them, except tlie relation of 
equality itself. The coui-se of definition is, therefore, as follows : We 
have first a quality or relation, say yileasure, of which there are various 
instances, specialized, in the case of a quality, by temporal or .spatio- 
temporal po.sition, and in tlie case of a relation, by the terms betwt'en 
which it holds. L^t us, to fix idt^as, <*onsidcr (]uantities of pleasure. 
Quantities of plea.sure consist merely of the complexes phurntre at mu h a 
time^ and pleasure at fttwh another time (to which pUue may be added, if 
it be thought that pleasures have positif»n in space). In the analysis of 
a particular plea.sure, there i.s, according to the relational theory, no 
other element to be found. But on comparing these particular pleasures, 

* (.ompare, w'ith tlie above diHcussion, Meinong, Ueher die Hedeutung den Weber*- 
echen Genetxen, Hamburg and Leipzig, 189(> ; especially Chap, i, § It 
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we find that any tw'o have one and only one of three relations, equal, 
greater, and less. Why some have one I'elation, some another, is a 
question to which it is theoi-eticiilly and strictly impossible to give an 
answer ; for there is, ex hypothesis no point of difference except temporal 
or spatio-temporal position, which is obviously iri'elevant. Equal quan- 
tities of pleasure do not agree in any respect in which unequal ones 
differ : it merely happens that some have one relation and some another. 

This state of things, it must be adinitte<l, is curious, and it becomes 
still more so when we examine the indcinonstrabh* axioms which the 
relational theory obliges us to assume. They are the follow ing (J^ -B, C 
being all quantities of one kind) : 

(flf) J = 7i, or J is greater than 77, or J is less than B. 

(h) A t>eing given, there is always a 77, which may be identical 
with Ay such that A =77. 

(c) U A then B^A. 

(d) If A = 77 and B = C\ then A = C. 

{e) If A is greater than 77, then 77 is less than A. 

(f) If A is greater than 77, anrl B is greater than C\ then A is 
greater than C. 

(g) If A is greater than 77, and 77= then A is greater than C, 

(h) If A = B, and 77 is greater than C\ then A is greater than C, 

Fron) (^), \(')^ an<l (d) it follow ,s that A = A*, From (c) and f*) it 

follows that, if A is los than B, and B is less than T, then A is less than 
('; from (r), (r)^ (^0 if follows that, if A is le.ss than 77, and 77 = C, 

then A is less tharj T; from (e), (c), and (g^) it follows that, if A — By and 

77 is less than T, then A is less than ('. (In the place of (h) we iTin\ put 
the axiom : If .7 1 k‘ a <|uantity, then A^A,) 'I'liese axioms, it will l>e 
ohs(Tved, lead to the eoneliision that, in any proposition asserting 
equality, exeess, or defivt, an ecjual (juanlity may Ik* substituted any- 
where without uftecting the truth or falsehood of the proposition. 
Further, the proposition A — A is an essential jwirt of the theory. Now 
the fil^i of these facts strongly suggests that w hat is relexant in quanti- 
tative propositions is not the aetiml (juantity, but some projHTty which 
it shares with other tHjmd i|uantities. And this suggestion is almost 
demonstrated by the second fact, A - A, For it n»ay Ik^ laid down that 
the only urmnalyzahle svinmetrical and tninsitixe relation which a term 
can have to itstdf is itlentity, if this U* iiuletM.! a ndation. Hence the 
relation of tHpialitx should Ik* analy/able. Now to say that a relation is 
analyzable is to say either that d consists of two or mori* relations 
iK'tween its terms, which is plainly not the case heix*, or that, xvhen it is 
said to hold lHdwei‘n two terms, then* is some third term to which Ixith 
are related in w'ays wliu-h, when compoundinl, give the original relation. 

* lliis does not follow' from (<■) and (d) alone, siiu t they do not assert that A is 
ever equal to B. See Peano, lor. cii. 
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Thus to assert that A is grandparent is to assert that there is some 
third person C, who is ^’s son or daughter and father or mother. 
Hence if equality be analyzable, two equal terms must both be related to 
some third term ; and since a term may be et^ual to itself, any two equal 
terms must have the same relation to the third term in question. But 
to admit this is to admit the absolute theory of magnitude. 

A direct inspection of what we mean when we say that two terms 
are equal or une(]ual will reinforc'e the objections to the relational 
theory. It seems prepasterous to maintain that e(]ual (piantities have 
absolutely nothing in common beyond what is shai-ed by unequal 
quantities. Moreover unequal quantities are not merely different : they 
are different in the specific manner expressc*d by s/iying that one is 
greater, the other less. Such a difference seems quite unintelligible 
unless there is some point of differenc*c‘, where une(|ual quantities are 
concerned, which is absent where quantities are etjiial. Thus the rela- 
tional theory, though apparently not absolutely si‘lf-(ontriulii*tx)ry, is 
complicated and paradoxical. Both the complication and the panulox, 
we shall find, are entirely absent in the absolute theory. 

166. (3) In the absolute theory, there is, l)el()nging to a set of 

equal quantities, one definiU' concept, namely a certain nnignitude. 
Magnitudes ai'C distinguished among concepts by tlu* fact that they 
have the relations of greater and h‘ss (or at least one of them) to other 
terms, which are therefore also magnitudes. Two magnitudes cannot 
be equal, for equality belongs to quantities, and is defined as jmssession 
of the same magnitude. Every magnitude is a simple and indefinable 
concept. Not any two magnitudes are one givater and the other less ; 
on the contrary, given any magnitude, those which are greater or less 
than that magnitude form a certain definite class, within which any two 
are one gi'eater and the other less. Such a class is called a kind of 
magnitude. A kind of magnitude may, however, lx* also defint'd in 
another way, which has to be connected with the almve In* an axi«>m. 
Every magnitude is a magnitude of something — pleasure, distance, area, 
etc. — and has thus a certain specific relation to the something of which 
it is a magnitude. This relation is very peculiar, and apjx^ars to 
incapable of further definition. All magnitudes w hich liave this ivlation 
to one and the sfime something (e.ff. pleasure*) are magnitudes of one 
kind ; and with this definition, it bec:oines an axiom to say that, of two 
magnitudes of the same kind, one is gre‘ater and the other less. 

166. An objection to the above theory may Ix; based on the 
relation of a magnitude to that whose magnitude it is. To fix our 
ideas, let us consider pleasure. A magnitude of pleasure is so much 
pleasure, such and such an intensity of pleasure. It difficult to 

regard this, as the absolute theory dcmasid.s, as a simple idea: there 
seem to be two constituents, pleasure and intensity. Intensity need not 
be intensity of pleasure, and intensity of pleasure is distinct from 
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abstract pleasure. But what we require for the constitution of a certain 
magnitude of pleasure is, not intensity in general, but a certain specific 
intensity ; and a specific intensity cannot lx? indifferently of pleasure or 
of something else. We cannot first settle how much we will have, and 
then decide whether it is to be pleasure or mass. A specific intensity 
imi.^t Ix! of a sjxxific kind. Thus intensity and pleasure are not in- 
dependent and cooixlinate elements in the definition of a given amount 
of pleasure. I’heixi an.^ different kinds of intensity, and diffenmt magni- 
tudes in each kind ; hut magnitudes in different kinds inu.st lx‘ different. 
Thus it seems that the common element, indicated bv the term intensity 
or tnagniti/de^ is not any thing intrinsic, that can lx; discovered by analysis 
of a single term, but is merely the fact of Ix'ing one term in a relation of 
iiuHjuality. Magnitudes are defined by the fact that they have this 
relation, and they do not, so far as the definition shows, agree in any- 
thing else. Tht‘ class to which they all Ixlong, like the married portion 
of a community, is deliiu'd by mutual relations among its terms, not by 
a common relation to some outside term — unless, indeeil, inequality 
itself were taken as such a term, which would In* merelv an unneces.s4try 
corn) )lieat ion. It is neces.sary to consider what may lx‘ ealle<i the 
extension or field of a relation, its well as that of a ehtss-eoiuvpt : and 
magnitude is the class which forms the extension of inequality. Thus 
magnitude of pU a.\u re is complex, because it combines magnitude and 
pleasure; l>ul a particular maguitude of pleasure is not complex, for 
magnitude does not enter into its concept at all. It is only a magnitude 
because il is greater or less than certain other terms; it is only a nuigni- 
tude of pleasure iM-cuiist* c>f a certain relation which it Ints to pleasure. 
This is more easily u!nlei*st<Kxl wliere the particular magnitude has a 
sj)ecial name. A \ard, for instance, is a magnitude, lx*caijse it is greater 
tlian a foot ; it is a magnitude of length, Inraiise it is what is called 
a length. Thus all magnitud(‘s are simple concepts, and are classified 
into kinds by Iheir relation to some i|ualit\ or relation. The quantities 
which are instances of a magnitude are particularized hy spatio-tcnip)ral 
position or (in the case of ivlatioiis which are (piantities) by the terms 
betwmi which the relation holds. Quantities are not projxTly greater 
or les.s, for the relatioii.s of gn‘Hter and less hold Ix'twevn their 
niagnitude.s, which are di.stinct from the (piantities. 

When this tluory is applie<l in the enumeration of the nece.ssai*y 
axioms, we find a vi*rv notable simplification. 'Fbe axioms in which 
equality appc^ai's have all Ixcome demonstrable, arul wo reijuire only the 
following (X, A/, \ Ix'ing magnitudes of one kind): 

(tf) No magnitude is greater or less tlian itself. 

(6) L is greater than M or L is less than M, 

(c) If L is greater than J/, then M is less than L. 

{(1) If L is gi'cater than M and M is greater than iV, then L is 
greater than N. 
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The difficult axiom which we formerly called (6) is avoided, as are the 
other axioms concerning equality; and those that remain are simpler 
than our former set. 

167. The decision between the absolute and relative theories can 
be made at once by ap|)ealing to a ceilain general principle, of very 
wide application, which I propose to call the principle of Abstraction. 
This principle asserts that, whenever a relation, of which there are 
instances, has the two properties of being syniinetrical and transitive, 
then the relation in ejuestion is not primitive, but is analyzable into 
sameness of relation to some other term ; and that this common rt»lation 
is such that there is only one term at most to which a given term can l)e 
so related, though many terms may l)e so related to a given term. 
(That is, the relation is like that of son to father : a man may have 
many sons, but can have only one father.) 

This principle, which we have alivady met \\ith in connection with 
cardinals, may seem somewhat elaborate. It is, however, capable of 
proof, and is merely a careful stiitement of a very common assumption. 
It is generally held that all relations are analyzable into identity or 
diversity of content, 'rhough I entirely reject tliis vic‘W, I retain, so far 
as symmetrical transitive relations are conrerned, what is really a some- 
what modified statement of the traditional doctrine. Suc‘h i*eIations, to 
adopt more usual phrast‘ology, are always constituted by possession of 
a common property. But a common property is not a very precise 
conception, and >vili not, in most of its ordinary significations, formally 
fulfil the function of analyzing the relations in (jiiestion. A common 
quality of two terms is usually regarded as a pivdicatc* of those terms. 
But the whole doctrine of subject and pre*dicate, as the only form of 
which propositions are capable, and the whole denial of the ultimate 
reality of relations, are rejected by the logic ad^'ocated in the present 
work. Abandoning the word praVuntc^ we may sjiv that the most 
general sense which can be given to a common property is this; X 
common property of two terms is any third term to which both ha^e 
one and the same relation. In this general sense, the possession of 
a common proj)erty is symmetrical, but not necessarily transitive. In 
order that it may be transitive, the relation to the common property 
must be such that only oiu‘ term at iiiort can Ix.^ the property of any 
given term*. Such is the relation of a cpiantily to its magnitude, or of 
an event to the time at which it occurs ; given one term of the relation, 
namely the referent, the other is determinate, but given the other, the 
one is by no means determinate. Thus it is capable of demonstration 
that the po.sscssion of a common property of the type in question always 

* 'Hie proof of tliese assertions is matliematical, aiul depends upon the Ijo^fic 
of Relations; it will be found in my article la Logique des Relations, 

if. d. M. vir, }\o. 2, § 1, Props. 0. 1, and 0. 2. 
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leads to a symmetrical transitive relation, What the principle of 
abstraction asserts is the converse, that such relations only spring from 
common properties of the above type*. It should be oV)served that the 
relation of the terms to what I have called their common property can 
never lye that which is usually indicated by the relation of subject to 
predicate, or of the individual to its class. For no subject (in the 
reccivcxl view) can have only one pi-cdicate, and no individual can la^long 
to only one class. The ixOation of the terms to their common property 
is, in general, different in different cases, in the pi’escmt case, the 
quantity is a complex of which the magnitude forms an element : the 
relation of the (|uantity to the magnitude is further defined by the 
fact that the magnitude has to iK'long to a certain class, namely that of 
magnitudes. It must then Ik* taken as an axiom (as in the aise of 
colours) tliat two magnitudes of the same kind cannot c(K*xist in one 
spatio-temporal place, or siibsi.st as relations lK‘tweeii the same pair of 
terms; and this supplies the recpiired uni(|ueness of the magnitude. It 
is such synthetic judgments of incomjwtibilitv that lead to negative 
judgments; but this is a [>uretv logical topic, upon which it is not 
necessiirv to <*nlarge in this connection. 

158. We may now sum up the above discussion in a brief statement 
of results, 'riiere are a certain pair of indefinable relations, calked 
greater and /c.v.v ; these relations are asvmmetrical and transitive, and 
are inconsisti*iit the one with the other. Fach is the converse of the 
other, in the sensv* that, whenever the one holds between A and /?, the 
otlier holds between and A. The terms which are capable of these 
reflations are mn^’'n\fu(Jvs. Kvery imignitude lias a certain peculiar 
relation to some concept, exj)re\ssed bv saving that it is a imignitude o/‘that 
concept. Tw() magnitudes which have this relation to the same concept 
are said to lx* of the siiine kind ; to \ye of the same kind is' the necessary 
and sufficient condition for the relations of gre^ater and less. When a 
magnitude can lx* particularized by temporal, spatial, or sjxitio- temporal 
position, or w hen, Ix’ing a relation, it can lx* particularized by taking 
into a consideration a pair of terms Ix'tween which it holds, then the 
magnitude so particulari/ed is called a quantit//. Two imignitudes of 
the same kind can never b<* parti eiilarizxxi by exactly the same s{)ei‘ifi- 
eations. Two quantities which re*sult from particularizing the same 
magnitude are said to lx* vquaL 

Thus our indefinables are (1) greater and less, (5!) every particular 
magnitude. Our iiidcmonstrabk! pj'opositions are; 

* Jlie principle is proved by showing that, if /f i>e a symmetricjil transitive 
relation, and a a term of the field of /f, a has, to the tla.s.s of terms to which it has 
the rehition It taken as a whole, a niaiiy-oiie relation which, rehitionally multiplied 
hy its converse, is equal to H. 'ITius a magnitude may, si» far as formal arguments 
are concerned, be identified with a chiss of equal quantities. 



168 Quantify [CHAP. XIX 

(1) Kvorv nmgnitiule lias to some term the ixalation which makes 
it of a certain kind. 

(2) Any two magnitudes of the saim* kind are one greater and the 
other less. 

(3) Tavo magnitudes of the same kind, if ca})al)le of occupying space 
or time, cannot l)otli have the same spatio-temporal position; if relations, 
can never be both ivlations Ix^tween the same pair of terms. 

(4) \o magnitude is givater than itself. 

(o) If ^ is greater than /?, B is less than and vhv verm. 

(6) It A is greater than B and B is greater than C\ then A is 
greater than 

I^urther axioms characterize various speci(‘s of magnitudes, but tlie 
above seem alone necessary to magnitude in general. None of them 
depend in any way upon numlxT or measurement; hence we may lx.‘ 
undismayed in the presence of magnitudes which cannot be divided or 
measured, of which, in the next chapter, we shall find an abundance of 
instances. 

Xote to Chapter XIX. The Avork of Hen* Meinong on Welx'r's Law-, 
ali'eady alluded to, is one from Avhich I have learnt so much, and with 
AAliich I so largt‘ly agi'ee, that it seems desirable to justify mAsi*lf on 
the points in which I depart from it. 'Phis work Ixgins (^l) bv a 
characterization of magnitude as that which is limited towards zero. 
Zero is understood as the negation of magnitude, and after a diseussion, 
the folloAving statement is adopted (p. 8): 

“ That is or has magnitude, a\ hich alloAvs the interpolation of terms 
IxitAveen itself and its contradictory ojipositc.’’" 

Whether this constitutes a definition, or a meiv criterion, is left 
doubtful (i6.), but in either case, it apjx^ars to me to be undesirable as 
a fundamental characterization of magnitude. It derives support, as 
Herr Meinong {Miints out (p. 6 from its similarity to Kant's 
“Anticipations of Perception t.’’ Hut it is, if I am not ini.stakcai, liable 
to several grave objections. In the fii-st place, the whole theory of zero 
is most difficult, and seems subsecjuent, rather than jirior, to tin? theory 
of other magnitufles. .fViid to regard zero as the eontradietory opposite 
of other magnitudes seems erroneous. The phrase should denote the 
class obtained by negation of the class “ magnitudes of such and such 
a kind'”; but this obviously Avould not yield the zero of that kind of 
magnitude. AVhatever interjiretation we give to the phrase, it Avould 
seem to imply that we must regard zero as not a magnitude of the kind 
whose zero it is. But in that case* it is not less than the magnitudes of 
the kind in (juestion, and there seems no particular meaning in saying 

* It is not necessary in (5) and (f») to add ‘^.-1, Hy i>ein^ magnitudes,” for tlie 
alxtve relations of greater and less are w hat detiiie magnitudes, and the ailditioii 
wfmld therefore Jw tautological. 

+ Jteiar \>nn(7ijt, e»l. llarten.steiii (IWi7), p. loU. 
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that a leHser magnitude is between £ero and a greater magnitude. And 
in any case, the notion of l)etween^ as we shall see in Part IV, demands 
asymmetrical relations among the terms concei-ned. These relations, it 
would seem, arc, in the ease of magnitude, none other than greater and 
leaH^ which are therefore prior to the betweenness of magnitudes, and 
more suitable to definition. I shall endeavour at a later stage to give 
what I conceive to Ik* the true theory of zero; and it will then appear 
how difficult this subjwt is. It can hanlly Ixi wise, therefore, to introduce 
zero in the first account of magnitude. ()ther objections might lx urged, 
as, for instance, that it is doubtful whether all kinds of magnitude have 
a zero; that in discrete kinds of magnitude, zero is unimportant; and 
that among distances, where the zero is simply identity, theie is hardly 
the same relation of zero to negation or non-existence as in the case of 
(|ualities such as pleasure. Ilut the main reason must be the logical 
inversion involved in the introduction iAlietween Ixfoie any asymmetrical 
ix*lations have been specifie<l from which it could arise. This subject 
will lx resunuKl in ('hapter xxii. 



CHAPTER XX. 

THE RANGE OF QUANTITY. 

169. The questions to be discussed in the present chapter are these* : 
What kinds of terms arc there which, by their common relation to a 
number of magnitudes, constitute a class of quantities of one kind? 
Have all such terms anything else in common ? Is there any mark 
which will ensure that a term is thus related to a set of magnitudes ? 
What sorts of terms are capable of degree, or intensity, or greater and 
less ? 

The traditional view regards divisibility as a common mark of all 
tenns having magnitude. We have already seen that there is no 
a priori ground for this view'. We are now to examine the question 
inductively, to find as many undoubted instanres of quantities as possiUe, 
and to inquire whether they all have divisibility or any other common 
mark. 

Any term of which a greater or less degree is po.ssible contains under 
it a collection of magnitudes of one kind. Hence the comparative form 
in grammar is primd facie evidence of quantity. If this evidence were 
conclusive, we should have to admit that all, or almost all, qualities are 
susceptible of magnitude. ITie praises and reproaches addresscKl by 
poets to their mistresses would afford comparatives and superlatives 
of most known adjectives. But some circumspection is recjuired in 
using evidence of thi.s grammatical nature. There is always, I think, 
some quantitative comparison wherever a comparative or su|>erlative 
occurs, but it is often not a comparison as reganls the quality indicated 
by grammar. 

“O ruddier than the cherry, 

() sweeter than the berry, 

() nymph more brif^ht 
Than moonshine light," 

are lines containing three comparatives. As regards sweetness and 
brightness, we have, I think, a genuine quantitative comparison ; but as 
regards ruddiness, this may be doubted. The comparative here — and 
generally where colours are concerned — indicates, I think, not more of a 
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given colour, but more likeness to a standard colour. VarioiLS shades of 
colour are supposed to be arranged in a series, such that the difference 
of quality is greater or less according as the distance in the series is 
greater or less. One of these shades is the ideal “ ruddiness,” and others 
are called more or less ruddy according as they are nearer to or further 
from this shade in the series. The same explanation applies, I think, 
to such terms as whiter^ hlacker^ redder. The true quantity involved 
seems to be, in all these cases, a relation, namely the relation of similarity. 
The differencre betweim two shades of colour is certainly a difference of 
quality, not merely of magnitude; and when we say that one thing is 
i^der than another, we do not imply that the two are of the same shade. 
If there were no difference of shade, we should probably say one was 
brighter than the other, which is quite a different kind of comparison. 
But though the difference of two shades is a difference of quality, yet, as 
the possibility of serial an-angement shows, this difference of quality is 
itself susceptible of degrees. Each shade of colour seems to be simple 
and unanalyaible ; but neighbouring <*olours in the spectrum are certainly 
more similar than rcmiotc (‘olours. It is this that gives continuity to 
coloui’s. Between two shades of colour, A and we should sav, there 
is always a third colour C \ and this means that C resembles A or B 
more than B or A d(K?s, But for such relations of immediate resemblance, 
we should not lx* abki to arrange colours in scries. The resemblance 
must lx* immediate, since all shades of colour are unanaly/able, as appears 
fn)m any attempt at descTiption or definition*. Thus we have an 
indubitable case of relations which have magnitude. The difference or 
resemblance of two colours is a relation, and is a magnitude ; for it is 
greater or less than other differenc€\s or resemblances. 

160. I have dwelt upon this case of colours, siru* it is one instance 
of a very iiiqxjrtant class. When any niimlxr of terms can be arranged 
in a series, it frexjuently happens that any two of them have a relation 
which may, in a generalized sense, be called a distance. This relation 
suffices to generate a serial arrangement, and is always necessarily a 
magnitude. In all such ca.ses, if the tenns of the series have names, and 
if these names have comparatives, the (om{)aratives indicate, not more 
of the tenn in question, but more likeiK*ss to that term. Thus, if we 
suppose the time-series to lx* one in which there is distance, when an 
event is said to lx* more recent than another, what is mcAnt is that its 
distance from the present was less than that of the other. Thus locentness 
is not itself a quality of the time or of the event. What arc quantitatively 

* On the subject of the resemblances of colours, sec Meinon)^, Abstrahiren und 
Vergleicben/’ Zeittichrift f. I^h. u. Phy«. d. \'ol. xxiv, p. 72 IF. 

I am not sure that 1 agree with the whole of Meiiiong’s argument, hut his general 
inclusion, *'dasK die I'mfangscollective des Achnlichen Allgemeiiiheiten darstellen, 
an deneii die Abstraction weiiigsteiis uiimittelhiir keineii Aiitheil hat” (p. 78), 
*^ppear8 to me to be a correct and important logical principle. 
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compared in isuch cases are relations, not qualities. The case of colours 
is convenient for illustration, because colours have names, and the 
differencre of two 001001*8 is generally admitted to be qualitative. But 
the principle is of very wide application. The importance of this class 
of magnitudes, and the absolute necessity of clear notions as to their 
naturc, will appear more and more as we proceed. The whole philosophy 
of space and time, and the doctrine of so-called extensive magnitudes, 
depend throughout upon a clear understanding of series and distance. 

Distance must be distinguished from mere difference? or unlikeness. 
It holds only l)etween terms in a series. It is intimately connected with 
order, and implies that the terms between which it holds have an ultimate 
and simple (liffert?nce, not one capable of analysis into constituents. 
It implies also that there is a more or less continuous passage, through 
other terms belonging to the same series, from one of the distant terms 
to the other. Mere difference j>er ne appears to be the bare mitnmnm of 
a relation, being in fact a precondition of almost all relations. It is 
always absolute, and is incapable of degrees. Moreover it holds between 
any two terms whatever, and is hardly to f)e distinguished from the 
assertion that they are two. But distance holds only tK‘tween the 
members of certain series, and its existence is then the source of the 
series. It is a specific Relation, and it has ftense ; we can distinguish 
the distanc*e of A from B from that of B from A. This last mark 
alone suffices to distinguish distance from bare differencre. 

It might perhaps be supposed that, in a series in which there is 
distance, although the distance AB must bt‘ greater than or less than J(\ 
yet the distance BI) need not be either greater or less than AC. For 
example, there is obviously more difference Ix^tween the pleasure 
derivable from £^5 and that derivable from i.^100 than between that 
from £5 and that from But need there be either equality or 

inecjuality betwt^en the difference for £\ and 1^0 and that for £5 and 
cf 100 ? This question must be answered affirmatively. For AC is 
greater or less than /iC, and BC is greater or less than BI) ; hence AC^ 
BC and also BC\ BI) are magnitudes of the same kind. Henc'e AC^ BD 
are magnitudes of the same kind, and if not identical, one must be the 
greater and the other the less. Hence, when there is distance in a scries, 
any two distances are quantitatively comparable. 

It should be observed that all the magnitudes of one kind form 
a series, and that their distances, therefore, if they have distances, are 
again magnitudes. But it must not lx? supposed that these can, in 
general, be obtaiited by subtraction, or are of the same kind as the 
magnitudes whose differences they express. Subtraction depends, as a 
rule, upon divisibility, and is therefore in general inapplicable to 
indivisible quantities. The point is important, and will be treated 
in detail in the following chapter. 

Thus nearness and distance are relations which have magnitude. 
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Are there any other relations having magnitude? This may, I think, 
be doubted*. At least I am unaware of any other such relation, though 
I know no way of disproving their existence. 

161 . There is a difficult class of terms, usually regarded as mag- 
nitudes, apparently implying relations, tliough certainly not always 
relational. These are differential coefficients, such as velocity and 
acceleration. ^Fhey must lx,* borne in mind in all attempts to generalize 
about magnitude, but owing to their complexity they require a special 
discussion. This will be* given in Part V ; and we shall then find that 
differential ccx*fficients are never magnitudes, but only rt^al nuiidx;rs, or 
segments in some series. 

162 . All the magnitudes dealt with hitherto have Ixcii, strictly 
s[x;Hking, indivisible. Thus the question arises; Ai*e tliere anv divisible 
magnitudes ? Mere I think a distinction must be made. A magnitude 
is essentially one, not many. Thus no magnitude is correctly expressed 
as a numlx'r of terms. Hut may not the quantity which has magnitude 
be a sum of fmrts, and the magnitude a magnitude of divisibility ? If ?>o, 
every whole consisting of parts will lx* a single term po.ssessed of the {)ro- 
pertv of divisibility. The more parts it consists of, the greater is its 
divisibility. On this suy)position, divisibility is a magnitude, of which we 
may have a greater or less degree; and the degree of divisil)ilit} corrt*s|Kjnds 
exactly, in finite wholes, to the nuinlxT of jxii-ts. But though the whole 
which has divisibility if. of course divisible, yet its divisibility, which alone 
is strictly a magnitude, is not projxTly speaking divisible. The divisibility 
d(x*.s not itself consist of parts, but only of the proixidy of having parts. 
It is neees.sarv, in order to obtain divisibility, to take the whole strictly 
as o/ic, and to regard divisibility as its adjective, 'rhus although, in 
this case, we have numerical measurement, and all the mathematical 
conse(|uences of division, vet, philosophically sjxaking, our magnitude is 
still indivisible. 

There are difficulties, however, in the way of admitting divisibility as 
a kind of magnitude*. It seems to be not a pniperty of the whole, but 
merely a relation to the parts. It is difficult to decide this point* but a 
good deal may lx* said, I think, in supjmrt of divisibility a.s a simple 
quality. The w hole has a certain relation, which for convenience wc may 
call that of inclusion, to all its jmrts. ^rhis relation is the sfimc whether 
there be many parts or few ; what distinguisht*s a w hole of many parts is 
that it has many such relations of inclusion. But it sc*enis reasonable to 
suppose that a w'hple of many jxu’ts differs from a w’hole of few' parts in 
some intrinsic itisjx*ct. In facd, wholes may he arranged iii a series 
according as they have more or fewer parts, and the serial aiTangcinent 
implies, as we have already six‘n, some scries of pn>yx*rties differing more 
or less from each other, and agreeing when two wholes have the same 

* Cf. Meinoiiir, Ueher die Bedeutunq den Welter ttche^i Geaetzen, Hamburir and 
1896, p. k 
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finite number of parts, but distinct from number of parts in finite 
wholes. These pniperties can be none other than greater or less degi'ees 
of divisibility. Thus magnitude of divisibility would appear to be a 
simple property of a whole, distinct from the number of parts included 
in the whole, but correlated with it, provided this number be finite. If 
this view can Ixi maintained, divisibility may be allowed to remain as a 
numerically measurable, but not divisible, cla.ss of magnitudes. In this 
class we should have to place lengths, aroas and volumes, but not 
distances. At a later stage, however, we shall find that the divisibility 
of infinite wholes, in the sense in which this is not measurod by cardinal 
numbers, must be derived through relations in a way analogous to that 
in which distanc'e is derived, and must be i-eally a prof)erty of relations*. 

Thus it would appear, in any case, that all magnitudes are in- 
divisible. This is one common mark which they all possess, and so far 
as I know, it is the only one to be added to those enumerated in 
Chapter xix. Conceding the range of quantity, there setnns to be no 
further general proposition. Very many simple non-relational tenns 
have magnitude, the principal exceptions being coloui*s, points, instants 
and numbers. 

163. Finally, it is important to romember that, on the theory 
adopted in Chapter xix, a given magnitude of a given kind is a simple 
concept, having to the kind a relation analogous to that of inclusion in 
a class. When the kind is a kind of existents, such as pleasure, what 
actually exists is never the kind, but various particular magnitudes of 
the kind. Pleasure, abstractly taken, does not exist, but various amounts 
of it exist. This degree of abstraction is essential to the theory of 
quantity ; there must be entities which differ from each other in nothing 
except magnitude. The ground.s for the theory adopted may jx^rhaps 
appear more clearly from a further examination of this case. 

l^t us start with Benthanr.s famous proposition : “ Quantity of 
pleasure being equal, pushpin is as good as potdry.'” Here the (jimlita- 
tive difference of the pleasures is the very point of the judgment ; but in 
order to be able to say that the quantities of pleasure are equal, we 
must be able to al)stract the qualitative diffeit'ncc.s, and leave a <*ertain 
magnitude of pleasure. If this abstraction is legitimate, the qualitative 
difference must he not truly a difference of quality, but only a difference 
of relation to other terms, as, in the present case, a diflereiicxi in the 
causal relation. For it is not the whole pleasurable states that are 
compared, but only — as the form of the judgment aptly illustmtes — 
their quality of pleasure. If w^e supjiose the magnitude of pleasure to 
be not a separate entity, a difficulty will arise. For the mere element of 
pleasure must be identical in the tw'o cases, whereas we require a possible 
difference of magnitude. Hence we can neither hold that only the 
whole contTcte state exists, and any part of it is an abstraction, nor that 

* See C'liap. xlvii. 
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what exists is abstract pleasure, not magnitude of pleasure. Nor can we 
say : We abstract, from the whole states, the two elements magnitude 
and pleasure. For then we should not get a quantitative comparison of 
the pleasures. The two states would agree in being pleasures, and in 
being magnitudes. But this would not give us a magnitude of pleasure ; 
and it would give a magnitude to the states as a whole, which is not 
admissible. Hen(?e we cannot abstract magnitude in general from the 
states, since as wholes they have no magnitude. And we have seen that 
we must not abstract bare pleasure, if we are to have any possibility of 
different magnitudes. ITius what we have to abstract is a magnitude of 
pleasure as a whole, lliis must not bt^ analyzed into magnitude and 
pleasure, but must be abstracted as a whole. And the magnitude of 
pleasure must exist as a part of the whole pleasurable states, for it is 
only where there is no difference .save at most one of magnitude that 
quantitative comparison is possible. the discussion of this parti- 

cular case fully confinns the theoiy that every magnitude is unanalyzable, 
and ha,s only the relation analogous to inclusion in a class to that 
abstract quality or relation of which it is a magnitude. 

Having seen that all magnitudes are indivisible, we have next to 
consider the extent to which numbers can be used to express magnitudes, 
and the nature and limits of measurement. 



CHAPTER XXL 

NUMBERS AS EXPRESSING MAGNITUDES: 
MEASUREMENT. 

164. It is one of the assumptions of educated com in on -sense that 
two magnitudes of the same kind must be numerically comparable. 
People are apt to say that they are thirty per cent, healthier or happier 
than they were, without any suspicion that such phrases are destitute of 
meaning. The purpose of the present chapter is to explain what is 
meant by measurement, what are the classes of magnitudes to which it 
applies, and how it is applied to those cleusses. 

Measurement of magnitudes is, in its most general sense, any methcxl 
by which a unique and rec*ipr(x:al correspondence is established between 
all or some of the magnitudes of a kind and all or some of the numlx?rs, 
integral, rational, or real, as the case may be. (It might be thought 
that complex numbers ought to be included ; but what can ofdy be 
measured by complex numbers is in fact always an aggregate of magni- 
tudes of different kinds, not a single magnitude.) In this general sense, 
measurement demands some one-one relation between the numbers and 
magnitudes in question — a relation w^hich may be direct or indiretrt, 
important or trivial, according to circumstances. Measurement in this 
sense can be applied to very many classes of magnitudes ; to two great 
classes, distances and divisibilities, it applies, as we shall see, in a more 
important and intimate sense. 

Concerning measurement in the most general sense, there is very 
little to be .said. Since the numbers form a series, and since every kind 
of magnitude also forms a scries, it will be desirable that the order of 
the magnitudes measurwl should coirespond to that of the numbers, 
that all relations of l)etween .should be the same for magnitudes and their 
measures. Wherever there is a zero, it is well that this .should be 
measured by the number zero. These and other condition.s, which a 
measure should fulfil if possible, may be laid down ; but they are of 
practical rather than theoretical importance. 

165. There are two general nietaphy.sical opinions, either of which, 
if accepted,* shows that all magnitudes are theoretically capable of 
measurement in the above sense. The first of these is the theory that 
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all events either are, or are correlated with, events in the dynamical 
causal series. In regard to the so-called secondary qualities, this view 
has been so far acted upon by physical science that it has provided most 
of the so-called intensive quantities that appear in space with spatial, 
and thence numerical, measures. And with regard to mental quantities 
the theory in question is that of psychophysical parallelism. Here the 
motion whi(!h is correlated with any psychical quantity always theoreti- 
cally affords a means of measuring that quantity. The other metaphysical 
opinion, which leads to universal measurability, is one suggested by 
Kant’s ‘‘Anticipations of Perception*,” namely that, among intensive 
magnitudes, an increase is always acn-ompanied by an increase of reality. 
Reality, in this connection, seems synonymous w^ith existence ; hence 
the doctrine may stated thus : Existence is a kind of intensive 
magnitude, of which, where a greater magnitude exists, there is always 
more than where a less magnitude exists. (That this is exactly Kant’s 
doctrine seems improbable; but it is at least a tenable view.) In this 
case, since two instances of the same magnitude (ie, two equal quantities) 
must have more existence than one, it follow's that, if a single magnitude 
of the same kind can be found having the same amount of existence as 
the two ec|ual quantities togt^ther, then that magnitude may lx* called 
double that of each of the e(|ual quantities. In this way all intensive 
magnitudes bc<‘omc theoretically capable of measuixMuent. ^Fhat this 
inethwl has any practical impoi-tanc‘e it would he al>surd to maintain ; 
but it may contribute to the appeamnee of meaning belonging to ticire 

hapin/. It gives a sense, for exaiirple, in which we may say that a 
child derives as much plea-sure from one choailate as from two acid 
drops ; and on the l>asis of such judgments the hedonistic C’alculus 
could theoretically he built. 

There is one other general obsenation of some importance. If it be 
maintained that all series of magnitudes are either continuous in Cantor ’s 
sense, or are similar to series which can lx* chosen out of (‘ontinuous 
series, then it is theoretically possible to correlate any kind of magnitudes 
with all or some of the real numbers, .so that the zei't)s correspond, and 
the greater magnitudes corresjKmd to the greater luuiibtM's, But if any 
series of magnitudes, without being continuous, contains continuous 
series, then such a series of magnitudes will lx? strictly and theoretically 
incapable of measurement by the real numbers+. 

166 . Ix?aving now these somcwdiat vague generalities, let us examine 
the more usual and concrete sense of measurement. What we require is 
some sense in which we may say that one magnitude is double of another. 

* Reine Vemw\ft, ed. Hart. (1807), p- 100. The wording of the first edition 
illustrates better than that of the second the doctrine to which 1 allude. See 
Erdmann's edition, p. 161. 

t See Part V, Chap, xxxiii flF. 
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In the above instances this sense was derived by correlation with spatio- 
temporal magnitudes, or with existence. This presupposed that in these 
cases a meaning had been found for the phrase. Hence measurement 
demands that, in some cases, there should be an intrinsic meaning to the 
proposition ^^this magnitude is double of that.*” (In what sense the 
meaning is intrinsic will appear as we proceed.) Now so long as 
quantities are regarded as inherently divisible, there is a perfectly 
obvious meaning to such a preposition : a magnitude A is double of B 
when it is the magnitude of two quantities together, each of these 
having the inagnitude B. (It should be observed that to divide a 
magnitude into two ccpial parts must always be impossible, since there 
are no such things as e(|ual magnitudes.) Such an intei-pretation will 
still apply to magnitudes of divisibility; but since we have admitted 
other magnitudes, a different interpretation (if any) must be found for 
these. Let us first examine the case of divisibilities, and then pim'ced 
to the other cases where measurement is intrinsically possible. 

167. The divisibility of a finite whole is immediately and inherently 
correlated with the number of simple pails in the whole. In this case, 
although the magnitudes are even now incapable of addition of the sort 
required, the quantities can be added in the manner explained in Part II. 
The addition of two magnitudes of divisibility yields merely two magni- 
tudes, not a new magnitude. But the a<ldition of two quantities of 
divisibility, i.e, two wholes, does yield a new single whole, provided the 
addition is of the kind which results from logical addition by regarding 
classes as the wholes formed by their tenns. Thus there is a good 
meaning in saying that one magnitude of divisibility is double of 
another, when it applies to a whole containing twice as many parts. 
But in the case of infinite wholes, the matter is by no means so simple. 
Here the number of simple parts (in the only senses of infinite number 
hitherto discovered) may lx; eijual without e<]uality in the magnitude of 
divisibility. We require here a method which does not go back to 
simple parts. In actual .space, we have immediate judgments of ecpiality 
as regards two infinite wholes. When we have such judgments, we can 
regard the sum of ?i equal wholes as w times each of them ; for addition 
of wholes does not demand their finitude. In this way numerical com- 
parison of some pairs of wholes becomes [H>ssible. By the usual well- 
known methods, by continual subdivision and the method of limits, this 
is extended to all pairs of wlioles which are such that immediate com- 
parisons are possible. Without these immediate comparisons, which 
are necessary both logically and psychologically*, nothing can be 
accomplished : we are always reduced in the last resort to the immediate 
judgment that our foot-rule has not greatly changed its size during 
measurement, and this judgment is prior to the results of physical 


* Cf. Meiiiong, op. ciL, pp. G3-4. 
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science as to the extent to which bodies do actually change their sizes. 
But where immediate coniparison is psychologically impossible, we may 
theoretically substitute a logical variety of measurement, which, however, 
gives a property not of the divisible whole, but of some relation or class 
of relations tnore or less analogous to those that hold between points in 
space. 

'rhat, divisibility, in the sense required for areas and volumes, is not 
a property of a whole, results from the fact i which will be established in 
Part V^I) that between the points of a space there are always relations 
which generate a different space. Thus two sets of points which, with 
regard to one set of relations, form equal areas, form unecjual areas with 
respect to another set, or even form one an area and the other a line or 
a volume. If divisibility in the relevant sen.se were an intrinsic property 
of wholes, this would l)e impossible. But this subject cannot be fully 
discussed until we come to Metrical Geometry. 

Where our magnitude's are divisibilities, not only do numbers mea.sure 
them, but the difference of two measuring niiml>ers, with certain limita- 
tions, measures the magnitude of the difference (in the sense of dis- 
similarity) Ix'tween the divisibilities. If one of the magnitudes be 
fixed, its difference from the other increases as the difference of the 
measuring niimlx^rs increases; for this difference deptmds upon the 
ditt’erence in the iiiimlx*r of parts. But I do not think it can be shown 
generally that, if Cy I> be the numlx^i-s measuring four imignitudes, 
and A —R — C — I)y tliiMi the differeiu'es of the magnitudes are equal. 
It would setun, for instance, that the diftertuire between one inch and 
two inches is greater than that lx*tween 1001 inches and 1002 inches. 
This remark ha^. no inqxirtance in the present case, since differences of 
divisibility are never required ; but in the case of distances it has a 
curious coniKslion with non-Euclidean Geometry. But it is theoretically 
important to observe that^ if divisibility lx* indee<l a magnitude — as the 
iH]uality of areas and volumes scvms to n^quire — then there is strictly no 
ground for saying that the divisibility of a sum of two units is twice as 
great as that of one unit, Indee<l this proposition cannot be strictly 
taken, for no magnitude is a sura of parts, and no magnitude therefore is 
double of another. We can only mean that the sum of two units t*on- 
tains twice as many parts, which is an arithmetical, not a (juantitative, 
judgment, and is a(lei|uate onlv in the case where the number of parts is 
finite, since in other cases the double of a number is in general cipial to 
it. ITius even the measiireinent of divisibility by numbers contains 
an element of convention ; and this element, we shall find, is still more 
prominent in the case of distances. 

168. In the above case we still had addition in one of its two 
fundamental senses, i.f. the combination of w holes to form a new^ whole. 
But in other canes of magnitude we do not have any such addition. 
The sum of tw'o pleasiu^ is not a new pleasure, but is merely two 
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pleasures, llie sum of two distances is also not properly one distance. 
But in this case wc have an extension of the idea of addition. Some 
such extension must always be possible where ineasiireinent is to be 
eft*ected in the more natural and restricted sense which we are now 
discussing. I shall first explain this generalized addition in abstrai:t 
terms, and then illustrate its application to distances. 

It sometimes happens that two quantities, which arc not capable of 
addition proper, have a relation, which has itself a one-one relation to 
a quantity of the same kind as tho.se between which it holds. Supposing 
a, by c to be such quantities, we have, in the case sup[K>sed, some pro- 
position aBcy where B \s a, relation which uniquely determines and is 
uniquely determined by some cjuantity b of the same kind as that to 
which a and c belong. Thus for example two ratios have a relation, 
which we may call their difference, which is itself wholly determined by 
another ratio, namely the difference, in the arithmetical sense, of the 
two given ratios. If a, y8, 7 be terms in a series in which there i.s 
distance, the distances ay have a relation which is ineasuml by 
(though not identical with) the distance ( 3 y, In all such cases, by an 
extension of addition, we may put a-^b^c in place of aBc. Whercver 
a set of quantities have relations of this kind, if further aBc implies bAc, 
so that a i-b = b + a, we shall be able to proceed as if wc had onlinary 
addition, and shall be able in consecjuence to introduce numerical 
measurement. 

The conception of distance will be discussed fully in l*art IV, in 
connection with order : for the present I am concerned only to show 
how distances come to be measurable. The word will be used to cover 
a far more general conception than that of distance in sjmee. I shall 
mean by a kind of distance a set of quantitative asymmetrical relations of 
which one and only one holds between any pair of terms of a given 
class ; which are such that, if there is a relation of the kind between a 
and by and also between b and c, then there is one of the kind between 
a and c, the relation betw'een a and c Ix^ing the relative pnxluct of 
those between a and 6, b and c ; this product is to be commutative, 
Le. inde|)endent of the order of its factors; and finally, if the distance 
ab be greater than the distance oc, then, d being any other mcmijer of 
the class, db is greater than dc. Although distances are thus relations, 
and therefore indivisible and incapable of addition projier, there is a 
simple and natural convention by which such distanc!f.-s ^xx-ome numeri- 
cally measurable. 

The convention is this. Let it be agreed that, when the distances 
a^Oiy aiflj ... On-i^n are all equal and in the same sense, tlieii a^On i* 
said to be n times each of the distances aoOi, etc;., i, is to be measured 
by a number w times as great. This has generally been regarded as not 
a convention, but an obvious truth ; owing, however, to the fact that 
distances are indivi.sible, no distance is really a sum of other distances, 
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and numerical measurement must be in part conventional. With this 
convention, the numbers corresponding to distances, where there are 
such numbers, become definite, except as to a common factor dependent 
upon the choice of a unit. Numbers are also assigned by this method 
to the members of the class between which the distances hold ; these 
numbers have, in addition to the arbitrary factor, an arbitrary additive 
constant, depending upon the choice of origin. This method, which is 
capable of still further gencrali/atioii, will be more fully explained in 
Pari IV. In order to show that aU the distances of our kind, and aU 
the terms of our set, can have numbers assigned to them, we require two 
further axioms, the axiom of Aivhimedes, and what may be called the 
axiom of linearity •. 

169. The importance of the numerical measurement of distance, at 
least as applied to space and time, depends partly upon a further fact, 
by which it is brf>iight into relation with the numerical measurement of 
divisibility. In all series there are terms intermediate l)etween any two 
whose distaiu'e is not the minimum. These terms are determinate when 
the two disbint terms are specified. The intermediate terms may be 
called the Htreti h from to . The whole composed of these terms 
is a quantity, and has a divisibility measured by the number of terms, 
providcxl their iiuiuIkt is finite. If the series is such that the distances 
of consecutive terms are all ec]ual, then, if there are terms between 
a® and the measure of the distance is proportional to u. Thus, if we 
include in the stretch one of the end terms, but not the other, the 
measures of the stretch and the distance are proportional, and etpial 
stretches correspond to iH{ual distaiKx‘s. Thus the number of terms in 
the stretch measures both the distance of the end terms and the amount 
of divisibility of the whole stretch. When the stretch contains an 
infinite niiml)er of terms, we estimate equal stretches as explained above. 
It then becomes an axiom, which may or may not hold in a given case, 
that eijual stretches convspond to e<|ual distances. In this case, co- 
ordinates measim* •* two entirely distinct magnitudes, which, owing to 
their common measure, jK*rpetually confounded. 

170, Tlie al>ove analysis explains a curious problem which must 
have troubled most [KHiple who have endeavoured to philosophize alxiut 
Geometry. Starting from one-elimcnsional imignitudes connec*ted with 
the straight line, »nost theories may be dividixl into tw'o classes, those 
appropriate to areas and volunu's, and those appixipriate to angles 

* See Part IV, Chap. xxxi. lliis axiom aRserts that a ma|;^iutude can be divided 
into fi equal parts, and forms part of Du Hois Reymoiid’s deHnitioii of linear magni- 
tude. See his Allyrnmnt FuiictionetUheorie (Tubingen, ltW2), ('bap. i, § D? ; also 
Bettaz^d, Teoria delh Onmdexze (Pisa, 18J)0), p. 44. llie axiom of Archimedes 

•*8erts that, ^iven any two magnitudes of a kind, some finite multiple of the lesser 
exceeds the greater. 

t Called Stmeke by Meitioiig, op, cit,, e,g, p. 22. 
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between lines or planes. Areas and volumes are radically different 
from angles, and are generally neglected in philosophies -which liold 
to relational view's of space or start from projective Geometry. The 
reason of this is plain enough. On the straight line, if, as is usually 
supposed, there is such a relation as distance, we have two philosophi- 
cally distinct but practically conjoined magnitudes, namely the distanc'c, 
and the divisibility of the stretch. The former is similar to angles ; the 
latter, to areas and volumes. Angles may also be I'egarded as distances 
between terms in a series, namely between lines through a point or 
planes through a line. Areas and volumes, on the contrary, are sums, 
or magnitudes of divisibility. Owing to the confusion of the two kinds 
of magnitude connected with the line, either angles, or else areas and 
volumes, are usually incompatible with the philosophy invented to 
suit the line. By the al3ove analysis, this incompatibility is at once 
explained and overcome*. 

171. We thus see how two great classes of magnitudes — divisibilities 
and distances — are rendered amenable to measure. These two classes 
practically cover what are usually called extensive magnitudes, and it 
will be convenient to continue to allow the name to them. I shall 
extend this name to cover all distances and divisibilities, whether they 
have any relation to space and time or not. But the wal'd cHermve 
must not be suppo.sed to indicate, as it usually does, that the magnitudes 
so designated are divisible. We have already seen that no magnitude is 
divisible. Quantities are only divisible into other quantities in the one 
case of wholes which are quantities of divisibility. Quantities which arc 
distances, though I shall call them extensive, are not divisible into 
smaller distances ; but they allow the important kind of addition ex- 
plained above, which I shall call in future relational addition f. 

All other magnitudes and quantities may be properly callwl intensive. 
Concerning these, unless by some causal relation, or by means of some 
more or less roundalK)ut relation such as tho.se explained at the iKginning 
of the present chapter, numerical measurement is impossible. Those 
mathematicians who are accustomed to an exclusive emj)hasis on numbers, 
will think that not much can be said with definiteness concerning magni- 
tudes incapable of measurement. This, however, is by no means the 
case. ITie immediate judgments of ecjuality, upon which (as we saw) 
all measurements depend, are still possible where measurement fails, as 
are also the immediate judgments of greater and less. Doubt only 
arises where the difference is small ; and all that measurement does, 

* In Part VI, we .shall find reason to deny distance in most spaces. Hut there 
is still a distinction between stretches, consisting of the terms of some series, and 
such quantities as areas and volumes, where the terms do not, in any simple sense, 
form a one-dimensional series. 

t Not to he confounded with the refative addition of the Algebra of Relatives. 
It is connected rather with relative multiplication. 
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in this respect, is to make the marpn of doubt smaller — an achievement 
which is purely psychological, and of no philosophical importance. 
Quantities not susceptible of numerical measurement can thus be ar- 
ranged in a scale of greater and smaller magnitudes, and this is the 
only strictly quantitative achievement of even numerical measurement. 
We can know that one magnitude is greater than another, and that 
a third is intermediate between them ; also, since the differences of 
magnitudes are always magnitudes, there is always (theoretically, at 
least) an answer to the cfuestion whether the difference of one pair 
of magnitudes is greater than, less than, or the same as the difference of 
another pair of the same kind. And such pro[)ositions, though to the 
mathematician thc'y may appear approximate, are just as precise and 
definite as the propositions of Arithmetic. Without numerical measure- 
ment, thcn*fore, the quantitative relations of magnitudes have all the 
definiteness of which they are capable — nothing is added, from the 
th€K>retical standpoint, by the assignment of correlated numbc*rs. ITie 
whole subject of tlie measurement of quantities is, in fact, one of more 
practical than theoretical importance. What is theoretically important 
in it is inergtHl in the wider question of the correlation of series, which 
will occupy us much hereafter. The chief reason why I have treated 
the .subjcx*t thus at length is derived from its traditional importanc^e, but 
for which it might have been far more summarily treated. 



CHAPTER XXII. 

ZERO. 

172. Thk present chapter is concerned, not with any form of the 
numerical zero, nor yet with the infinitesimal, but with the pure zero 
of magnitude. This is the zero which Kant has in mind, in his refuta- 
tion of Mendelssohn’s proof of the immortality of the soul*. Kant 
points out that an intensive magnitude, while remaining of the same 
kind, can become zero ; and that, though zero is a definite magnitude, 
no quantity whose magnitude is zero can exist. This kind of zero, we 
shall find, is a fundamental quantitative notion, and is one of the points 
in which the theory of quantity presents features peculiar to itself. 'Fhe 
quantitative zero has a certain connection both with the numlK?r 0 and 
with the null-class in Logic, but it is not (1 think) definable in terms of 
either. What is less universally realized is its complete independence 
of the infinitesimal. The latter notion will not fx* discussed until the 
following chapter. 

The meaning of zero, in any kind of quantity, is a question of much 
difficulty, upon which the greatest care must be l>estowed, if contra- 
dictions are to be avoided. Zero seems to be definable by some general 
characteristic, without reference to any special peculiarity of the kind of 
quantity to which it belongs. To find such a definition, however, is far 
from easy. Zero seems to be a radically distinct conception according as 
the mc^gnitudes concerned are discrete or continuous. To prove that 
this is not the case, let us examine various suggested definitions. 

173. (1) Herr Meinong (op. cif., p. 8) regards zero as the con- 
tradictory opposite of each magnitude of its kind. The * phra.se 
‘‘contradictory opposite” is one which is not free from ambiguity. 
The opposite of a class, in symbolic logic, is the class containing all 
individuals not belonging to the first class; and hence the opposite 
of an individual should be all other individuals. But this meaning is 
evidently inappropriate: zero is not everything except one magnitude 
of its kind, nor yet everything except the class of magnitudes of its 
kind. It can hai^ly be regarded as true to say that a pain is a zero 

* Kritxk der Reiften Vemuf\ft, ed. HarteiiNteiii, p. 281 If, 
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pleasure. On the other hand, a zero pleasure is said to be pleamre^ 
and this is evidently what Herr Meinong means. But although we 
shall find this view to be correct, the meaning of the phrase is very 
difficult to seize. It does not mean something other than pleasure, 
as when our friends assure us that it is no pleasure to tell us our faults. 
It seems to mean what is neither pleasure, nor yet anything else. But 
this would lx? merely a cumbrous way of saying nothings and the 
refertmce to pleasure might lx? wholly dropped, lliis gives a zero 
which is the same for all kinds of magnitude, and if this lx? the true 
meaning of zcn), then zero is not one among the magnitudes of a kind, 
nor yet a term in the series formed by magnitudes of a kind. For 
though it is often true that there* is nothing smaller than all the 
magnitudes of a kind, yet it is always false that nothing it^self is 
smaller than all of them. This zero, therefore, has no special reference 
to any particular kind of magnitude, arid is incapable of fulfilling the 
functions which Herr Meinong <lemands of it*. The phrase, however, 
as we :.hall see, is cajwible of an interpretation which avoids this difficulty. 
But let u^ tiisl examine some other suggested nieanings of the word. 

174. (ii) Zero may lx* defined as the least nuignitude of its kind. 
WheiT a kind of magnitude is discrete, and generally wl*n it lias what 
IVofessor Bet^az/.i calls a limiting imignitude of the kind+, such a 
definition is insufficient. For in such a case, the limiting magnitude 
seems to lx* really the least of its kind. And in any case, the definition 
gives rather a characteristic than a true d(?tiniti()n, which must lx* sought 
in some moix* purely logical notion, for zero cannot fail to lx* in some 
sens(* a denial of all other magnitudes of the kind. The jihrase that 
zero is the smallest of magnitudes is like the phrase which l)e Morgan 
commends for its rhet<»ric; ‘^Vchilles was the strongest of all his enemies.'” 
Thus it would lx* obvious! V false to sav tliat 0 is the least of the jxisitive 
integers, or that the interval Ix'twmi A and A is the h‘ast interval 
Ixtween any two letters of the aljilmlxt. On the other hand, when? a 
kind of magnitude is continuous, and has no limiting magnitude, although 
we have apparently a gradual and unlimited appnmch to zero, yet now^ a 
new objection arist's. Magnitudes of this kind are essentiallv such as 
hH\e no minimum. Hence we cannot without express contradiction take 
zero (Mi their miniiuuiti. We may, however, avoid this contradiction by 
^^^ying that there is always a magnitude less than any other, but not 
zero, unless that other be zero. This emendation avoids any formal 
contradiction, and is <mly inadapiate Ixcaust* it gives rather a mark of 
zero than its true meaning. Whatever else is a magnitude of the kind 
in (]uestion might have Ikvii diminished ; and we wi.sh to know what it 
is that makes zero obviously inca|>able of any further diminution. This 
the suggested definition d<x?s not tell us, and thoi'efore, though it gives a 

* See note to ('hap. xix, itapra. 

t Teoria deiie Grandezze, Pisii, lUSM), p. 24. 
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characteristic which often belongs to no other magnitude of the kind, it 
cannot be considered philosophically sufficient. Moreover, where there 
are negative magnitudes, it precludes us from regarding th<?se as less 
than zero. 

176. (3) Where our magnitudes are differences or distances, zero 

has, at first sight, an obvious meaning, namely identity. But here iigain, 
the zero so defined seems to have no relation to one kind of distances 
rather than another : a zero distance* in time would seem to l)e the wime 
as a zero distance in spat*e. Tliis can, however, be avoided, by substituting, 
for identity simply, identity with some member of the class of terms 
between which the distiina\s in cjuestion hold. By this device, the zero 
of any class of relations w^hich are magnitudes is made perfectly definite 
and five from contradiction ; moreover we have both zero quantities and 
zero magnitudes, for if A and B Ik* terms of the class which has distances, 
identity with A and identity with B are distinct zero (piantities*. This 
case, therefore, is thoroughly clear. And yet the definition must he 
rejei'twl : for it is plain that zero has some general logical meaning, if 
only this could Ik* clearlv slat(*d, which is the same for all classes of 
quantities ; and that a zero distance is not actually the sann* concept as 
identity. 

176. (4) In any class of magnitudes which is continuous, in the 
sense of having a term bet\u‘t‘n any two, and which abo has no limiting 
magnitude, we can intrtKlucv zero in the manner in which real iunnl>i*rs are 
obtained from rationals. Any colh*ction of magnitudt*s d(‘fines a class of 
magnitudes less than all of them. This class of magnitudes (an Ik* made* its 
small as wc please, and can actually Ik* made to lx? tlu* null-class, i.c. to 
contain no membei's at all. ('Jliis is effected, for instance, if our collection 
consists of all magnitudes of the kind.) The (•lasse^ so defined form a 
series, closely n.*lated to the series of original magnitudes, and in this 
new’ series the null-class is definilelv the fii'st term. Thus taking the 
classes as (piantities, the null-class is a zero (|uantitv. 'J^Iutc is no (‘lass 
containing a finite numlKr of mendK*i>i, so that there is not, as in 
Arithmetic, a discrete approach to the null-class; on the contrary, tlie 
approach is (in several sens<*s of the word) eontimioiis. This method of 
defining zero, which is identical with that by which the real numlK*r zero 
is intr(xhieed, is irnporbint, and will lx* discussed in Part V. But for the 
present we may observe that it again makes zeix) the same for all kinds 
of magnitude, and makes it not one among the inagrdtudes whose zero 
it is. 

177, (5) We arc com[)elli*d, in this (piestion, to faev the problem 
as to the nature of negation. “ No pleasure "" is obviously a different 
concept from “no pain,” even when these* terms are taken strictly as 
mere denials of pleasure and pain respectively. It would seem that “ no 


* On this point, however, see § above. 
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pleasure hjis the same relation to pleasure as the various magnitudes of 
pleasure have, though it has also, of course, the special relation of 
negation. If this be allowed, we see that, if a kind of magnitudes be 
defined by that of which they are magnitudes, then no pleasure is one 
among the \'arious magnitudes of pleasure. If, then, we aix? to hold to 
our axiom, that all pairs of magnitudes of one kind have relations of 
inecpiality, we shall be compelled to admit that zero is less than all other 
magnitudes of its kind. It sch.mus, indeed, to }>e rendered evident that 
tliis must Ik.^ admitted, by the fact that zero is obviously not greater 
than all other magnitudes of its kind. This shows that zero has a 
connection with less which it dr>es not have with greater. And if we 
adopt tins theory, we shall no longer aceej)t tlie clear and simple account 
of zero distances giv<‘n alvove, but we shall hold that a zero distance is 
strictly and meivly no d'lsittnee^ and is only eorrelaied with identity. 

'l"hus it wouhl seem that Herr Meinong's theory, with which w'e 
began, is substantially correct ; it rt‘<|uires emcaidation, on the above 
view, (ally in this, that a zero inagnitude is the denial of the defining 
concept of a kind of magni aides, not the denial of aiiv one y)artienlar 
magnitude, or of all of them. We shall ha\e to hold that any concept 
which dt‘fines a kind of magnitmlcs dtfines abo, l)\ its negation, a 
[larticular magnitude of the kind, which is called tlu‘ zero of that kind, 
and is les^ than all other nunibers of the kind. And we now’ reap the 
Iknetit of the absolute distinction which wt* inad(* Intween the defining 
concept of a kind of magnitude, and the \arious magnitudes of the kind. 
'l'h(‘ relation which we allowi'd ladweeii a particular magnitude and that 
ot which it is a inagnitiHh' wiis not idimtitieil with the class-relation, but 
was held to Ik? su't generis-, there is thus no contradiction, as there 
would be ill most theories, in supposing this relation to hold between no 
pleasure and pleasure, or Ix’twi'on uo distnuee and d'lsiauee. 

178. Hut finally, it must be obser\ed that no pleasure, the zero 
magnitiale, is not obtained by the logical denial of pleasure, and is not 
the same as the logical notioi' of uot pleasure. On the contrary, no 
pleasure is essentially a ^juaniibilive concept, having a curious and 
intimate relation to logical denial, ju'»t as 0 has a very intimate relation 
to the null -class. The relation is this, that theiv is no quant it jij whose 
magnitude is zero, so that the chtss of zero (juantities is the null-class*. 
r\w zero of any kind of magnitude is incapable oi‘ that ixdation to 
exist<*nee or to particulai*s, of which the other magnitudes are capable. 
Hut this is a synthetic proposition, to Ix' acceptcxl only on account of its 
self-evidence. The zero magnitude of any kind, like the other magnitudes, 
is properly .speaking indefinable, but is capable of s[)ecification by means 
^>1 its peculiar relation to the logical zero. 

* I'liis must be applied in correction of wliiit wa.s formerly said about zero 
<li8tancefl. 
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INFINITY, THE INFINITESIMAL, AND CONTINl TIY. 

179. Almost all mathematical ideas present one great difficulty : 
the difficulty of infinity. This is usually regairled by philosophers as 
an antinomy, and a.s shovdiig that the propositions of mathematics arc 
not metaphysically true. From this received opinion 1 am com[>ellwl to 
dissent. Although all apparent antinomies, except such as are (juite 
easily disposed of, and such as l)elong to the fundiimentals of logic, are, 
in my opinion, reducible to the one difficulty of in Unite number, yet tliis 
difficulty itself appears to be soluble by a correct philosophy of an//, and 
to have been generated very largely by confusions due to the aml)ignity 
in the meaning of finite integers. The problem in general will Ik* 
discussed in Part V ; the purpose of the prt^sent chapter is men.*ly to 
show that quantity, which has l>een regarded as the true home of infinity, 
the infinitesimal, and continuity, must give place, in this respect, to 
order; while the statement of the difficulties which arise in reganl to 
quantity can be made in a form which is at once ordinal and arithmetical, 
but involves no reference to the special peculiarities of (juantity. 

180. The three problems of infinity, the infinitesimal, and con- 
tinuity, as they occur in connection with (juantity, ait* closely related. 
None of them can be fully discussed at this stage, since all depend 
essentially upon order, while the infinitesimal depends also upon number. 
The question of infinite quantity, though traditionally considered more 
formidable than that of zero, is in reality far less so, and might Ik* 
briefly disposed of, but for the great devotion commonly shown by 
philosophers to a proposition which I .shall call the axiom of finitude. 
Of some kinds of magnitude (for example ratios, or distances in space 
and time), it appears to Ik true that there is a magnitude greater than 
any given magnitude. That is, any magnitude being mentioned, another 
can be found which is greater tlian it. 'Phe deduction of infinity from 
this fact is, when correctly performetl, a mere fiction to facilitate com- 
pression in the statement of results obtained by the iiicthtKl of limits. 
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Any class u of magnitudes of our kind being defined, three cases may 
arise : (1 ) There may be a class of terms greater than any of our class u, 
and this new class of terms may have a smallest member ; (2) there may 
be such a class, but it may have no smallest member; (3) there may be 
no magnitudes which ait' git^ater than any term of our class u. Suppas- 
ing our kind of magnitudes to lie one in which there is no greatest 
magnitude, case (2) will always arise where the class u contains a finite 
nuinlKT of terms. On the other hand, if our series be what is called 
coudvnml in itself, case (2) will never arist* when ?/ is an infinite class, 
and has no greatest term ; aiul if our series is not condensed in itself, 
but does have a term iK'tween any two, another which has this property 
can always ))e obtained from it*. Thus all infinite series which have 
no greatest term will have limits, except in case (3). To avoid cir- 
cumlocution, cast* (3) is define<l as t}»at in which the limit is infinite. 
But this is a mere device, and it is generally admitted by mathema- 
ticians to lx* such. Apart from sjxcial circumstances, there is no 
reason, meivly Ix'cause a kind of magnitudes has no maximum, to 
admit that there is an infinite magnitude of the kind, or that there 
are many such. When magnitudes of a kind having no maximum 
are cajmble of mnncrical measurement, they very often obc'V the axiom 
of Archimechs, in vii-tue of which the rario of anv two magnitudes of 
the kind is finite. 'J’hus, so far, there might appear to be no problem 
connected with infinity. 

But at this point the philosopher is apt to step in, and to declare 
that, by all true philosophi<’ principles, every well-defincHi .series of terms 
must ha Vi' a la.st term. If he insists upon creating this last term, and 
calling it infinity, he easily dwliices intolerable contradictions, from which 
he infers the in(ulei|uacv i)f inathematies to obtain absolute truth. For 
my part, however, I si^e no retison for the philosopher s axiom. To show, 
if po.ssible, that it is not a lu'cesvsary philosophic principle, let us under- 
take its analysis, and see what it really involves. 

llie prol)lein of infinity, a*, it has now crnergi'd, is not properly a 
quantibitive problem, b»:t rather one conceniing onler. It is only 
because' our magnitudes form a series having no last term that the 
l)roblem arises : the fact that the series is compost'd of magnitudes is 
wholly invlevant. With thi.s remark 1 miglit leave the subject to a 
later stage. But ii will lx* worth while now to elicit, if not to examine, 
the philosopher s axiom of finitude. 

181. It will lx* well, in the first place, to show how the problem 
concerning infinity is the same as that coneerning continuity and the 
infinitesimal. For this purpose, wc shall find it ('onvenient to ignore the 
absolute zero, and to mean, when wc sjxak of any kind of magnitudes, 
all the magnitudes of the kind except zero. This is a mere change of 


* This will be further explained in Part V, Chap, xxxvi. 
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diction, without which intolerable repetitions would be necessary. Now 
there certainly are some kinds of magnitude where the three following 
axioms hold : 

(1) If ^ and B be any two magnitudes of the kind, and A is 
greater than B. there is always a third magnitude C such that A 
is greater than C and C greater than B. (This I shall call, for the 
present, the axiom of continuity.) 

(2) There is always a magnitude less than any given magnitude B, 

(3) There is always a magnitude greater than any given magni- 
tude A, 

From these it follows : — 

(1) That no two magnitudes of the kind are consecutive. 

(2) That there Is no least magnitude. 

(3) That there is no greatest magnitude. 

The above propositions are c'ertainly true of jfome kinds of magni- 
tude ; whether they are true of all kinds remains to lx; c'xamined. The 
following three propositions, which directly contradict the pre vious three, 
must be always true, if the philosopher's axiom of finitude is to be 
accepted : 

(а) There are consecutive magnitudes, i.c. magnitudes such that 
no other magnitude of the same kind is greater than the less and less 
than the greater of the two given magnitudes. 

(б) There is a magnitude smaller than any other of the same kind. 

(c) There is a magnitude greater than any other of the same 

kind*. 

As these three propositions directly contradict the previous three, it 
would seem that ]x)th sets cannot be true. We have to examine the 
grounds for both, and let one set of alternatives fall. 

182. lict us begin with the propositions (a), (6), (r), and examine 
the nature of their grounds. 

(a) A definite magnitude A being given, all the magnitudes gri^ater 
than A form a sericsi, whose differences from A are magnitudes of a new 
kind. If there Ix' a magnitude B consecutive to A^ its difference from A 
will be the least magnitude of its kind, provided equal strtlches cor- 
respond to equal distances in the series. And conversely, if there lx 
a smallest difference between two magnitudes, A^ B, then these two 
magnitudes must always be consecutive; for if not, any intermediate 

* Those Hegelians who search for a chance of an antinomy may proceed to 
tlie definition of zero and infinity by means of the aliove propositions. When (2) 
and (6) both hold, they may say, the magnitude satisfying {h) is called zero ; when 
(.*1) and (c) both hold, the magnitude satisfying (c) is called infinity. We have seen, 
however, that zero is to be otherwise defined, and has to be excludcsd before (2) 
becomes true ; while infinity is not a magnitude of the kind in question at all, but 
merely a pie(;e of mathematical shorthand. (Not infinity in general, that is, but 
infinite magnitude in the cases we are discussing.) 



181, 182] Infinity^ the Infinitesimal^ and Continuity 191 

magnitude would have a smaller difference from A than B has. Thus 
if (i) is univei-sally true, (a) must also be true; and conversely, if (a) is 
true, and if the series of magnitudes be such that e(|ual stretches cor- 
i*espond to equal distances, then (ft) is true of the distances lx.‘tween the 
magnitudes considered. We might rest content with the reduction of 
(a) to (ft), and procieed to the proof of (ft) ; but it seems w'orth while 
to off*er a diiX'ct proof, such as presumably tlie finitist philosopher has in 
his mind. 

IJetwetm A and B there is a certain liuinlx^r of magnitudes, unless A 
and B are consecutive. The intermediate magnitudes all have order, so 
that in passing from A to B all the intennediate magnitudes would 
Ik' met with. In such an enumeration, there must lx* .vowf magnitude 
w'hich comes next after any magnitude or, to put the matter other- 
wise, since the enumeration has to lx‘gin, it must Ixgin somewhere, and 
the term witli which it Ixgins must Im* the magnitude next to A. If 
this were not the case, thcR* would Im* no d(*finite series ; for if all the 
terms have an order, soiih‘ of them mast lx* consecutive. 

In the atmve argument, what is important is its dejxndence upKm 
numtxr. The whole argument turns upon the principle by which infinite 
number is shown to lx sedf-contradictory, namely : A ffiren collection 
of many terms must ((mtain some finite numlsr of terms. We say: All 
the niagnitud(*s lM*tw'(x*n A and B form a given collection. If there 
are no such magnitudt‘s, A and B are constxutive, and the question 
is dtridiHl. If then* an* such magnitudes, theie mast Ix^ a finite 
number of them, say n. Since they form a s**ries, there is a definite 
way of assigning to them the ordinal nundxrs from 1 to n. The 7«th 
and (/rt-f-lHh are then constxutive. 

If the axiom in italics lx denied, the whole argument collapses; and 
this, we shall find, is also the <-ase as regards (ft) and (r). 

(ft) ’^rhe proof here is precisely similar to the proof of (a). If there 
are no magnitudt*s less than A^ then A is the least of its kind, and the 
question is decidiil. If there are any, they form a definite collection, 
and therefore (by our axiom) have a finite numlxr, say n. Sint'e they 
form a series, ordinal numbers may be assigned to tliem growing higher 
as the magnitudes Invome more di.stant from A . Thus the magni- 
tude is the smallt‘st of its kind. 

(c) The proof here is obtained as in (ft), by considering the collection 
ot magnitudes grt*ater than A. Thus everything dejxnds upon our 
axiom, without which no case can be made out again.st continuity, or 
against the absence of a gn'atest and least inagiiitiule. 

As reganls the axiom itself, it will be seen that it has no particular 
reference to quantity, and at first sight it might seem to have no 
reference to oitier. But the wonl /ra/^c, w'hii‘li (xrurs in it, mjuires 
definition; and this definition, in the form suittxl to the present dis- 
cassion, has, we shall find, an e.s.sential ixdcrence to oixlcr. 
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183. Of all the philosophers who haie inveighed against infinite 
number, I doubt whether there is one who has known the differenee 
between finite and infinite numbers. The diff’ertmcL* is simply this. 
Finite numbers obey the law of mathematical induction ; infinite 
numbers do not. That is to say, given any numlxn* w, if n iKdongs 
to every class s to which 0 belongs, and to which belongs also the 
number next after any number which is an ,v, then n is finite ; if not, 
not. It is in this aloiie^ and in its conse(juences, that finite and infinite 
numbers diff*er*. 

The principle may be otherwise stated thus : If every proposition 
which holds concerning 0, and also holds concerning tlie immediate 
successor of every number of which it holds, holds concerning the number 
n, then n is finite ; if not, not. This is the precise sense of what may be 
popularly expressed by saying that every finite nuinlxT can be ivached 
fi'om 0 by successive steps, or by successive additions of 1. This is the 
principle which the j)hi!osopher must be held to lay down as obviously 
applicable to all numbers, though he wdll have to admit that the more 
precisely his principle is stated, the less obvious it Incomes. 

184. It may be worth while to show exactly how mathematical 
induction entere into the above proofs. I^et us take the proof of (^/), 
and suppose there arc n iniignitudes between A and B, Tlx*n to begin 
with, we supposed these magnitudes capable of enumeration, i.e, of an 
order in which there are consecutive terms and a first term, and a term 
immediately preceding any term except the first. This property pre- 
suppo.ses mathematical induction, and was in fac*t the very prof)erty in 
dispute. Hence we must not presuppose the possibility of eminuTation, 
which would be a pctitk) pr'mc'tpii. But to come to the kernel of the 
argument : we supposed that, in any series, there must Ik* a definite way 
of assigning ordinal numbers to the terms. This projK*i*tv Ixdongs to 
a series of one term, and belongs to every .series having vi + 1 terms, 
if it belongs to every series having m terms. Hence, by mathematical 
induction, it belongs to all series having a finite number of terms. But 
if it be allowed that the number of terms may not lx* finite, the whole 
argument collapses. 

As regards (6) and (c), the argument is similar. Fjvery series having 
a finite number of terms can be .shown by matliernatical induction to 
have a first and last term ; but no w^ay exists of proving this conceniing 
other series, or of proving that all .series are finite. Mathematical 
induction, in short, like the axiom of parallels, i.s useful and convenient 
in its proper place ; but' to suppo.se it always true is to yield to the 


It must, however, be mentioned that one of these consequences gives a logical 
difference between finite and infinite numbers, which may be taken as an inde- 
pendent definition, lliis has been already explained in Part II, Chap, xui, and will 
be further discussed in Part V. 
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tyranny of mere prejudice. The philosopher’s finitist arguments, there- 
fore, rest on a principle of which he is ignorant, which there is no reason 
to affirm, and every reason to deny. With this conclusion, the apparent 
antinomies may he considered solved. 

186 . It remains to consider what kinds of magnitude satisfy the 
propositions (1), (2), (3). There is no general principle from which 
these can \ye proved or disproved, but there are certainly cases where 
they are true, and others where tViey are false. It is generally held by 
philosophers that numbers are essentially discrete, while magnitudes are 
essentially continuous. This we shall find to be not the case. Real 
niiml^ers possess the most complete continuity known, while many kinds 
of magnitude possess no continuity at all. The word continuity has 
many meanings, hut in mathematics it has only two — one old, the other 
new. For prt*sent purj.)o.ses the old meaning will suffire. I therefore 
set up, for the present, the following definition : 

Continuity applies to series (and onlv to series) whenever these are 
sucli that there is a term lK‘tween any two given terms*. Wliatever is 
not a series, or a compound of st*ries, or whate\er is a series not fulfilling 
the alx)ve condition, is discontinuous. 

Thus the series of rational minilx'rs is continuous, for the arithmetic 
mean of two of them is always a thinl rational number Ixjtween the two. 
The lettei's of the alphalx't are not continuous. 

We have seen that any two terms in a series have a dist^ince, or a 
stretch which has magnitude. Since there are certainlv discrete series 
{e g. the al[)hatK‘t), there are certainly discrete magnitudes, namely, the 
distances or the stretches of terms in diserett^ series. The distance 
Ix^twecm the letters A and C is greater than that between the letters 
A and i?, but there is no magnitude which is greater than one of these 
and less than the other. In this case, there is also a greatest po.ssible 
and a least jx>ssible distance, so that all three propositions (1), (2), (3) 
fail. It must not lx* supposed, however, that the three propositions 
have any necessary connection. In the case of the integers, for example, 
there are consecutive distances, and there is a le^^Lst possible distance, 
namely, that Ix'tween consecutive integi'rs, but there* is no greatest 
possible distanie. "Hius (3) is tme, while (1) and (2) are false. In 

the case of the si»ries of notes, or of colours of the rainlxiw, the series 

has a Ixginning and end, so that there is a gre'atest distance; but there 
is no least disbince, and there is a term lx»tween any two. Thus (1) 

and (2) are true, while (3) is false. Or again, if we take the series 

composed of zero and the fractions having one for numerator, there is a 


* The objection to this definition (as we shall see in Part V) is, that it does not 
give the usual properties of the existence of limits U convergent series which are 
commonly associated with cuiitiiiuity. Series of the above kind will be called 
compactf except in the present discussion. 
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greatest distance, but no least distance, though the series is discrete. 
Thus (2) is true, while (1) and (3) are false. And other combinations 
might be obtained from other series. 

llius the three propositions (1), (2), (3), have no necessary connection, 
and all of them, or any selection, may be false as applied to any given 
kind of magnitude. We cannot hope, therefore, to prove their truth 
from the nature of magnitude. If they are ever to be true, this must be 
proved independently, or discovered by mere inspection in each particular 
case. That they are sometimes true, appears from a consideration of 
the distances between terms of the number-continuum or of the rational 
numbei's. Either of the.se .series is continuous in the above .sense, and 
lias no first or last term (when zero is excluded). Hence its distances 
or .stretches fulfil all three conditions. The same might be inferred 
from space and time, but I do not wish to anticipate what is to be said 
of these. Quantities of divisibility do not fulfil these conditions when 
the wholes which are divisible consist of a finite nimilx^r of indivisible 
parts. But where the number of parts is infinite in a w'hole c1h.>.s of 
differing magnitudes, all thi-ee conditions are satisfied, as apjK‘ai> from 
the propeiiies of the nuuilxr-continuum. 

We thus see that the problems of infinity and continuity have no 
essential connection with quantity, but are due, where magnitudes 
present them at all, to characteristics defending upon numlxr and 
order. Hence the discussion of thcM^ problems can only be undertaken 
after the pure theory of order has been set forth*. To do this will 
be the aim of the follow ing Part. 

186. We may now sum up the results obtained in I^irt III. In 
Chapter xix we determined to define a magnitude as whatever is either 
greater or less than sometliing else. We found that magnitude has no 
necessary connection with divisibility, and that greater and le.ss are inde- 
finable. Every magnitude, we saw, has a certain relation — analogous to, 
but not identical with, that of inclusion in a class — to a certain quality 
or relation ; and this fact is expressed by saying that the magnitude 
in question is a magnitude of that quality or relation. We defined a 
quantity as a particular contained under a magnitude, i.c. as the com})lex 
consi.sting of a magnitude with a certain spatio-temporal position, or with 
a pair of terms between which it is a relation. We decided, by means of 
a general principle concerning transitive symmetrical relations, that 
it is impossible to content ourselves with quantities, and deny the 
further abstraction involved in magnitudes; that ecjuality is not a direct 
relation between quantities, but consists in being particularizations of 
the same magnitude. 'ITiiis equal (juaiitities are instances of the same 


* Cf. Couturat, Sur la Definitiini du Continu,** Revue de Metaphysique et de 

Morale y IDOO. 
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magnitude. Similarly greater and less are not direct relations between 
quantities, but between magnitudes: quantities are only greater and 
less in virtue of being instances of greater and less magnitudes. Any 
two magnitudes which are of the same quality or relation are one 
greater, the other less ; and greater and less are asymmetrical transitive 
relations. 

Among the terms which have magnitude are not only many qualities, 
but also asymmetrical relations by which certain kinds of series are 
constituted. ITiese may Ix^ called dlsiatices. When there are distances 
in a series, any tw o terms of the series have a distance, which is the same 
as, greater than, or less than, the distance of any two other terms in the 
series. Another peculiar class of magnitudes discussed in Chapter xx is 
constituted by the degrees of divisibility of different wholes. This, w'e 
found, is the only case in which quantities are divisible, w’hilc there is no 
instance of divisible magnitudes. 

Numerical measiirtMuent, which was discussed in C'hapter xxi, required, 
owing to the decision that most quantities and all magnitudes are in- 
divisible, a somewhat unusual treatment. The problem lies, we fuiuid, 
in (stablishing a one-one relation Ix'tween numlx‘rs and the magnitudes 
of the kind to lx measim^d. On certain metaphysical hypotheses (which 
were neither accepted nor ri'jected), this was found to lx always theo- 
retically possible as Regards existents actual or possible, though often 
not practically feasible or important. In reganl to two classt*s of 
magnitudes, namely di\ isibilities and distances, measurement was found 
to pnx*eed from a very iiatuml convention, wliich defines what is 
meant bv saying (what can never have the simple Maise wliich It has in 
connection with finite wholes and parts) that one such magnitude is 
double of, or n times, another, 'the relation of distance to stretch 
was dis<iissed, and it was found that, ajMirt from a sjxrial axiom to 
that effect, th(*re was no a pnnn reason for reganl ing ecjual distances as 
corresponding to ecjual stretches. 

In Chapter xxn we disi-ussed the definition of zero. The problem 
of zero was found to have no connection with that of the infini- 
tesimal, being in fact closely related to the pim‘ly logio^il pi-oblem 
as to the nature of negation. We dtridc'd that, just as there are the 
distinct logical and arithmetical negiitions, so theiv is a third funda- 
mental kind, the qiiantibitive negation ; but that this is negation of 
that quality or relation of which the magnitudes are, not of magnitude 
of that quality or relation. Hence we were able to regard zero as one 
among the magnitudes contained in a kind of magnitude, and to dis- 
tinguish the zerexN of different kinds. We showed also that quantitative 
negation is connettted with logical negation by the fact that there cannot 
^ any quantities whose magnitude is zero. 

In the present Chapter the problems of continuity, the infinite, and 
the infinit^imal, were shown to belong, not specially to the theory of 



196 Quantity [cHAP. xxm 

quantity, but to those of number and order. It was shown that, though 
tJhcre are kinds of magnitude in which there is no greatest and no least 
magnitude, this fact does not require us to admit infinite or infinitesimal 
magnitudes ; and that there is no contradiction in supposing a kind of 
magnitudes to form a series in which there is a term between any two, 
and in which, consequently, there is no term consecutive to a given term. 
The supposed contradiction was shown to result from an undue use of 
mathematical induction — a principle, the full discussion of which pre- 
supposes the philosophy of order. 



PART IV. 


ORDER. 




CHAPTER XXIV. 


THK GENESIS OF SERIES. 


187. 'r UK notion of onlor or series is one with which, in connection 

with distance, and with tlie onler of magnitude, we have already 
IhuI to deal. Th<* discussion of continuity in the last chapter of 
Part III showed u.s that this is properly an ordinal notion, and 
pref)ared us for the fundainental importance of order. It is now high 
time to examine this coraept on its own account. The importance of 
order, from a purely mathematical sUmdpoint, has lK*t*n iminea.surably 
increased hy many modern developments. Dedekind, ( antor, and Peario 
lia\c shown how to base iill .\rithmetic and Analysis upon series of a 
certain kind- i.r. upon those properties of Hnite numlxns in virtue 
of which thev form what 1 shall call a Irrationals are 

(letiniHl (as we shall see) entirely h^ the help of order; and a new' 
class of transfinite oidinals is intnaluced, h\ which the most important 
and interesting results are olitained. In (reometry, yon Staudt's (juadri- 
lateral construction and Pieri’s work on Projictive Cieonu-tr^ haye shown 
how to give points, lines, ami jilanes an order independent of metrical 
considerations and of ipiantity; while descripti\e (ieometry proves that 
a very large part of (ieometry deinands onlv the possibility of serial 
arrangianciit. Moreover the whole philosophy of space and time demands 
upon the view we take of order. 'J'hus a discussion of onler, which 
is lacking in tlie cunent philosophies, lias Inrome essential to any 
understanding of the foundations of nmthematies. 

188. The notion of order is more complex than any hitherto 
analyzed. Two terms cannot have an order, and even thive cannot 
have a cyclic order. Owing to this eomplexitv, the logical analysis 
of order pivsents eonsiderablc* difficulties. I shall therefoiv nppraach 
the problem gradually, considering, in this chapter, the circinustaiu*es 
under which onler arises, and ivserving for the second chapter the 
discussion as to w'hat order milly is. 'Hiis analy.sis will raise several 
fundamental points in giMiei*al logic, which will demand considerable 
discussion of an almost purely philosophical natiii'e. From this I shall 
I)iiss to more mathematical b>pics, such as the types of series and 
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the ordinal definition of numbei*s, thus gradually preparing the way for 
the discussion of infinity and continuity in the following Part; 

There are two different ways in which onler may arise, though we 
shall find in the end that the second way is reducible to the first. In 
the first, what may be called the ordinal clement <tonsists of thix;e terms 

6, r, one of which (6 say) is between the other two. This hajipens 
whenever there is a relation of a to b and of h to r, which is not a 
relation of b to a, of c to ft, or of c to a. This is the definition, or 
better perhaps, the necessary and sufficient condition, of the proposition 
“ft is between a and But there are other cases of order where, at 
first sight, the' above conditions are not satisfiwl, and where Ihhcecn 
is not obviously applicable. These are cases where we have four terms 
a, ft, c, d, as the ordinal element, of which we can sa\ that a and (' are 
separated by ft and d. This relation is more comj)licated, but the 
following seems to chnracterize it : a and c art' separated from ft and d, 
when there is an asymmetrical relation which holds Ix^tween a and ft, 
ft arid r, c and d, or betwee^n a and d, d and r, v and ft, or Ix^tweeii 
c and d, d and a and ft ; while if we have the fii^st atse, the same 
relation must hold either betweim d an<l or else Ix^twc'en both a 
and c, and a and d; with similar assumptions for the otlier two (vises*. 
(No further special assumption is required as to the relaiio . Ix'twi^en 
a and c or between ft and d; it is the abseiu'e of such an assumption 
which prevents our reducing this case to the former in a simple maimer.) 
There are cases — notably where our series is closi‘d — in whic'h it .yrcw.v 
formally impossible to reduce this second case to the fii-st, though this 
appearance, as we shall si^e, is in part dex-eptive. AW* liave to show', 
in the jiresent chapter, the principal ways in which serit,\s arise from 
collections of such ordinal elements. 

Although two terms alone cannot have an orden', we must not 
assume that order is jiossible exeejit where thei’e are relations Ixtwien 
two terms. In all series, we shall find, there are asymmetrical relations 
between two terms. But an asymmetrical relation of which there is 
only one instance does not constitute order. We rc(|ui?'e at li'ast two 
instances for between^ and at least three for separation of paii*s. "I'hus 
although order is a relation betweem three or four terms, it is only 
poss;ible where there are other relations which hold Ix'twwm pairs of 
terms. These relations may lx of various kinds, giving different ways 
of generating series. I shall now enumerate the principal ways with 
which I am acijuainted. 

189. (1) The simple.st methcxl of generating a series is as follows. 

Let there be a collection of term.s, finite or infinite, such that every 
term (with the possible exception of a single one) has to one and only 

* This gives a sufficient but not a necessary condition for the sofNiration 
of couples. 
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one other term of the collection a certain asymmetrical relation (which 
must of course be intransitive), and that every term (with again one 
possible exception, which must not be the same as the term formerly 
excepted) has also to one and only one other term of the collection 
the relation which is the converse of the former one* * * § . Further, let 
it be assumed that, if a has the first relation to 6, and h to c, then c 
does not have the first relation to a. Then eveir term of the adlection 
except the two fieculiar terms has one relation to a se(*ond term, and 
the converse relation to a third, while these terms themselves do not 
have to each other either of the relations in (juestion. Clonsequently, 
by the definition of our first term is lx*tween our second and 

thinl terms. 'I'he term to which a given term has one of the tw^o 
relations in (juestion is adled next after the given term; the term to 
which the given term has the converse relation is called next Ikfore 
the given term. Two terms between which the ivlations in question 
hold are called comemtwe. The exceptional terms (when they exist) 
are not lxjtwc*t‘n any pair of t*‘nns; they aix* called the two ends of 
tlie stTies, or one is called the iK^giiining and the (»ther the end. The 
existence* of the one dt>es not imply that of the other— for example 
the natural iiunilK'i*s have a iH'ginning but no end — and neither need 
exist — for example, the {)Ositive and negative integers togt;ther have 
neitherf. 

The alM)ve metluxl may {XThajis lK’<‘oni(* clear by a formal exhibition. 

Ix't R lx* one of our relations, and let its converse lx* denoted by 
Then if e lx* any term of our .set, there are two terms such that 
r K d, c i.e. such that d H e^ e Rf. Since each term only has the 
relation if to one other, we cannot have d Rf\ and it was one of 

the initial assumptions that we wen* not to liave R d. Hence e is 

between d and /’§. If n fx a term winch has only the relation if, then 

obviously a is not Ixtwwn any [)air of terms. We may extend the 

notion of Mween by defining tliat, if r lx* Ixtween b and d, and d 

betwtxn v and c, then c or d will lx siiid to lx* also Ixtwoen b and e. 

In this way, unless we either ivach an end or come back to the term 
with which we staried, we can find any number of terms lx*twt*eii which 
and b the term v will lie. Hut if the tobd luimlxr of tt*rms be not 

less than seven, we cannot show in this way that of any thixie teniis 

one must lx* lx*twc*i*n the other two, since the colle<*tion may consist 


* Hie converse of a n*lation is the relation which must hold between y and x 
when the given relation holds hetween x and y. 

t 'JTie atwve is the only inethisl of generating series given by Bolzano, Pani« 
doxien des Uiiend lichen/' § 7. 

I *llns is the notation adopted by Professor Schrckler. 

§ llie denial of d 11/ is only nei'essary to this special method, but the denial oi 
/Rd is essential to the definition of between. 
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of two distinct series, of which, if the collection is finite, one at least 
must be closed, in order to avoid more than two ends. 

This remark shows that, if the above method is to give a single 
series, to which any term of our collection is to belong, we need a 
further condition, which may be expressed by saying that the collection 
must be connected. We shall find means liereafter of expressing this 
condition without reference to number, but for the present we may 
content ourselves by saying that our collection is connected when, given 
any two of its terms, there is a certain finite number (not necessarily 
unique) of steps from one term to the next, by which we CAn pass 
from one of our two terms to the other. When this condition is 
fulfilled, we are assured that, of any three terms of our collection, one 
must be between the other two. 

Assuming now that our collection is connected, and therefore forms 
a single series, four cases may arise : (a) our series may have two ends, 
(6) it may have one end, (c) it may have no end and he open, (r/) it may 
have no end and be closed. Coiu^erning (r/), it is to lx‘ obsened that 
our series must be finite. For, bvking the two ends, since the collection 
is connec!ted, there is some finite numl)er // of steps which will take 
us from one end to the other, and hence « -f 1 is the numlKT of terms 
of the series. Every term except the two ends is lx.*tween them, and 
neither of them is between any other pair of terms. In case (A), on 
the other hand, our collection must infinite, and this would hold 
even if it were not connected. For suppose the end which exists to 
have the relation if, but not /?. Then every other term of the collection 
has both relations, and can never have both to the same term, since R 
is asymmetrical. Hence the term to which (say) c has the relation R is 
not that to which it had the relation /f, but is either some new term, 
or one of predecessoi’s. Now' it cAnnot be the end -term «, since 

a does not have the relation R to any term. Nor can it be any term 
w^hich can be reached by succ’es>»ive steps from a without passing 
through €, for if it were, this term w'ould have two predec:essors, 
contrary to the hypothesis that R i.s a one-one relation. Hence, if 
k be any term which can be reached by successive steps from 
k ha.s a successor which is not a or any of the terms Ixtween a 
and k; and hence the collection is infinite, whether it be connected 
or not. In case (r), the collection must again lie infinite. For here, 
by hypothesis, the series is open— starting from any term r, no 
numW of steps in either direction brings us back to e. And there 
cannot be a finite limit to the number of possible steps, since, if there 
were, the series would have an end. Here again, it is not necessary to 
suppose the series connected. In ease (d), on the contrary, we must 
assume connection. By saying that the series is closed, we mean that 
there exists some number n of steps by which, starting from a certain 
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term a, we shall be brought hack to a. In this case, n is the number 
of tenns, and it makes no difGbrence with which term we start. In this 
case, between is not definite except where three terms are consecutive, 
and the series contains more than three terms. Otherwise, wx need the 
more complicated relation of separation. 

190 . (2) The above method, as we have seen, will give either open 
or closed series, but only such as have consecutive terms. The second 
method, which is now to be discussed, will give series in which there 
are no consecutive terms, but will not give closed series*. In this 
method we have a transitive asymmetrical relation P, and a collection 
of tenns any tw'o of which are such that cither xPy or yPx, When 
these conditions are satisfied our terms lUH'cssarily form a single series. 
Since the relation is asymmetrical, we can distinguish xPy from yPxy 
and the two cannot Ixith subsistf. Since P is transitive, xPy axiAyPz 
involve xPz. It follows that P is also asymmetrical and transitive^. 
Thus w’lth n^sfXJct to any term x of our collection, all other terms of 
the collection fall into two classes, those for which xPy^ and those for 
which zPx. Calling these two classes ttj’ and irx ix*spt‘ctively, we see 
that^ owing to the transitiveness of P, if y Ix^longs to the class ttj:, 
^y is conbiined in ttx ; and if Ix'longs to the class 7 r,r, ttz is contained 
in TTX. Taking now two tenns .r, ?/, for which J'Py^ all other terms fall 
int(j three classes: (1) Those belonging to 7r,r, and therefore to iry; 
(2) those Ixlonging to Triy, and therefi»re to ^x x (»‘J) those belonging to 
?r.r but not to Try, If z lx of the fii>t class, we have zPx^ zPy ; if r be 
of the second, xPv and yPv ; if w lx of the third, xPtc and icPy. ^fhe 
case yPn and nPx is excluded : for xPy^ yPu imply xPu^ which is in- 
consistent with uPx. Thus we have, in the three cases, (1) x is between 
z and y ; (2) y is Ixtween x and r ; (3) w is Ixtw een x and y. Hence 
any three terms of our collection are such that one is between the other 
two, and the whole colkxtion forms a single series. If the class (3) 
contains no terms, x and ly are said to lx (’onstrutive ; but many rela- 
tions P can be assigned, for whh h there are always terms in the class (3). 
If for example P be before^ and our collection lx* the moments in a 

* llie folbiwing method is the only one given by \'ivanti in the Fomivdairt de 
Mfiththtuttiqufif, (18!K>), vi, § 2 , No. 7 ; aJs** by (rilman, *‘()n the properties of a one- 
dimensional manifold/’ Afiud^ N,S. Vol. i. \^'e shall find that it is general in 
a sense in which none of our other methods are so. 

t 1 use the term axymnwtriml as the contrary, rather than the contrailictory, 
of ffyntmetnmi. If .r/^, and the relation is symmetrical, we have always yPr; if 
asymmetrical, we never have yPx. Some relations -~f. 9 . logical implication — are 
neither B 3 rmmetrical nor asymmetrical. Instead of assuming P to lx asymmetrical, 
we may make the equivalent assumption that it is uhat I^ofessor Peirce calls an 
oHoiyltttitm, i.s. a relation which no term has to itself, ffhis assumption is not 
equivalent to asymmetry in general, but only when combined with transitiveiiess.) 

A ke read prmdea, and P may be road foUnm^ provided no temporal w 

spatial ideas are allowed to intrude themselves. 
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certain interval, or in all time, there is a moment between any two of 
our collection. Similarly in the case of the maf^nitudes which, in the 
last chapter of Part III, we called continuous. There is nothing in 
the present method, as there w^as in the first, to show that there must 
be consecutive terms, unless the total number of terms in our collection 
be finite. On the other hand, the present methixl will not allow closed 
series ; for owing to the transitiveness of the relation P, if the series 
were closed, and x were any one of its terms, we should have a'Px^ which 
is impossible because P is asymmetrical. Thus in a closed series, the 
generating relation can never be transitive*. As in the fornier method, 
the series may have two ends, or one, or none. In the first jcase only, 
it may be finite ; but even in this case it may he infinite, and in the 
other two cases it must be so. 

191. (3) A series may be generated by means of distances, as was 
already partially explained in Part III, and as we shall see more fully 
hereafter. In this case, starting with a certain term a\ Ave ai'e to have 
relations, which are magnitudes, between x and a nurnlxir of other terms 

According as these relations are greater or less, we can onler 
the corresponding terms. If theixi are no similar relations between the 
remaining terms «/, we recjuire nothing further. But if these 

have relations which are magnitucles of the same kind, cei-tain axioms 
are necessary to insure that the order may Ixj inde{)endent of the 
particular term from which we start. Denoting by xz the distance of 
X and js, if xz is less than X7i\ we must have yz less than yic\ A con- 
sequence, which did not follow when x was the only term that had 
a distance, is that the distances must be asymmetrical relations, and 
tho.se which have one sense must be considerwl less than zen). For 
^^xz is le.ss than xzv^"* must involve is less than ic, k'z is less 
than 0. In this way the present case is pi*actically n‘duced to the 
second ,* for every pair of terms Xy y w ill lx‘ such that .iv/ is les.s than 0 
or else xy is greater than 0; and we may put in the first case yP^Cy 
in the sec ond xPy. But we requii’e one further axiom in onler that 
the anangeni.eiit may be thus effected unambiguously. If xz-^^yWy and 
xjjy w and w' must be the same point. With this furtlier axiom, 
the I'eduction f;o case (2) Ixjcomes complete. 

192. (4) Cases of triangular relations are capable of giving rise to 

order. Let there he a relation R Avhich holds Ixitween y and (xy z)y 
between z and (y, ii)y lx;twcen w and {Zy w)y and so on. Between is itself 
such a relati^, and this might therefore seem the most direct and 
natural way Qif generating order. We should say, in such a case, that y 
is between jx and Zy w^hen the relation R holds between y and the couple 
Xy z, should need assumptions concerning R which .should .show 

that, if/y is between x and Zy and z Ixjtween y and Wy then y and :: are 


* Por more precise statements, see Chap. xxwm. 
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each between x and w. That is, if we have yR{x^ z), zR(jj^ w), we must 
have yR (x, w) and zR (x^ w). l'*his is a kind of three-term transitiveness. 
Also if ^ be between x and and z between y and zc, then z must be 
between x and zo^ and y between x and z : that is, if yR {x^ w) and 
zR(yj w\ then zR(x^ zc) and yR{Xy z). Also yR{x^ z) must be equi- 
valent to yR(z^x)*. With these assumptions, an unambiguous order 
will be generated among any number of terms such that any triad has 
the relation R, Whether such a state of things can ever be incapable of 
further analysis, is a question which I leave for the next chapter. 

193. (5) We have found hitherto no way of generating closed 
continuous series. There are, however, instances of such series, e,g. 
angles, the elliptic straight line, the complex numbers with a given 
modulus. It is therefore necessary to have some theory which allows of 
their possibility. In the case where our terms are asymmetrical relations, 
as straight lines are, or are correlated uniquely and reciprocally with 
such relations, the following theory will effect this object. In other 
cases, the sixth method (l 3 elow) seems adequate to the end in view. 

Let x^ y^ L\,, be a set of asymmetrical relations, and let R he an 
asymmetrical relation w hich holds between any two x, y or y^ x except 
when y is the converse relation to x. Also let R be such that, if it holds 
between x and y, it holds betw een y and the converse of x ; and if x be 
any term of the collection, let all the terms to which x has either of the 
relations Ry R he tenns of the c'ollec'tion. All these conditions are 
satisfied by angles, and whenever they are satisfied, the resulting series is 
closed. For xRy implies yRxy and hence x/fy, and thence yRx; so 
that by means of relations R it is [H)ssible to travel from x back to x. 
Also there is nothing in the definition to show’ that our series cannot be 
continuous. Since it is closed, we cannot apply univei-sally the notion of 
betmen; but the notion of separation can he always applied. The 
reason why it is necessary to suppo.se that our terms either are, or are 
correlated with, asymmetrical relations, is, that such series often have 
antipodes, oppoftite terms as they may be called ; and that the notion of 
opponte seems to lx? essentially bound up with that bf tlie converse of an 
asymmetrical relation. 

194. (6) In the same way in which, in (4), we showed how to 
construct a series by relations of between^ we can construct a series 
directly by four term relations of separation. For this purpose, as 
before, certain axioms are necessary. The following five axioms have 
been shown by Vailatif to be sufficient, and by Padoa to possess ordered 
independence, ue. to be such that none can be deduced from its pre- 
decessors J. Denoting “ a and b separate c from d ^ by ab || cd, we must 
have: 

* See Peano, I Prineipii di Geometria, Turin, 1889, Axioms vin, ix, x, xi. 

t JUvUla di MatematicOj v, pp. 76, 18d. % P* ^65. 
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(a) ah II cd is equivalent to of || a& ; 

{fi) db II cd is equivalent to |j ; 

(7) ^ 11 excludes ac^bd\ 

(S) For any four terms of our collection, we must have a&||af, or 
ac||&d, or ad||6c; 

(e) If ab II cd, and ac || be, then oc || de. 

By means of these five assumptions, our terms a, b, c, d, e... acquire 
an unambiguous order, in which we start from a relation between two 
pairs of terms, which is undefined except to the extent to which the 
above assumptions define it. The further consideration of this case, as 
generally of the relation of separation, I postpone to a later stage. 

The above six methods of generating series are the principal ones 
with which I am acquainted, and all other methods, so far as I know, 
are reducible to one of these six. The last alone gives a method of 
generating closed continuous series w'hose terms neither are, nor are 
correlated with, asymmetrical relations*. This last method should there- 
fore be applied in projective and elliptic Geometry, where the correlation 
of the points on a line with the lines through a point appears to be 
logically subsei^uent to the order of the points on a line. But before we 
can decide whether these six methods (especially the fourth and sixth) 
are irreducible and independent, we must discuss (what has not hitherto 
been analyzed) the meaning of order, and the logical constituents (if any) 
of which this meaning is compounded. This will be done in the following 
chapter. 


♦ See Chap, xxviii. 



CHAPTER XXV. 

THE MP:ANTNG of ORDER. 

196. ^VK have now seen under what, eircuiusbinces there is an order 
anion^ a set of terms, and by this means vu» liave najiiired a certain 
inductive familiarity with the natuix; of order. But we have not yet 
faced the (|uestion ; What ts onler'" This is a difficult (|uestion, and 
one upon which, so far as I know*, nothing at all has l)een written. All 
the authors with whom I am acquainted are content to exhibit the 
genesis of order ; and since most of them give only one of the six 
methods enumerated in Chapter xxiv, it is easy for them to confound the 
geiKJsis of onler witli its nature. This confusion is rendered evident to 
us by the iiuiltiplicity of the above uietluKis ; for it is evident that we 
mean by order something j>erfeetly definite, which, l)eing genemted 
ecjually in all our six cases, is clearly distinct from eju-h and all of the 
ways in which it mav W gi.*nerated, unless one of these ways should turn 
out to lx? fundamental, and the others to 1 m‘ reducible to it. To elicit 
this common element in all series, and ti» broach the logical discussions 
connected with it, is the purjwse of the present chapter. This discussion 
is of purely philosophical interest, and might Ik^ wliolly omitted in a 
mathematical treatment of the subject. 

In order to appnwich the subject gradually, let us .sc^jiamte the 
discussion of between from that of sejximtion of i-ouples. When w'e have 
decided upon the nature t)f each of these separately, it will be time to 
combine them, and examine what it is that both have in common. 

I shall begin with as being the simpler of the tw^o. 

196. Between may Ixj characterizetl (as in (’haptcr xxiv) as a relation 
of one term y to two others x and s, which holds whenever x has to ?/, and 
y has to 2 , some relation which y «li*es not have to .r, nor toy, nor z to x*. 

* llie condition that s does not have to .r the relation in question is com{»arativeIy 
inessential, being only required in order tliat, if y Vm* Iwtweeii x and r, we may not 
have X between y and jr, or a between x and y. If we are w’illing to allow that in 
such cases, for example, as the angles of a triangle, each is between the other two, . 

may drop the condition in question altogether. The other four conditions^ on 
the contrary, seem more essential. 
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These conditions are undoubtedly sufficient for betweennessi but it may 
be questioned whether they are necessary. Several possible opinions 
must be distinguished in this respect. (1) We may hold that the above 
conditions give the very meaning of between, that they constitute an 
actual analysis of it, and not merely a set of conditions insuring its 
presence. (2) We may hold that between is not a relation of the terms 
z at all, but a relation of the relation of to ^ to that of y to 
namely the relation of difference of sense. (3) We may hold that 
between is an indefinable notion, like greater and less ; that the above 
conditions allow us to infer that y is between x and but that there 
may be other cireumstanc'es under which this oc^curs, and even that it 
may occur without involving any relation except diversity among the 
pairs (a?, y), (y, 2 ), (>, z). In order to decide between these theories, it 
will be well to develop each in turn. 

197. (1) In this theory, we define ‘‘y is between x and 2 ;” to mean : 
‘‘ There is a relation R such that xRy^ yRz but not yRx^ zRy ” ; and it 
remains a question whether we are to add “ not zRx^ We will suppose 
to begin with that this addition is not made. The follow ing propositions 
will be generally admitted to be self-evident: (a) If be between x and z^ 
and z between y and ic, then y is between x and w ; {fi) if y be between 
X and Zj and w betw^een x and y^ then y is betwet*n w and s. For brevity, 
let us express ^y is between x and 2 ’^ by the symbol ayz. Then our two 
propositions are: (a) xjjz and yzw imply xjjw\ (/S) ayz and arwy imply 
wyz. We must add that the relation of between is symmetrical so far as 
the extremes are concerned : lc. xyz implies zyx. Tliis condition follows 
directly from our definition. With regaid U> the axioms (a) and ()9), it 
is to be observed that between, on our present view, is always relative to 
some relation R, and that the axioms are only assumed to hold w'hen it 
is the same relation R that is in (jiiestion in both the prt^misses. I^t us 
see whether these axioms are awisecjuences of our definition. For this 
purpose, let us write R for not -R. 
xyz means xRy, yRz, yRx, zRy. 
yzw means yRz, zRw, zRy, wRz. 

Thus yzw only adds to xyz the two conditions zRw, wRz. If R is 
, transitive, these conditions insure xyw’,, if not, not. Now we have seen 
that some series are generated by one-one relations R, which are not 
transitive. In these cases, however, denoting by R^ the relation between 
X and z implied by xRy, yRz, and so on for higher powers, we can 
, substitute a transitive relation R' for R, where R* means “some positive 
^wer of Ry In this way, if xyz holds for a relation which is some 
; definite power of R, then xyz holds for R\ provided only that no positive 

power of R is equivalent to R, For, in this latter event, we should 
, have yR'x whenever xR'y, and R* could not be substituted for R in the 
of xyz. Now this condition, that the converse of R is not 
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to be a positive power of is equivalent to the condition that our 
series is not to be closed. For if then ; but since if 

is a one-one relation, RR implies the relation of identity. Thus « + 1 
step bring us hack from x to and our series is a closed series of 
« + 1 terms. Now we have agreed already that l>€tween is not proprly 

applicable to closed series. Hence this condition, that R is not to 
be a |)ower of if, imposes only such restrictions upon our axiom (a) as 
we should expect it to lx* subject to. 

With reganl to (/i), we have 

xt/n = xHt / . yHz . yRx . zRy. 

Xicy = xRic , icRy . wRx . yRw. 

l"he case contemplated by this axiom is only possible if if be not 
a one-one relation, sincx* we have xRy and xRit\ The deduction wyz 
is here an immediate conscxpienw of the definition, without the need of 
any fuither conditions. 

Jt remains to examine whether we can dispense with the condition 
zRx ill the definition of beticcen. If we suppose if to be a one-one 
relation, and zRx to he satisfied, we shall have 

xyz = xRy . yRz zRy . yRx^ 

and we have further by hypothesis zRx^ and since R is one-one, and 
«rff/y, we have xRz. Ih^nee, in virtue of the definition, we have yzx% 
and similarly we shall obtain zay. If we now adheiv to our axiom (o), 
we shall have xzjl\ w hich is impossible ; for it is certainly part, of the 
meaning of bcharn that the three terms in the relation should be 
different, and it is imjiossible that a term should he txdween x and x. 
Thus we must either insert our condition zRx^ or we must set up the 
new' condition in the ilefinition, that .r and are to be diffeient. (It 
should Ik* observed that our definition implies that x is different from y 
and y from z ; for if not, rRy would invohe yftx^ and yRz would 
involve r/fjy.) It would seem pn,*ferahle to inst*rt the c-ondition that a? 
and z are to Ik* diffeient : for tliis is in any ciise necessary, and is not 
implied by zRx. This condition must then he added to our axiom («); 
xyz and yzw are to imply xy 7 c\ unless x and re are identical. In axiom 
(y3), this addition is not nec*essi\ry, since it is implied in the premisses. 
Thus the condition zRx is not ntvessarv, if we are w illing to admit that 
is comptible with yza ^ — an admission which such cases as the 
angles of a triangle render possible. Or we may insert, in place of 
zRx^ the condition w'hich we found necessary liefore to the universal 
validity of our axiom (a), namely that no p>wer of R is to be ecjuivalent 
to the converse of R : for if we have both xyz and yzx^ we shall have (so 

fer at least as x^y^z are concenied) R-R, i.e, if xRy and yRz^ then 
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zRx, This last course seems to be the best. Hence in all cases where 
our fii-st instance of hetwem is defined by a one-one relation 7?, we shall 
substitute the relation R\ which means “some positive power of if.'’ 
The relation if' is then transitive^ and the condition that no jKJsitive 
power of if is to be equivalent to if is equivalent to the condition that 
R* is to be asymmetrical. Hence, finally, the whole matter is simplified 
into the following : 

To say that y is between x and z is equivalent to saying that there 
is some transitive asymmetrical relation whicli relates botli .r and y, and 
y and z. 

This short and simple statement, as the above lengthy argument 
shows, contains neitlier more nor less than our original definition, to- 
gether with the emendations which we gradually found to lx* necessary. 
The question remains, how'ever : Is this the meaning of Mwven ? 

198. A negative instance can lx at once established if we allow the 
phrase : if is a relation t)etioeen x and ;y. The phrase, as the reader will 
have observed, has been with difficulty excluded from tiw definitions of 
betreeen, which its introduction would have rendered at least verbilly 
circular. The phrase may have none but a linguistic importaiK*e, or 
again it may point to a real insufficiency in the above definition, Ixt 
us examine the relation of a relation H to its terms x and y. In the 
first place, there certainly is such a relation. To bc^ a term which has 
the relation R to some other term is certainly to have a relation to /f, 
a relation which we may express as belonging to the domain of if.” 
Thus if xRy^ x will belong to the domain of if, and y to that of /f. 
If we express this relation Ixtween x and Jff, or Ixtween y and if, by £, 
we shall have xER^ If further w e express the relation of if to if 

by /, we shall have RIR and RIR. Thus we have xER^ yEIR. Now 
El is by no means the converse of and thus the above definition of 
between^ if for this reason only, does not ap})ly ; also neither E nor El 
is transitive. Thus our definition of betxveen is wdiolly inapplicable to 
such a case. Now it may well lx doubted whether betzoecn, in this case, 
has at all the same meaning as in other cases. Certainly we do not in 
this way obtain series : x and y are not, in the same sense as if, Ixtw'een 
R and other terms. Moreover, if we admit relations of a term to itself, 
we shall have to admit that such relations arc Itetween a term and 
itsedf, which we agreed to be impossible. Hence we may lx tempted 
to regard the use of between in this case as due to the linguistic accident 
, that the relation is usually mentioned between the subject and the 
object, as in A is the father of if." On the other hand, it may be 
urged that a relation does have a very peculiar relation to the pair of 
terms w'hich it relates, and that hehvccn should denote a relation of one 
term to two others. To the objection concerning relations of a terra 
tc> itself^ it may lx answered that such relations, in any system, con- 
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stitute a grave logical difficulty ; that they would, if possible, be denied 
philosophic validity; and that even where the relation asserted is 
identity, there must be two identical terms, which are therefore not 
quite identical. As this raises a fundamental difficulty, which we cannot 
discuss here, it will be prudent to allow the answer to pass*. And it 
may be further urged that use of the same word in two connections 
points always to some analogy, the extent of which should be carefully^ 
indicated by those who deny that the meaning is the same in both 
cases ; and that the analogy here is certainly profounder than the mere 
order of words in a sentence, which is, in any case, far more variable 
in this respect than the phrase that a relation is between its terms. 
To thc*se remarks, however, it may be retorted that the objector has 
himself indicated the pn*cise extent of the analogy : the i-elation of a 
relation to its terms is a relation of one term to two others, just as 
between is, and this is what makes the two cases similar. This last 
retort is, I think, valid, and w^e may allow that the relation of a relation 
to its terms, though involving a most important logical problem, is 
not the same as the n^lation of tietween by which onler is to be con- 
stitute<t 

Nevertheless, the above definition of h^tzveeii^ though w’e shall be 
ultimately forcenl to accept it, seems, at first sight, scarcely adequate 
from a philosophical point of view'. ITie reference to some asynmietrical 
relation is vague, and seems to re(|uire to be replaced by some phrase 
in which no such undefined relation appears, but only the terms and 
the Ix'twcenness. This brings us to the set‘ond of the above opinions 
concerning between, 

199. (2) Between^ it may l^e said, is not a relation of three terms 

at all, but a relation of two relations, namely difference of sense. Now 
if we take this view, the first point to lx‘ observed is, that we require 
the two opposite relations, not ineix-ly in general, but a.s paiticularized 
by belonging to one and the same term. This distinction is already 
familiar from the case of imignitudes and quantities. Bifme and ajie9 
in the abstrac’t do not constitute Iniwcen : it is only when one and the 
same term is both Ix^fore and after that betuHrn arises: this term is 
then Ixtween what it is Ix'forc and what it is after. Hence there is 
a difficulty in the reduction of between to difference of sense. The par- 
ticularize(l relation is a logically puzzling entity, which in Part I (§ 55) 

found it nec‘ess*iry to deny : and it is not (juite easy to distinguish 
a relation of two relations, particularized as belonging to the same term^ 
from a relation of the tfTm in (juestion to two others. At the same 
time, great advantages are seimred by this reduction. We get rid of 
the necessity for a triangular relation, to which many philosophers may 
object, and we assign a common element to all cases of Iniweeny namely 
difference of sense, i.e, the difference between an asymmetriciil relation 
wid its converse. 

' ’;v' 


* Cf. § »». 
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relation of between among three terms. Hence we must, apparently, 
allow that between is not the sole source of series, but must always be 
supplemented by the mention of some transitive asymmetrical relation 
with respect to which the betweenness arises. The most that can be 
said is, that this transitive asymmetrical relation of two terms may 
itself be logically subsequent to, and derived from, some relation of 
three terms, such as those considered in Chapter xxiv, in the fourth way 
of generating series. When such relations fulfil the axioms which were 
then mentioned, they lead of themselves to relations between pairs of 
terms. For* we may say that b precedes c when (wd implies fed, and 
that b follows c when al)d implies cbd^ where a and d are fixed terms. 
Though such i*cIations are merely derivative, it is in virtue of them 
that between occurs in such cases. Hence we seem finally compelled to 
leave the reference to an asymmetrical relation in our definition. We 
shall therefore say : 

A term y is between two terms x and z with reference to a transitive 
asymmetrical relation R wlien xRy and yRz. In no other (‘ase can y 
be said properly to be })etween x and z\ and this definition gives not 
merely a criterion, but the very meaning of betweenness. 

203. We have next to consider the meaning of separation of 
couples. This is a more complicated relation than Iwixceen^ and was 
but little considered until elliptic Geometry brought it into prominence. 
It has been shown by Vailati* that this relation, like ftrticw/, always 
involves a transitive asymmetrical relation of two terms ; but this rela- 
tion of a pair of terms is itself relative to three other fixed terms of the 
set, as, in the case of between^ it was relative to two fixed terms. It is 
further sufficiently evident that wherever there is a transitive asymme- 
trical relation, w’hich relates evei’y pair of terms in a collection of not 
less tlian four terms, there there are pairs of couples having the relation 
of separation. TTius w^e shall find it possible to express separation,, 
well as between^ by means of transitive asyminetrical relations and their 
terms. But let us first examine directly the meaning of separation. 

We may denote the fact that a. and c are sepai'ated by h and d by 
the symbol abed. If, then, //, ft, d, e be any five terms of tJ y set we 
require the following properties to hold of the relation of sepa iltion (of 
which, it will be observed, only the last involves five 
terms) : 

1. abed bade, 

% abed = adch, 

3. abed excludes aM, 

4. We must have abed or aedb or adh\ 

6. abed and aede together imply abde\, 

♦ UUneta di Matenmtmi v, pp. 75—78. See also Feri, I Prindpii delta Gemmtna 
di Pomzione, Turin, § 7. 

^ + ITiese five properties are taken from Vailati, /oc. dU and ib, p. IQS, 
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These properties may be illustrated by tlie consideration of five 
points on a circle, as in the accompanying figure. Whatever relation 
of two pairs of terms possesses these properties we shall call a relation 
of separation between the pairs. It will be seen that the relation is 
symmetrical, but not in general transitive. 

204. Wherever we have a transitive asymmetrical relation R be- 
tween any two terms of a set of not less than four terms, the relation of 
separation necessarily arises. P'or in any series, if four terms have the 
order abcd^ then a and c are separated by b and d ; and every' transitive 
asymmetrical relation, as we have seen, provided there are at least two 
consecutive instances of it, gives rise to a series. Thus in this case, 
separation is a mere extension of between: if R he asymmetrical and 
transitive, and aHh, hK(\ cRd^ then a and c are separatetl by b and d. 
The existence of such a relation is therefore a sufficient condition of 
separation. 

It is also a nccessiiry condition. For, suppose a relation of separation 
to exist, and let /;, r, d, c lie five terms of the set to which the relation 
applies. Then, considering e/, A, c as fixed, and d and e as vai'iable, 
twelve cases may arise. In virtue of the five fundamental pn)perties, we 
may intriKiuce the svmliol abide to denote that, striking out any one 
of these five letters, the remaining four have tlie reflation of separation 
which is indicatetl by the resulting .syniliol. lluis by the fifth property, 
abed and aede imply alnde*. Thus the twelve eases arise from permuting 
d and c, while keeping A, c fixe<l. (It should ol^served that it 
makes no difference whether a letter appears at the end or the l)eginning; 
i.e. abide is the same case as eal)cd. We may theref\)re decide not to put 
either d or c before a.) Of these twelve cases, six will have d before c, 
and six will have e Ixf'ore d. In the first six cases, we say that, with 
respect to the sen.se abi y d precedes c ; in the other six cases, we say that 
e precedes d. In order to deal w ith limiting eases, we .shall say further 
that a precedes oery other term, and that A precedes rf. We shall then 
find that the relation of precluding i.s asymmetrical and transitive, and 
tliat every pair of terms of our set is such that one precedes and the 
other follows. In this way our relation of separation is re*duced, formally 
at least, to the combination of “ a prei^edes A,’’ “ A pi-ecedes and ‘‘ c 
precedes cZ.'” 

The above re^ductioii is for many reasons highly interesting. In the 
first place, it shows the distinction between open and closed series to be 
somewhat 8U|)erficial. For although our .series may initially be of the 
sort which is called closed, it becomes, by the introduction of the above 
transitive relation, an open series, having a for its lH;giuuing, but having 

* The argument is somewhat tedious, and 1 therefore omit it. It will he found 
in Vailati, loc, cit, 

+ Fieri, op, cit. p. 32. 
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possibly no last term, and not in any sense returning to a. Again it is 
of the highest importance in Geometry, since it shows how order may 
arisip on the elliptic straight line, by purely projective considerations, 
in a manner which is far more satisfactory tlian that obtained from 
von Staudfs construction*. And finally, it is of great importance as 
unifying the two sources of order, between and separation; since it 
shows that transitive asymmetrical relations are always present where 
either occurs, and that either implies the other. For, by the relation of 
preceding, we can say that one term is between two others, although we 
started solely from separation of pairs. 

205. At the same time, the above reduction (and also, it would 
seem, the corresponding reduction in the case of hettoeen) cannot be 
allowed to be more than formal. That is, the three terms a, A, c by 
relation to which our transitive asymmetrical relation was defined, are 
essential to the definition, and cannot be omitted. The reduction shows 
no reason for supposing that there is any transitive asymmetrical relation 
independent of all other terms than those related, though it is arbitrary 
what other terms we choose. And the fact that the term a, which is 
not essentially peculiar, appears as the beginning of the series, illustrates 
this fact. Where there are transitive asymmetrical relations indeptmdent 
of all outside reference, our series cannot have an arbitrary beginning, 
though it may have none at all. ITius the four-tenn relation of sepa- 
ration remains logically prior to the resulting two-term relation, and 
cannot be analyz^ into the latter. 

206. But w'hen we have said that the reduction is formal, we have 
not said that it is irrelevant to the genesis of order. On the contrary', 
it is just because such a reduction is possible that the four-term relation 
leads to order. The resulting asymmetrical transitive relation is in 
reality a relation of five terms ; but when three of these are kept fixed, 
it l)eeomes asymmetrical and transitive a.s regards the other two. Thus 
although between applies to such series, and although the essence of 
order consists, here as elsewhere, in the fact that one term has, to two 
others, converse relations which are asymmetrical and transitive, yet 
such an order can only arise in a collection containing at least five terms, 
because five terms are needed for the characteristic i-elation. And it 
should be observed that all series, when thus explained, are oj)en series, 
in the sense that there is some relation iMwi'cn [lairs of terms, no power 
of w^hich is equal to its converse, or to identity. 

207. Thus finally, to sum up this long and complicated discussion : 
The six methods of genemting scries enumerated in Chapter xxiv are all 
genuinely distinct ; but the second is the only one w'hich is fundamental, 


* 'File advantage of this method are evident from Pieri’s work quoted alcove, 
where many things which seemed incapable of projective proof are rigidly deduced 
from projective premisses. See Part VI, Chap. xlv. 
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and the other five aj^ree in this, that they are all reducible to the second. 
Moreover, it is solely in virtue of their redueibility to the second that 
thev give rise to order. ITie miniinuni ordinal pro]K>.sition, which can 
always lx,* made wherever there i.s an order at all, is of the form : is 

between .r and and this proposition means; “There is some 

asymmetrical transitive i-elation which holds betw^een *r and y and 
bc?tween y and 2.'” This very simple conclusion might have lx*en guessed 
from the beginning ; but it was only by discussing all the apparently 
exceptional cases that tht* conclusion could be solidly established. 
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follows ; when there is any relation which is transitive, symnietrical and 
(within its field) reflexive, then, if this relation holds between u and r, 
we define a new entity ^ (w), which is to be identical with ^ (v). Thus 
our relation is analyzed into sameness of relation to the new term 
0 (u) or (f> (v). Now the legitimacy of this process, as set forth by 
Peano, requires an axiom, namely the axiom that, if there is any 
instance of the relation in question, then there is such an entity as 
4> (u) or <f> (r»)- This axiom is my principle of abstraction, which, 
precisely stated, is as follows : “ Every transitive symmetrical relation, 
of which there is at least one instance, is analyzable into joint possession 
of a new relation to a new term, the new relation being such that no 
term can have this relation to more than one term, but that its converse 
does not have this property.*” This principle amounts, in common 
language, to the assertion that transitive symmetrical relations arise 
from a common pro{>ei-ty, with the addition that this property stands, 
to the terms which have it, in a relation in which nothing else stands 
to those terms. It gives the precise statement of the principle, often 
applied by philosophei's, that symmetrical transitive relations always 
spring from identity of content. Identity of content is, however, an 
extremely vague phrase, to which the above proposition gives, in the 
present case, a precise signification, but one whi(‘h in no way answei*s 
the purpose of the phrase, which is, apparently, the reduction of relations 
to adjec!tivcs of the related terms. 

It is now' possible to give a clearer awount of the reflexive property. 
Let R be our symmetrical relation, and let S lx‘ the asymmetrical 
relation which two terms having the relation R must have to some 
thiixl term. Then the proposition orRfy is ef]in\alent to this: “There 
is .some term a such that arSa and Hence it follows that, if jr 

belongs to what we have called the domain of Sy Lt, if there is any 
term a such that .r*S«, then tRj' ; for xRx is merely xSa aud xSa. It 
does not of course follow that there is any other term // such that xRy^ 
and thus Peano’s objections to the usual proof of reflexiveness are valid. 
But by means of the analysis of .symmetrical tmiisitive relations, we 
obtain the proof of the reflexive property, together with the exact 
limitation to which it is subject. 

211. We can now see the reason for excluding from our accounts 
of the methods of generating .series a seventh method, which sonic 
readers may have expei'twl to find. This is th.c method in which 
position is merely relative — a methcxl which, in Chap, xix, § 154, 
we rejected as rcgard.s quantity. As the w’hole philosophy of space 
and time is bound up with the que.stion as to the legitimacy of this 
method, which is in fact the question as to absolute and relative 
position, it may be well to give an account of it hei’e, and to show 
how' the principle of abstrex-tion leads to the at)solute theory of |)Osition. 

If we consider such a series as that of events, and if w’e refuse to 
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allow absolute time, we shall have to admit three fundamental relations 
among events, namely, simultaneity, priority, and posteriority. Such a 
theory may be formally stated as follows : Let there be a class of terms, 
such that any two, x and y, have either an asymmetrical transitive 
relation P, or the converse relation P, or a symmetrical transitive 
relation H. Also let xRy^ yP:: imply xPz^ and let xPy^ yRz imply xPz. 
Then all the terms can be arranged in a series, in which, however, there 
may Ik? many terms which have the same plocre in the series. This 
place, according to the relational theory of position, is nothing but 
the transitive symmetrical relation if to a niiml)er of other terms. But 
it follows from the principle of abstraction that there is some relation 
such tliat, if xRy^ there is some one entity t for which xSt^ ySi. We 
shall then find that the different entities corresponding to different 
groups of our original terms, also form a series, but one in which 
any two different terms have an asymmetrical relation (formally, the 
product SRS\ These terms i will then be the absolute positions of 
our j's and jf.% and our sup[>osed seventh method of generating series 
is n?duced to the fundamental second method. Thus there will be no 
series ha\ing only relative position, but in all series it is the positions 
themselves that constitute the series *. 

212. We are now' in a position to meet the philosophic dislike of 
relations. The whole ac'count of order given alyive, and the present 
argument concerning abstraction, will l>e nec^essarily objected to by 
those philosophers — and they ara, I fear, the major part — who hold 
that no reflations viu\ possess absolute^ and metaphysical validity. It 
is not my intention here to enter uj>on the general question, but merely 
to exhibit the objections to any analysis of asymmetrical relations. 

It is a common opinion— often held unconsciously, and employed 
in argument, even by those who do not explicitly advocate it — that 
all propositions, ultimately, consist of a subject and a predicate. When 
this opinion is confronted by a relational proposition, it has two ways 
of dealing with it, of which the one may l)e called monadisiic, 
the other monistic. Given, say, the projwsition where R is some 
relation, the monadi.stic view will analvse this into two propositions, 
which we may call ar^ and ftr,, which give to a and h respectively 
adjectives i^upposed to be together ecpii valent to R. The monistic 
view, on the contrary, regards the relation as a projK^rty of the whole 
composed of a and 6, and as thus equivalent to a profwsition which 
we may denote by (aA)r. Of these view.s, the first is represented by 
Leibniz and (on the whole) by Lotze, the second by Spinoz4i and 
Mr Bradley. Let us examine the.se views sucfcessively, as applied to 


* A formal treatment of relative position is given l)y Schroder, Sur une exUnnoH 
d'ordftj Congnu, Vol. iii, p, 2JJ5. 
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asymmetrical relations; and for the sake, of definiteness, let us take 
the relations of greater and less. 

213. The monadistic view is stated with admirable lucidity by 
Leibniz in the following passage*: 

“The ratio or proportion between two lines L and M may be 
conceived three several ways ; as a ratio of the greater L to the 
lesser Jf; as a ratio of the lesser M to the greater L\ and lastly, as 
something abstracted from both, that is, as the ratio betwt‘en L and 
without considering which is the antecedent, or which the consecpient ; 
which the subject, and which the object,... In the first way of considering 
them, L the greater, in the second M the lesser, is the subject of that 
accident which philosophers call relation. But which of them will be 
the subject, in the third way of considering them ? It cannot he said 
that both of them, L and M together, are the subject of such an 
accident; for if so, we should have an accident in two subjects, with 
one leg in one, and the other in the other ; which is contrary to the 
notion of accidents. Therefore we must say that this relation, in this 
third way of considering it, is indeed out of the subjects; but being 
neither a substance nor an accident, it must be a mere ideal thing, 
the consideration of which is nevertheless us€*ful.'” 

214. The third of the above ways of considering the relation of 
greater and less is, roughly .speaking, that which the moni.sts advcK^ate, 
holding, as they do, that the whole composed of L and M is one subject, 
so that their way of considering ratio does not comjM'l us, as I^ubniz 
supposed, to place it among bipeds. For the present our concern is only 
w^ith the first two ways. In the first way of considering the matter, we 
have “L is (greater than M)^ the words in brackets Ixjing considered 
as an adjective of L, But when we examine this adjective it is at once 
evident that it is complex ; it consists, at least, of the parts greater 
and JH, and both these parts are essential. To say that L is gieater 
does not at all convey our meaning, and it is highly probable that M is 
aleo greater. The .supposed adjective of L involves some reference to M \ 
but what can be meant by a reference the theory leaves unintelligible. 
An adjective involving a reference to M is plainly an adjective which is 
relative to Af,and this is merely a cumbrous way of describing a relation. 
Or, to put the matter otherwise, if L has an adjective con'csponding 
to the fact that it is greater than AT, this adjective is logically sub- 
sequent to, and is merely derived from, the direct relation of L to M, 
Apart from Af, nothing appears in the analysis of L to differentiate it 
from M\ and yet, on the theory of relations in question, L should differ 
intrinsically from M. Thus we should be forc^, in all cases of asym- 
metrical relations, to admit a specific difference between the related 
terms, although no analysi.s of either singly will reveal any relevant 


♦ PMl, Werke, Oerhardt’s ed., Vol, vn, p. 401. 
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property which it possesses and the other lacks. For the monadistic 
theory of relations, this constitutes a contradiction ; and it is a contra- 
diction which condemns the theory from which it springs*. 

I^t us examine further the application of the monadistic theory to 
quantitative relations. The proposition is greater than is to be 
analyzable into two propositions, one giving an adjective to Ay the 
other giving one to B, The advocate of the opinion in question will 
probably hold that A and R are quantiticii, not magnitudes, and will 
say that the adjectives required are the magnitudes of A and B. But 
then he will have to admit a relation between the magnitudes, which 
will be as asymmetrical as the relation which the magnitudes were to 
explain. Hence the magnitudes will need new adjectives, and so on 
ajd htfiniium ; and the infinite process will have to be completed before 
any meaning c^n l)c assigiied to our original proposition. This kind 
of infinite prcxiess is undoubtedly objectionable, sini^e its sole object 
is to explain the meaning of a certain proposition, and yet none of its 
steps bring it any nearer to that meaningt- Thus we cannot take 
the magnitudes of A and B as the recjuired adjectives. But further, 
if we take any aflji^ctives whatever except such as have each a reference 
to the other term, we shall not be able, even formally, to give any 
account of the relation, without assuming just such a relation between 
the adjectives. For the nierc fact tliat the adjectives are different will 
yield only a symmetrical relation. TlTius if our two terms have different 
colours we find that A has to B the relation of differing in colour, 
a relation which no an)ount of careful handling w ill render asymmetrical. 
Or if we were to recur to magnitudes, we could merely say that A and 
B differ in magnitude, which gives us no indication as to which is 
the greater. Thus the adjet'tives of A and B must be, as in Lcibniz'^s 
analysis, adjectives having a reference each to the other term. 'ITie 
fiuljcctive of A must be “ greater than By"" and that of B must be “ less 
than A.^ Thus A and B differ, since they luive different adjectives — 
B is not greater than B, and A is not less than A — but the adjectives 
are extrinsic, in the si*nse that A\ adjective has reference to By and 
B'n to A. Hence the attempted analysis of the relation fails, and we 


* See a pajier on ‘‘The Relations of Number and Quantity/' Mind, N.S. No. 23. 
Jliis paper was written while 1 still adhered to the monadistic theory of relations : 
the contradiction in question, thr.refoi'e, was regarded as inevitable. The following 
pMsage from Kant raises the same jKniit : “ Die rechte Hand ist der liiiken ahiilich 
und gleich, und wenn man Uos auf eiiie dcrselben allein sielit, auf liie Proportion 
der Lage der 'llieile unter eiuander und auf die tinisse des (lainseii, so muss eine 
vollstandige Ucschreibung der eiiieii in alien Stiicken auch von der andern gelten." 
(^on dew efitfan iilriindt de^ Untentchieden der Gegemien f/w Raunte, ed. Hart. Vol. ii, 
p. 389.) 

t Where an infinite process of this kind is required w’e are necessarily dealing 
W'itb a proposition which is an infinite unity, in the sense of Part II, Chap, xvu. 
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are forced to admit what the theory was designed to avoid, a so-called 
“external’’ relation, Le. one implying no complexity in either of the 
related terms. 

The same result may be proved of asymmetrical relations generally, 
since it depends solely upon the fact that l>oth identity and diversity 
are symmetrical. Let a and h have an asymmetrical relation //, so 
that aRb and bRa. Let the supposed adjectives (which, as we have 
seen, must each have a inference to the other term) be denoted by y3 
and a respectively. Thus our terms become a0 and ha. a involves 
a reference to a," and y9 to 6 ; and a and differ, since the i-elati(m 
is asymmetrical. But a and b have no intrinsic differences coiTcsfxmding 
to the relation /?, and prior to it; t>r, if they have, the points of 
difference must themselves have a relation analogous to so that 
nothing is gained. Either a or /8 expressi‘s a difference lK»twecn a 
and 6, but one which, since either a or )3 involves referenie to a term 
other than that whose adjective it is, so far from being prior to /f, 
is in fact the i*elation R itself. And since a and /9 both prt*siipposc W, 
the difference between a and /9 cannot be used to su[)plv an intrinsic 
difference between a and b. Thus w'c have again a difference without 
a prior point of difference. This show.s that some asymmetrical rela- 
tions must be ultimate, and that at least one such ultimate asymmetrical 
relation must be a component in any asymmetrical relation that may l)e 
suggested. 

It is easy to criticize the monadistic theory from a general stand- 
point, by developing the contrwlictions which spring from the relations 
of the terms to the adjecitives into which our first relation lias Ixxm 
analyzed. These considerations, which have no special connection with 
asymmetry, belong to general philosophy, and have lx;en iirgwl by 
advocates of the monistic theory. Thus Mr Bradley says of the mona- 
distic theory*: “ VVe, in brief, are led by a principle of fission which 
conducts us to no end. Every (|uality in relation has, in consequence, 
a diversity within its own nature, and this diversity i:annot immediately 
be asserted of the (juality. Hence the quality must exchange its unity 
for an internal relation. But, thus set free, the divei*se aspects, Ixjcause 
each something in relation, must each be something also beyond. This 
diversity is fatal to the internal unity of each ; and it demands a new 
relation, and so on without limit.” It remains to be seen whether the 
monistic theory, in avoiding this difficulty, doi?s not become subject to 
others quite as serious. 

21B. The monistic theory holds that every relational proposition 
uRb is to be resolved into a proposition conc^erning the whole which 
a and b compose — a proposition which we may denote by {ab)r. UTiis 
view, like the other, may be examined with sj^cial reference to asym- 

* Appearance and HeaUty, lat edition, p. 31. 



214, 215] Asymmetrical Relations 225 

metrical relations, or from the standpoint of general philosophy. We 
are told, by those who advocate this opinion, that the whole contains 
diversity within itself, that it synthesizes differences, and that it performs 
other similar feats. For iny part, I am unable to attach any precise 
significance to these phrases. But let us do our l)est- 

The proposition “ a is greater than 6,'’ we are told, does not really 
say anything about either a or i, but about the tw'o together. Denoting 
the whole w'hich they compose by (ai), it says, we will suppose, ‘‘(oft) 
contains diversity of magnitude.’’ Now to this statement — neglecting 
for the present nil gi^neral arguments — there is a special objection in 
the case of asymmetry, (ah) is symmetrical with regard to a and 6, 
and thus the projiei-ty of the whole wdll be exactly the same in the case 
w'here a is greater than h as in the case where b is greater than a. 
Leibniz, who did not accept the monistic theory, and had therefore 
no reason to render it plausible, clearly perceived this fact, as appears 
from the above quotation. For, in his third way of regarding ratio, 
we do not consider which is the antecedent, which the consequent; 
and it is indec^tl sufficiently evident that, in the whole (aft) as such, 
there is neither anUctxlent nor consequent. In order to distinguish 
a whole (aft) from a whole (fta), as we must do if we are to explain 
asymmetr\v we shall be forced back from the whole to the parts and 
their relation. For (aft) and (ba) consist of precisely the same parts, 
and differ in no respect whatever save the sense of the relation between 
a and ft. “ a is greater than A and “ A is greater than a ” are proposi- 
tions containing preci.sely the same constituents, and giving rise therefore 
to precisely the same whole ; their difference lies solely in the fact that 
greater is in the first case, a relation of a to ft, in the second, a relation 
of ft to a. ITius the distinction of sense, i.c, the distinction between an 
asymmetrical relation and its converse, is one which the monistic theory 
of relations is wholly unable to explain. 

Argumentii of a more general nature might be multiplied almost 
indefinitely, but the following argument seems peculiarly relevant. The 
relation of whole and part is itself an asymmetrical relation, and the 
whole — as nionists are [)eculiarly fond of telling us— is distinct from all 
its parts, l)oth severally and collectively. Henre when wc say ‘‘a is 
part of ft,” we really mean, if the monistic theory be correct, to assert 
something of the wdiole composed of a and A, which is not to be 
confounded with A. If the proposition conreniing this new w'hole be not 
one of whole and part there will be no true judgments of whole and 
part, and it will therefore be false to say that a relation between the 
parts is really an acljective of the whole. If the new proposition is one 
of whole and part, il will require a new one for its meaning, and so on. 

as a desperate measure, the monist asserts that the whole composed 
of a and 6 is not distinct from 6, he is compelled to admit that a whole 
is the sum (in the sense of Symbolic Logic) of ite parts, which, besides 



226 


Order 


[chap. XXVI 

being an abandonment of his whole position, renders it inevitable that 
the whole should be symmetrical as regards its parts — a view which we 
have already seen to be fatal. And hence we find monists driven to 
the view that the only tine whole, the Absolute, has no parts at all, 
and that no propositions in regard to it or anything else are quite 
true — a view which, in the mere statement, unavoidably contradicts 
itself. And surely an opinion which holds all propositions to be in the 
end self-contradictory is sufficiently condemned by the fact that, if it 
be accepted, it also must be self-contradictory. 

216. We haye now seen that asymmetrical relations are unin- 
telligible on both the usual theories of lelation*. Henc'e, since such 
relations are involved in Number, Quantity, Order, Space, Time, and 
Motion, we can hardly hope for a satisfactory philosophy of Mathematics 
so long as we adhere to the view that no relation can be “ purely 
external.’’ As soon, hovever, as we adopt a different theory, the logical 
puzzles, which have hitheilo obstructed philosophers, are seen to be 
artificial. Among the terms commonly regarded as relational, those 
that are symmetrical and transitive — such as equality and simultaneity — 
are capable of reduction to what has been vaguely called identity of 
content, but this in turn must be analyzed into sameness of relation 
to some other term. For the so-called properties of a term are, in fact, 
only other terms to w^hich it stands in some relation ; and a common 
property of two terms is a terra to which both stand in the same 
relation. 

The present long digression into the realm of logic is necessitated 
by the fundamental importance of order, and by the total impos>sibility 
of explaining order without abandoning the ino.^t cherislu^d and wide- 
spread of philosophic dogmas. Everything depends, where order is 
concerned, upon asymmetry and difference of sense, but these two concepts 
are unintelligible to the traditional logic. In the next chapter we shall 
have to examine the connet^tion of difference of sense witli what apjK'ai’s 
in Mathematic*s as difference of sign. In this examination, though some 
pure logic will still be requisite, we shall approach again to mathematical 
topics; and these will occupy us wholly throughout the succeeiling chapters 
of this Part. 

* llie grounds of these theories will laj exaniiiuyl from a more general point of 
view in Part VI, Chap. u. 



CHAPTER XXVIL 


DIFFERENCE OF SENSE AND DIFFERENCE OF SIGN. 

217. We have now seen that order de{)ends upon asymmetrical 
relations, and that these always have two senses, as before and after, 
greater and less, east and uest, etc. The difference of sense is closely 
connected (though not identical) with the mathematical difference of 
sign. It is a notion of fundamental importance in Mathematics, and 
is, so far as I can not explicable in terms of any other notions. 
The first philosopher who realized its importance would seem to be Kant. 
In the Verftnrh den Begriff* der negathrn Grime in die Weltweisheit 
eiuznfuhren (1763), we find him aware of the difference between logical 
opposition and the opposition of positive and negative. In the discussion 
Von dem erden Grunde de^ rnterschiedes der Gegenden im Ranme (1768), 
we find a full realization of the imptirtance of asymmetry in spatial 
relations, and a pnaif, based on this fact, that space cannot be wholly 
relational*. But it Kot*m.s doubtful whether he realized the connection of 
this asymmetr}' with difference of §ign. In 1763 he certainly was not 
aware of the c-onnei:tion, since he regaitled pain as a negative amount of 
pleasure, and supposi'd that a great pleasure and a small pain can be 
added to give a less pleasuref — a view which seems both logically and 
psychologically false. In the Prolegonuiia (§ 13), as is well known, 
he made the asymmetry of spatial relations a ground for regarding space 
as a mere form of intuition, jieiveiving, as appears from the discussion 
of 1768, that space could not consist, as l^ibniz supjiosed, of mere 
relations among objects, and being unable, owing to his adherence to 
the logical objection to relations discussed in the preceding chapter, 
to free from contradiction the notion of absolute space with asym- 
metrical relations between its points. Although I cannot regard this 
later and more distinctively Kantian theory as an advance upon that 
of 1768, yet credit is undoubteilly due to Kant for having first called 
attention to the logical importance of asymmetrical relations. 

* Sec especially ed. Hart, Vol. II. pp. .380, 881. 

t £d. Hart, Vol. II, p. 83. 



228 


Order 


[chap, xxyii 

218. By difference of sense I mean, in the present discussion at least, 
the difference between an asymmetrical relation and its converse. It is a 
fundamental logical fact that, given any lelation /Z, and any two terms 
a, ft, there are two propositions to be formed of these elements, the one 
relating a to ft (which I call a/Zft), the other {hRa) relating ft to a. These 
two propositions are always different, though sometimes (as in the case 
of diversity) either implies the other. In other cases, such as logical im- 
plication, the one does not imply either the other or its negation ; w hile 
in a third set of cases, the one implies the negation of the other. It is 
only in cases of the third kind that I shall speak of difference of sense. 
In these cases, aRb excludes bRa. But here another fundamental logical 
fact becomes relevant. In all cases where aRb does not imply bRa there 
is another relation, related to J?, w^hich must hold between ft and a. That 
is, there is a relation R such that aRb implies hRa ; and further, bRa 
implies aRb, The relation of iZ to is difference of sense. This 
relation is one-one, symmetrical, and intransitive. Its existence is the 
source of series, of the distinction of signs, and indeed of the greater 
part of mathematics. 

219. A question of considerable importance to logic, and espei'ially 
to the theory of inference, may be raised with regard to difference of sense. 
Are aRb and bRa really different propositions, or do they only differ 
linguistically ? It may be held that there is only one relation /Z, and 
that all necessary distinctions can be obtained from that between aRb 
and bRa. It may be said that, owing to the exigencies of speech and 
writing, we are compelled to mention either a or ft first, and that this gives 
a seeming difference between ‘‘a is greater than ft^ and “ft is less than 
a*”; but that, in reality, these two propositions are identical. But if 
we take this view we shall find it hard to explain the indubitable 
distinction between greater and less. These two words have certainly 
each a meaning, even when no terms are mentioned as related by them. 
And they certainly have different meanings, and are certainly relations. 
Hence if we are to hold that “ a is greater than ft and “ ft is less than a 
are the same proposition, we shall have to maintain that both greater 
and less enter into each of these propositions, which seems obviously 
false ; or else w'e shall have to hold that what really occurs is neither 
of the two, but that thiid abstract relation mentioned by I^eibniz in the 
passage quoted above. In this case the difference between greater and 
less would be one essentially involving a reference to the terms a and ft. 
But this view cannot be maintained without circularity ; for neither the 
greater nor the less is inherently the antecedent, and we can only say 
that, when the greater is the antecedent, the relation is greater ; when 
the less, the relation is less. Hence, it would seem, we must admit that 

R and R are distinct relations. We cannot escape this conclusion by 
the analysis into adjectives attempted in the last chapter. We there 
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analyzed aRb into afi and 6a. But, corresponding to eveiy 6, there will 

be two adjectives, and and corresponding to every a there will also 
be two, a and Bf. Thus if i? be greater j a will be greater than A ’’ 
and “ less than A,"^ or vice versa. But the difference between a and a 
pi*esupposes that between greater and less, between R and i?, and therefore 
cannot explain it. Hence R and R must be distinct, and ^aRb implies 
bRa"^ must be a genuine inference. 

I come now to the connection between difference of sense and 
difference of sign. We shall find that the latter is derivative from the 
former, being a difference which only exists between terms which either 
are, or are correlated with, asymmetrical relations. But in certain cases 
w e shall find some complications of detail w hich will demand discussion. 

The difference of signs belongs, traditionally, only to numbei-s and 
magnitudes, and is intimately associated with addition. It may be 
allowed that the notation cannot be usefully emploved where there 
is no addition, and even that, where distinction of sign is [>ossible, 
addition in some sense is in general also possible. But we shall find 
that the difference of .>ign has no very intimate connection w ith addition 
and subtraction. To make this clear, we must, in the first place, 
clearly realize that numliers and magnitudes which have no sign are 
radically different from such as are pasitive. Confusion on this point is 
quite fatal to any just theory of signs. 

220. Taking fii*st finite numbers, the positive and negative numl)ers 
arise as follow.s*. Denoting by R the relation lx?tween two integers in 
viii.ue of which the second is next after the first, the proposition mRn 
is wjuivalent to what is usually expressed by w + 1 = n. But the present 
theory will apply to progrcssicins generally and does not depend upon 
the logical theory of cardinals develojK^d in Part II. In the proposition 
mRjt, the integers m and }i are considered, as when they result from the 
logical definition, to be wholly destitute of sign. If now' rnRn and nRp^ 
we jmt mH*p\ and so on for higher powers. Every power of R is an 
asymmetrical relation, and its converse is easily shown to Ik? the same 

power of R as it is itself of R. Thus niR^q is wpiivalent to qR^i, 
Thes»e are the two propositions which are commonly written m-ra^q 
and q’-a = m. Thus the relations if®, if® are the true }>ositive and 
negative integers; and theses though assoc'iaUxl with a, are Iwth w^bolly 
distinct from it. Thus in this case the connection witli diftereiit*e of 
sense is obvious and straightforward. 

221. As regards niagiutudes, several cases must lx? distinguished. 
We have (1) magnitudes which are not either relations or stretche.s, 
(2) stretches, (3) magnitudes which are relations. 

* I give the the<>ry briefly here, Jis it will lie dealt with more fully and geuerally 
in the chapter on Progressions, ^ 
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(1) Magnitudes of this class are themselves neither positive nor 
negative. But two such magnitudes, as explained in Part III, detennine 
either a distance or a stretch, and these are always positive or negative. 
These are moreover always capable of addition. But since our original 
magnitudes are neither relations nor stretches, the new magnitudes thus 
obtained are of a different kind from the original set. I'hus the differ- 
ence of two pleasures, or the collection of pleasures intermediate between 
two pleasures, is not a pleasure, but in the one case a relation, in the 
other a class. 

(2) Magnitudes of divisibility in general have no sign, but when 
they are magnitudes of stretches they acquire sign by correlation. 
A stretch is distinguished from other collections by the fact that it 
consists of all the terms of a series intermediate between two given 
terms. By combining the stretch with one sense of the asymmetrical 
relation which must exist between its end -terms, the stretch itself 
acquires sense, and becomes asymmetrical. That is, w'e can distinguish 
, (1) the collection of terms between a and h without regard to oixler, (2) 
the terms from a to 6, (3) the tenns from b to a. Here (2) and (3) are 
complex, being compounded of (1) and one sense of the constitutive 
relation. Of these two, one must be called positive, the other negative. 
Where our series consists of magnitudes, usage and the connection with 
addition have decided that, if a is less than 6, (2) is positive and (3) is 
negative. But where, as in Geometry, our series is not composed of 
magnitudes, it becomes wholly arbitrary which is to be positive and 
which negative. In either case, we have the sfirne relation to addition, 
which is as follows. Any pair of collections can be added to form a new 
collection, but not any pair of stretches can be added to form a new 
stretch. For this to be possible the end of one stretch must be con- 
secutive to the beginning of the other. In this way, the stretches aft, ft^■ 
can be added to form the stretch ac. If aft, ftc have the same sense, ac is 
greater than either; if they have different senses, ac is less than one 
of them. In this second case the addition of aft and be is reganled 
as the subtraction of aft and eft, be and vb being negative and positive 
respectively. If our stretches are numerically measurable, addition or 
subtraction of their measures will give the measuixi of the result of 
adding or subtracting the stretches, where these are such as to allow 
addition or subtraction. But the whole opposition of positive and 
negative, as is evident, depends upon the fundamental fact that our 
series is generated by an asymmetrical relation. 

(3) Magnitudes which are relations may be either synimetrical or 
asymmetrical relations. In the former wise, if a be a term of the field 
of one of them, the other terms of the various fields, if certain conditions 
are fulfilled*, may be arranged in series according os their relations to a 
are greater or smaller. This arrangement may be different when we choose 

• Cf. § 245. 
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some term other than a; for the present, therefore, we shall suppose a to 
be chosen once for all. ^Vhen the terms have been arranged in a series, 
it may happen that some or all places in the series are occupied by more 
than one term; but in any case the assemblage of terms between a and 
some other term m is definite, and leads to a stretch with two senses. 
We may then combine the magnitude of the relation of a to wi with one 
or other of these two senses, and so obtain an asymmetrical relation of 
a to wi, which, like the original relation, will have magnitude. Thus the 
case of symmetrical relations may be reduced to that of asymmetrical 
relations. These latter lead to signs, and to addition and subtraction, 
in exactly the safne wav as stretches wdth sense ; the only difference being 
that the addition and subtraction are now of the kind which, in Part III, 
we called relational. Thus in all of magnitudes having sign, the 
difference between the two senses of an asymmetrical relation is the 
source of the differaiee of sign. 

The case which we discussed in connection with stretches is of 
fundamental importanc*c in Geometry. We have here a magnitude with- 
out sign, an asymmetrical relation without magnitude, and some intimate 
connection between the two. The combination of both then gives a 
magnitude which has sign. All geometrical magnitudes having sign 
arise in this way. But there is a curious complication in the case of 
volumes. Volumes art\ in the first instance, signless ([uantities; but in 
analytical Geometry they always appear as positive or negative. Here 
the asymmetrical ivlations (for there aie two) appear as terms, between 
which there is a symmetrical relation, but one \\hich yet has an opposite 
of a kind very similar to the converse of an asymmetrical relation. 
This relation, as an exceptional case, must be here briefly discussed. 

222. The descriptive straight line is a serial relation in virtue of 
which the points of the line form a series*. Either sense of the descriptive 
straight line may be calkHt a ray, the sense being indicated by an 




arrow. Any tw'o non-coplanar ravs have one or other of two relations, 
which may be called right and left-handetlness resixx'tively f. This 
relation is symmetrical but not transitive, and is the essence of the usual 
distinction of right and left. ITius the relation of the upward vertical 
to a line from north to east is right-handed, and to a line from south to 

♦ See Part VI. 

t rile two cases are illustrated in the hgure. ITic difference is the same as that 
between the two sorts of coordinate axes. 
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east is left-handed. But though the relation is symmetrica^ it is 
changed into its opposite by changing either of the terms of the relation 
into its converse. That is, denoting right-handedness by left-handed- 
ness by L (which is not R\ if A and B be two rays which ai^ mutually 
right-handed, we shall have 

ARB, ALB, ALB, ARB, BRA, BLA, BLA, BRA, 

That is, every pair of non-coplanar straight lines gives rise to eight such 
relations, of which four are right-handed, and four left-handed. The 
difference between L and R, though not, as it stands, a difference of 
sense, is, nevertheless, the difference of positive and negative, and is the 
reason why the volumes of tetrahedra, as given by determinants, always 
have signs. But there is no difficulty in following the plain man's 
reduction of right and left to asymmetrical relations. The plain man 
takes one of the rays (say A) as fixed — when he is sober, he takes A to 
be the upward vertical — and then regards right and left as pro|K;rties of 
the single ray B, or, what conies to the same thing, as n.‘lations of any 
two points which determine B, In tliis way, right and left become 
asymmetrical relations, and oven have a limited degree of transitiveness, of 
the kind explained in the fifth way of generating series (in Chapter xxiv). 
It is to be obsened that what is fixed must be a ray, not a mere straight 
line. For example, two plaiie.s which are not mutufilly pi‘r|x*ndiculRr 
are not one right and the other left with legard to their line of int(*r- 
sei:tion, but only with regard to either of the rays lielonging to this 
line.* But when this is Iwrne in mind, and when we consider, not 
semi-planes, but complete planes, through the ray in (juestion, right and 
left become asymmetrical and each otherV converses. Thus the signs 
associated with right and left, like all other signs, depend upon the 
asymmetry of relations. This conclusion, therefore, may now lx? allowed 
to be genei-al. 

223. Diff’erence of .sense is, of course, more geneml than diffeivnce of 
sign, since it exists in cases with wdiich inathematii;s (at least at present) 
is unable to deal. And difference of sign seems scareely applicable to 
relations which are not transitive, or are not intimately connected with 
some transitive relation. It would be absurd, for example, to regaixl the 
relation of an event to the time of its occurrence, or of a quantitv to its 
magnitude, as confeiTing a difference of sign. The.se relation.s are what 
Professor Schnkler calls crsch'itpftf, i.r. if they hold iKdween a and b, 
they can never hold between h and some thiid term. Alatlieinaticallv, 
their square is null. These relations, then, do not give rise to difUerenc'e 
of sign. 

^ * 'ITiis requires that the passa^ from the one plane to the oilier should Iks made 
via one of the acute angles made by their intersertion. 

t Algebra der Logik, \ ol. Ill, p. Professor Peirce calls such relations wow- 

repeatiag (reference in Schriider, fY».). 
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All magnitudes with sign, so the above account has led us to believe, 
are either relations or compound concepts into which relations enter. 
But what are we to say of the usual instances of opposites : good and 
evil, pleasure and pain, beauty and ugliness, desire and aversion ? The 
last pair are very complex, and if I were to attempt an analysis of them, 
I should emit some universally condemned opinions. ^Vith regard to 
the others, they seem to me to have an opposition of a very different 
kind from tliat of two mutually converse asymmetrical relations, and 
analogous rather to the op|x>sition of red and blue, or of two different 
magnitudes of the same kind. From these oppositions, which are con- 
stituted by what may be called synthetic incompatibility*, the oppositions 
above mentioned differ only in the fact that there are onlv two incom- 
j>atible terms, instead of a whole series. The incomjmtibility consists 
in the fact that two terms which are thus incompatible cannot coexist in 
the same spatio-temporal place, or cannot predicates of the same 
existent, or, more gtmerally, cannot l)oth enter into true propositions of 
a certain form, whi/‘h differ only in the fact that one contains one of the 
incoinpatibles while the other contains the other. This kind of incom- 
patibility (which usually Mongs, with respe<t to some class of proposi- 
tions, to the terms of a given series) is a most important notion in 
general logic, but is by no means to be identihed with the difference 
between mutually converse relations. T\\h latter is, in fact, a spec^ial 
case of such incom|)atibility ; but it is the special case only that gives 
rise to the difference of sign. All difference of sign — so w e may conclude 
our argument — is primarily derivt?d from transitive asymmetrical rela- 
tions, from which it may be extended by correlation to terms variously 
related to such relations f; but such extensions are always subsequent to 
the original opposition derivcKl from difference of sense. 

* See The Philosophy of LeihniZy hy the present author (Canibrid^ UKX)), 
pp. 1!», 20. 

f llius in inathematu:al Ecntiomirs, pleasure and pain may Ite taken as positive 
and nej^ative without logical e’^ror, hy the theory (wlio«e psychological correctness 
we nee<l not examine) that a man must W paid to eiidure pain, and must pay to 
obtain pleasure, opposition of pleasure and fMiin is thu<i correlated with that of 

money paid and money received, w Inch is an op|)osition of positive and negative in 
the sense of elementary Arithmetic. 



CHAPTER XXVIII. 


ON THE DIFFERENCE BETWEEN OPEN AND 
CLOSED SERIES. 

224. AVe have now come to the end of the purely logical discussions 
concerned with order, and can turn our attention with a free mind to 
the more mathematical aspects of the subject. As the solution of the 
most ancient and respectable contradictions in the notion of infinity 
depends mainly upon a corre(*t philosophy of order, it has been necessary 
to go into philosophical questions at some length — not so much because 
they are relevant, as because most philosophers think them so. But we 
shall reap our reward throughout the remainder of this work. 

The question to be discussed in this chapter is this: Can we ulti- 
mately distinguish open from closed series, and if so, in wliat does 
the distinction consist? We have seen that, mathematically, aU series 
are open, in the sense that all are generated by an asymmetrical transi- 
tive relation. But philosophically, we must distinguish the different 
ways in which this relation inav arise, and esfXTially we must not 
confound the c^ise where this relation involves no inference to other 
terms w'ith that where such terms are essential. And pnu’tically, it is 
plain that there is some dift*erence between open and closed serie.s — 
between, for insbince, a straight line and a circle, or a pedigree and a 
mutual admiration society. But it is not (juite eiLsy to expre.ss the 
difference precisely. 

225. Where the number of terms in the series is finite, and 
the series is generated in the first of the ways explained in 
Chapter xxiv, the method of obtaining a transitive relation out of the 
intrensitive relation w’ith w'hich we start is rtulicallv different according 
as the series is open or closed. If be the genemting relation, and n be 
the number of terms in our series, tw'o cases may arise. Denoting the 
relation of any term to the next but one by It% and so on for higher 
powei*s, the relation if" can have only one of two values, zero and 
identity. (It is assumed that R is a one-one relation.) For stalling 
with the first term, if there be one, if brings us to the last term ; and 
thus if" gives no new term, and there is no instance of the relation 
if". On the other hand, it may happen that, stalling with any tenii, 
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brings as back to that term again. These two are the only possible 
alternatives. In the first case, we call the series open ; in the second, we 
call it closed. In the first case, the series has a definite beginning and 
end ; in the second case, like the angles of a polygon, it has no peculiar 
terms. In the first case, our transitive asymmetrical relation is the 
disjunctive relation “a power of R not greater than the (/i-ljth.” 
By substituting this relation, which we may call for /f, our series 
becomes of the second of the six types. But in the second case no such 
simple reduction to the second ty|Kf is possible. For now, the relation 
of any two terms a and m of our series may be just as well taken to be 

a power of if as a power of and the question which of any three terms 
is between the otlier two l)ec*onies wholly arbitrary. We might now intro- 
duce, firet the relation of sei)aration of four terms, and then the resulting 
five-term relation ex[)lained in Chapter xxv. We should then regard 
three of the terms in the five-term relation as fixed, and find that the 
resulting relation of the other two is transitive and asvmmetrical. But 
here the first term of our s<Ties is wholly arbitrary, which was not the 
case Ixjfore; and tlie generating relation is, in reality, one of five tenns, 
not one of two. Theix^ is, however, in the case conteinplate<l, a simpler 
method. This may illustnittHl as follows : In an open series, any t^o 
terms a and m define two senses in wliich the series may \ye described, 
the one in which a coiiu's tx.*fore w, and the other in which rn comes 
Ix'foiv a. We can then say of any tno other terms c and ^ that the 
sense of the onler from c to is the same as that of the order from 
a to w, or different, as the case may he. In this way, considering 
a and in fixed, and r and g variable, ^\e get a transitive asymmetrical 
relation between cand g", obtaiiuHl from a tninsitive symmetrical relation 
of the pair c, g to the pair rn (or ///, a, as the case may l)e). But this 
transitive symmetrical relation can, by the principle of al>stmctior, be 
analyzed into possession of a common projx'rty, which is, in this case, 
the fact that m and r , g have the generating relation with the same 
sense. Thus the four-term ixdation is, in this case, not t^ssential. But in a 
closed series, a and in do not define a sense of the series, even when w’e 
are told that a u to prectHle w : we can start from a and get to m in 
either direction. But if now we take a third term d, and decide that we 
are to start from a and reach m taking d on the way, then a sense of the 
series is defined, ^fhe stretch adm inclu<le.s vme jmrtion of the series, but 
not the other. Thus we may go from England to New Zealand either 
by the east or by the west ; but if we are to take India on the way, we 
must go by the east. If now we c^onsidcr any other term, say A:, this 
will have some definite position in the sc'ries which starts with a and 
reaches m by way of d. In this series. A* will cx>me either between a and 
d, or between d and w, or after w. Thus the three-term relation of 

d, m seems in this case sufficient to generate a perfectly definite series. 
Vailati’s five-term relation wdll then consist in this, that with regard to 
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the order adrn^ k comes before (or after) any other term / of the collection. 
But it is not necessary to call in this relation in. the present case, since the 
three-term relation suffices. This three-term relation may be formally 
defined as follows. There is between any two tenns of our collection a 
illation which is a power of R less than the 7tth. Let the relation between 
a and d be Z?®", that between a and m Rv. Then if x is less than we 
assign one sense to adm\ if x is greater than we assign the other. 

There will be also between a and d the relation -ff and between a and 
m the relation If x is less than y, then n — a’ is greater than n —y; 

hence the asymmetry of the two cases corresponds to that of R and R. 
The terms of the series are simply ordered by correlation with their 
numbers x and y^ those with smaller numbers pi*eceding those with 
larger ones. Thus there is here no need of the five-term relation, every- 
thing being effected by the three-term relation, which is itself reduced to 
an asymmetrical transitive relation of two numbers. But the closed 
series is still distinguished from the open one by the fact that its fii-st 
term is arbitrary. 

226. A very similar discussion will apply to the case where our 
series is generated by relations of thi’ee terms. To keep the analogy 
with the one-one relation of the above case, we will make the following 
assumptions. Let there be a relation B of one term to two otheis, and 
let the one term be called the mean, the two others the extremes. Let 
the mean be uniquely determined when the extremes are given, and let 
one extreme be uniquely determined by the mean and the other extreme. 
Further let each term that occurs as mean occur also as extreme, and 
each term that occurs as extreme (with at most two exceptions) occur 
also as mean. Finally, if there be a relation in which c is mean, and b 
and d are extremes, let there be always (except when 6 or d is one of the 
two possible exceptional teiins) a relation in which b is the mean and v 
one of the extremes, and another in which d is the mean and r one of the 
extremes. Then b and c will occur together in only two relations. "J'his 
fact constitutes a relation between b and c, and only one other term 
besides b will have this new relation to r. By means of this relation, if 
there are two exceptional terms, or if, our collection being infinite, there 
is only one, we can construct an open series. If our two-term relation be 
asymmetrical, this is sufficiently evident ; but the same rc^sult can be 
proved if our two-term relation is symmetrical. For there will be at 
either end, say a, an asymmetrical relation of a to the only term which is 
the mean between a and some other term. This relation multiplied by 
the nth power of our two-term relation, where n -f- 1 is any integer less 
than the number of terms in our collection, will give a relation which 
holds between a and a number (not exceeding hH- 1) of terms of our 
collection, of which terms one and only one is such that no number less 
than n gives a relation of a to this term. Thus we obtain a coirelation 
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of our tcniis with the natural numbers, which generates an open 
series with a for one of its ends. If, on the other hand, our collec- 
tion has no exceptional tenns, but is finite, then we shall obtain 
a closed series. I^t our two- term relation be P, and first suppose it 
symmetrical. (It will \ye symmetrical if our original three-term relation 
was symmetrical with regard to the extremes.) Then every term c of 
our collection will have the relation P to two others, w’hich will have 
to each other the relation P*. Of all the relations of the form P** 
which hold between two given terms, there will lx? one in which m is 
least : this may be called the principal relation of our tw'o terms. Let 
the number of terms of the collection be n. Then every tenn of our 
collection will have to every other a principal relation P^, where x is 
some integer not greater than ni^. Given any two terms c and g of the 
collection, provided we do not have (a case w'hich will not arise 

if n be odd), let us have cP’*‘g^ whei-e x is less than n/2. This assumption 
defines a sense of the series, which may be shown as follows. If cP^k, 
where y is also less than /i/2, three cases may arise, assuming y is greater 
than j\ We may have gP^~^k\ or, if + y is less than n/2, we may 

n 

have gP*^H\ or, if x-¥y is greater than 7i/2, we may have gP"^ * 

(We choose always the principal relation.) These three cases are illus- 
trated in the accompanying figure. We shall say, in these three cases. 


that, with regard to the sense cg^ (1) A' comes after c and g*, (2) and (3) 
k conies before c and g. If y is less than j*, and kP^~^g^ we shall say 
that k is between c and g in the sense eg. If n is odd, this covers all 
possible cases. But if n is even, we have to consider the term c, w^hich 
is such that rP^ V'. This term is, in a certain sense, antipodal to c ; we 
may define it as the first term in the series when the above method of 
definition is adopted. If n is odd, the first term will be that term of 
class (3) for wdiich *^111118 the series acc]uires a definite order, 

but one in which, as in all closed series, the first term is arbitrary. 

227. The only remaining case is that where we start from four-term 
relations, and the generating relation has, strictly speaking, five terms. 
This is the case of projective Geometry. Here the series is necessarily 
closed ; that is, in choosing our three fixed terms for the five-term 
relation, there is never any restriction upon our choice ; and any one of 
these three may be defined to be the first. 
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228. Thus, to sum up : Every series being generated by a transitive 
asymmetrical relation between any two terms of the series, a series is 
open when it has either no beginning, or a beginning w'hich is not 
arbitrary ; it is closed w^hen it has an arbitrary beginning. Now if R 
be the constitutive relation, the beginning of the seiies is a term having 
the relation R but not the relation R, Whenever R is genuinely a 
two-term relation, the beginning, if it exists, must be perfectly definite. 
It is only when R involves some other tenn (which may be considered 
fixed) besides the two with regard to which it is transitive and asym- 
metrical (which ai'e to be regarded as variable), that the beginning can 
be arbitrary. Hence in all cases of closed series, though there may be 
an asymmetrical one-one relation if the series is discrete, the transitive 
asymmetrical relation must be one involving one or more fixed terms 
in addition to the two variable terms with regal'd to which it generates 
the series. Thus altliough, mathematically, every closed series can be 
rendered open, and every open series closed, yet there is, in regard 
to the nature of the generating relation, a genuine distinction Ixitween 
them — a distinction, however, which is of philosophical rather than 
mathematical importance. 



CHAPTER XXIX. 

PROGRESSIONS AND ORDINAL NUMBERS. 

229 . It is now time to consider the simplest tvj>e of infinite series, 
namely that to whicli the natural numbt*rs themsehes belong. I shall 
post|K>ne to the next Part all the supposed difficulties arising out of 
the infinity of such serii*s, and conceni myself here only to give the 
elementary theory of them in a form not presupposing numbers*. 

T}ie series now to Im* considered art* those whicli can be conxdated, 
term for term, with the natural numlx^rs, without retjuiring any change 
in the onler of the terms. But since the natural numbers are a 
particular ijase of such scTies, and since the whole of Arithmetic and 
Analysis can lx develojHnl out of any one such series, without any 
appt?al to nuinlxr, it is Ixtter to give* a definition of progressions which 
involves no appt^al to luimlxr. 

A progression is a discrete series having con.secutive terms, and a 
Ixginning but no end, and Ixing also conrurtal. The meaning of 
connection was explaincsl in C’hapter xxi\ by means of number, but this 
explanation cannot lx given now. Sjxaking popularly, when a series 
is not connected it falls into two or more paHs, each Ixing a series 
for itstdf. Thus numbers and instants together form a series which 
is not connected, and so do two parallel straight lines. A\"henever 
a series is originally given by means of a transitive asymmetrical rela- 
tion, we can ex}>ress coniKrtion by the condition that any two terms 
of our series are to ha\e the geiiemting relation. But progix*ssions 
are series of the kind that may lx gtneratcxl in the fii*st of our six 
ways, namely, by an asyinmelrical one-one relation. In order to pass 
from this to a transitive relation, we Ixfore employed numbers, defining 
the transitive relation as any jxiwer of the one-one relation. This 
definition will not serve now, since numlxi*s are to lx excluded. It 
is one of the triumphs of modern mathematics to have adapted an 
ancient principle to the !R‘etls of this case. 

♦ ITie present chapter closely follows Pcano's Arithmetic. See Formuiaire de 
hialkHnatiquett, Vol. II, § ii. I have given a inatheniatical treatment of the subject 
in KdM, Vols. Vll and Vlll. 'Hie subject is due. in the main, to Dedekind and 
l»©org Cantor. 
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The definition which we want is to be obtained from mathematical 
induction. This principle, which used to be regarded as a mere subter- 
fuge for eliciting results of which no other proof was forthcoming, has 
gradually grown in importance as the foundations of mat hematics have 
been more closely investigated. It is now seen to be the principle upon 
which depend, so far as ordinals are concenied, the commutative law 
and one form of the distributive law*. This principle, which gives 
the widest possible extension to the finite, is the distinguishing mark 
of progressions. It may be stated as follows : 

Given any class of terms . 9 , to which belongs the first term of any 
progression, €md to which belongs the tenn of the progression next after 
any term of the progression belonging to then every term of the 
progression belongs to s. 

VVe may state the same principle in another form. 1-et be 

a propositional function, which is a determinate proposition as s(X)n 
as is given. Then is a function of .r, and will in general be 

true or false according to the value of jr. If .r be a member of a 
progression, let seq x denote the term next after .r. Let (f> (j") be true 
when X is the first term of a certain progression, and let ^(sec] x) 
be true whenever (f> (j?) is tme, where x is any tenn of the progression. 
It then follows, by the principle of mathematical induction, that 
is always true if be any term of the progression in (|uestion. 

The complete definition of a progression is as follows. Ix^t H he 
any asymmetrical one-one relation, and u a class such that every term 
of u has the relation of R to some term also belonging to the class n. 
Let there be at least one term of the class u which does not have 
the relation R to any term of m. Let h l>e any clas.s to which lielongs 
at least one of the terms of n which do not have the relation R to any 
term of m, and to which belongs also every term of u which has the 
relation R to some term belonging to both u and s ; and let u be such 
as to be wholly contained in any class s satisfying the above conditions. 
Then m, considered as ordered by the relation /?, is a progression f. 

230. Of such progressions, everything relevant to finite Arithmetic 
can be proved. In the first place, we show’ that there can only be 
one term of u which does not have the relation R to any term of u. 
We then define the term to which x has the relation R as the successor 
of X (x being a ?/), which may be written se(| The definitions and 
properties of addition, subtraction, multiplication, division, positive and 

♦ Namely (a -|- )3)y = + ay. ITie other form, a(ff + y) = a/3 + ay, holds also 

for infinite ordinal numbers, and is thus independent of mathematical induction. 

t It should be cdiserved that a disecete open series generated by a transitive 
relation can always be reduced, as we saw in the preceding chapter, to one generated 
by an asymmetrical one-one relation, provided only that the series is finite or a 
progression. 
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negative terms, and rational fractions are easily given ; and it is easily 
shown that between any two rational fractions there is always a third. 
From this j>oint it is easy to advance to irrationals and the real 
numbers*. 

Apart from the principle of mathematical induction, what is chiefly 
inten^sting about this prcK'ess is, that it shows that only the serial or 
onlinal properties of finite numbers are used by onlinaiy' mathematics, 
what may be called the logical properties being wholly irrelevant. By 
the logical proj>erties of numlK'rs, I mean their definition by means of 
purely logical ideas. This process, which has been explained in Part II, 
may \ye hci-e briefly recapitulated. We show, to begin with, that a one- 
one correlation can 1 k‘ effeettd between any two null classes, or between 
any two classes ?/, v which are such that, if .r is a n, and jr' differs from 
Ty then .r cannot Ik* a ?/, w ith a like condition for v. The possibility 
of such one-one correlation we call similarity of the two classes «, v. 
Similarity, lx*ing syn)metrical and transitive, must be analyzable (by the 
principle of abstraction) into possession of a common property. This 
we define as the number of either o( the classes. When the two classes 
tty V have the a lam -defined propiTty, we say their iiumlier is o/tc; and 
so on for higher nunilK‘i*s ; the general definition of finite numbers 
demanding mathematical induction, or the non-similarity of whole and 
part, but iK'ing always given in pim*ly hjigical terms. 

It is numiK'rs so defined that are used in daily life, and that are 
essential to any as.sertjon of numlK*rs. It is the fact that numbers have 
these logical properties that makes them imporbint. But it is not 
these profKTties that ordinary mathematics employs, and numbers might 
be bereft of them without any injury to the truth of Arithmetic and 
Analysis, What is ivlevant to mathematics is solely the fact that 
finite mimliers form a pmgression. This is the reason why mathe- 
maticians — e.g. Helmholtz, Dedckind, and KromK'ker — have maintained 
that ordinal numlKrs are prior to canlinals; for it is solely the ordinal 
properties of numlier that are relevant. But the conclusion that or- 
dinals arc j^rior to cardinals seems to have rL‘sulted from a confusion. 
Ordinals and cardinals alike form a progression, and have ex^ictly the 
same ordinal jiroperties. Of either, all Arithmetic can be proved 
without any a|)[)eal to the other, the propositions being symbolically 
identical, but different in meaning. In order to prove that ordinals 
are p)rior to cardinals, it would Ik* necessiiry to show that the cardinals 
can only be defined in terms of the ordinals. But this is false, for the 
logical definition of the cardinals is wholly independent of the ordinalsf. 
There seems, in fact, to be nothing to choose, as regards logical priority, 
between ordinals and cardinals, exc-ept that the existence of the ordinals 

* See niy article on the Ijogic of Relations, RflM, V'll. 

t Frofessfir Peaiio, w'ho has a rare immunity from error, has recognized this fact. 
See Formulaire, 18d8, 210, note (p. 39). 
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IB inferred from the series of cardinals. The ordinals, as we shall see 
in the next paragraph, can be defined without any appeal to the 
cardinals; but when defined, they are seen to imply the cardinals. 
Similarly, the cardinals can be defined without any appeal to the 
ordinals ; but they essentially fonn a progression, and all progressions, 
as I shall now show, necessarily imply the ordinals. 

231. The correct analysis of ordinals has been prevented hitherto by 
the prevailing prejudice against relations. People speak of a series as 
consisting of certain terms taken in a certain order, and in this idea 
there is commonly a psychological element. All sets of terms have, 
apart from psychological considerations, all ordere of which they are 
capable ; that is, there are serial relations, whose fields arc a given set of 
terms, which arrange those terms in any possible order. In some cases, 
one or more serial relations are specially prominent, either on account of 
their simplicity, or of their importance. Thus the order of magnitude 
among numbers, or of before and after among instants, seems emphati- 
cally the natural order, and any other seems to be artificially intnxluced 
by our arbitrary choice. But this is a sheer error. Omnipotence itself 
cannot give terms an order which they do not possess already: all that 
is psychological is the comideration of such and such an order. Thus 
when it is said that we can arrange a set of terms in any order we please, 
what is really meant is, that we can consider any of the serial relations 
whose field is the given set, and that these serial relations will give 
between them any combinations of before and after that are compatible 
with transitiveness and connection. From this it results that an oixler 
is not, properly speaking, a property of a given set of terms, but of a serial 
relation whose field is the given set. Given the relation, its field is given 
with it ; but given the field, the relation is by no means given. The 
notion of a set of terms in a given order is the notion of a set of terms 
considered as the field of a given serial relation ; but the consideration 
of the terms is superfluous, and that of the relation alone is cjuitc 
sufficient. 

We may, then, regard an ordinal number as a common projxjrty of 
sets of serial relations which generate ordinally similar series. Such 
relations have what I shall call likenessy i,e. if P, ^ be two such relations, 
their fields can be so correlated term for term that two terms of which 
the first has to the second the relation P will always be correlated with 
two teims of which the first has to the second the relation Qy and 
vice versa. As in the case of cardinal numbers*, so here, we may, in 
virtue of the principle of abstraction, define the ordinal numljer of 
a given finite serial relation as the clas.s of like relations. It is easy to 
show that the generating relations of pregressions are all alike; the 
class of such relations will he the ordinal number of the finite integers 
in order of magnitude. When a class is finite, all series that can be 

♦ Cf. § 111. 
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formed of its terniK arc ordinally similar, and are ordinally different from 
series having a different cardinal number of terms. Hence there is a 
one-one correlation of finite ordinals and cardinals, for which, as we 
shall sec in Part V, there is no analogy in respect of infinite numbers. We 
may therefore define the ordinal number n as the class of serial relations 
wdiose dommm have n terms, where n is a finite cardinal. It is necessary, 
unless 1 is to be excluded, to take domains instead of' fields here, for no 
relation w'hich implies diversity can have one term in its field, though it 
may have none. This has a practical inconvenientti, owing to the fact 
that 7/4-1 must l)c obtaine<l by adding one term to the field ; but the 
point involvtd is one for conventions as to notation, and is quite 
destitute of philosophical iinpoi-tance. 

232. The al>ove definition of onlinal numl)ers is direct and simple, 
but d(X's not yield the notion of “ //th,^ which would usually be regarded 
as the ordinal numIxT. This notion is far more complex ; a term is not 
intrinsically the ;/th, and does not become so by the mere specification 
of « — 1 other terms. A term is the 7/th in respect of a certain serial 
relation, when, in resfxct of that relation, the term in (juestion has 7/ — 1 
pitdecessoi’s. This the definition of “//thT showing that this notion 
is rehitive, not merely to pmlecessors, but also to a specified serial 
relation. >By induction, the various finite onlinals can be defined 
without mentioning the canlinals. A finite serial relation is one which 
is not like (in the alK>ve sense) any pdation implying it but not ecjuivalent 
to it ; and a finite ordinal is one (‘onsisting of finite serial relations. If 
n lx a finite ordinal, 7/4-1 is an onlinal sucli that, if the last term* of 
a series of the type // -f 1 lx cut of!’, the remainder, in the same order, is 
of the tyqx n. In more technical language, a serial relation of the type 
«4'1 is one which, when confined to its domain instead of its field, 
Ixxomes of the type //. Thi.> gives by induction a definition of every 
jmrticular finite onlinal, in which caidinals are never mentioneil. Thus 
we cannot s/iy that ordinals presuppose canlinals, though they are more 
complex, since they presuppose Ixth serial and one -one relations, whereas 
cardinals only pix‘sU[)pose one-one relations. 

Of the ordinal numlxr of the finite ordimils in onler of magnitude, 
several e<juivalent definitions may lx given. One of the simplest is, 
that this numlxr belongs to any serial relation, which is such that any 
class conbiined in its field and not null Inis a first term, while every 
term of the series h/ts an immediate successor, and every term except the 
first has an immediate predtxf'ssor. Here, again, cardinal numbers are 
in no way presupposed. 

lliroughout the above discniasions our serial relations are taken to be 
transitive, not one-one. The one-one rclitions are e/usilv derived from 

* 'File Isiat term of a series (if it exists) is tlie tenn belonging to tlic converse 
domain but not to the domain of the generating relation, i.f. the tenn which is after 
hut not before oUier terms. 
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the transitive ones, while the converse derivation is somewhat complicated. 
Moreover the one-one relations are only adequate to define finite series, 
and thus their use cannot be extended to the study of infinite series 
unless they are taken as derivative from the transitive ones. 

233. A few words concerning positive and negative ordinals seem to 
be here in place. If the first n terms of a progression l)e taken away 
(n being any finite number), the remainder still form a progression. 
With regard to the new progression, negative ordinals may be assigned 
to the terms that have been abstracted ; but for this purpose it is 
convenient to regard the beginning of the smaller progression as the 
0th term. In oixler to have a series giving any positive or negative 
ordinal, we need what may be called a double progression. This is a 
series such that, choosing any term x out of it, two progressions start 

from j", the one generated by a serial relation /?, the other by R, To 
X we shall then assign the ordinal 0, and to the other terms we shall 
assign positive or negative ordinals according as they belong to the one 
or the other of the two progressions starting from j*. The positive and 
negative ordinals themselves form such a double progression. They 
express essentially a relation to the arbitrarily chosen origin of the two 
progressions, and -f-n and — n express mutually converse relations. 
Thus they have all the properties which we recognize in Chapter xxvii 
as characterizing terms which have signs. 



CHAPTER XXX. 


DEDEKIND’S THEORY OF NUMBER. 

234 . Thk thcwv of progressions and of ordinal numbers, nith which 
we have bcyen (Kcupied in the last chapter, is due in the main to two 
men — Dedekind and C’antor. Cantor’s contributions, being specially 
conc'erned with infinity, nee^l not be considered at present; and 
Dedekind's thec^ry of irrationals is also to be postponed. It is his theory 
of integers of which 1 wish now to give an account — the theory, that is 
to say, which is contained in his Was niiul wul was sollen die Zahlenf^* 
In reviewing this work, I shall not adherc strictly to Dedekind’s 
phraseology. He ap^K^ars to have l)een, at the time of writing, un- 
acquainted with symbolic logic; and although he invented as much of 
this subject a,s wa> relevant to his puqwse, he naturally adopted phrases 
which were not usual, and were not always so convenient as their con- 
ventional e<|uivalents. 

The fundamental ideas of the pamphlet in question are these+: 
(I) the representation {Abbildung) of a system (21); (2) the notion of a 
chain (‘37); (S) the chain of an element (4-4-) ; (4-) the generalissed form 
of mathematical induction (59) ; (5) the definition of a singly infinite 
system (71). From these five notions Dedekind deduces numbers and 
oixlinary Arithmetic. Ix-d us first explain the notions, and then examine 
the <le<luction. 

235 . (1) A representation of a class u is any law by which, to every 

term of it. say x, corresjKmds some one and only one term No 

assumption is made, to lx‘gin with, as to whether belongs to the 
class u, or as to whether may he the same iis when jr and jy 

are <liff*erent terms of u. The definition thus amounts to this : 

A representation of a class u is a many -one relation, whose domain 
contains ii, by which terms, which may or may not also belong to w, are 

* 2iid ed. Brunswick, 181)3 (Ist ed. 1887). Die principal contents of tliis 
^<Hjk, expressed by the Algebra of llelatioiis, will be found in my article in KdM, 

t Die numbers in brackets refer, not to pages, but to the small sections into 
which the work is divided. 
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correlated one with each of the terms of m*. The repi^sentation is 
similar when, if x differs from y, both being u\ then ^{x) differs from 
that is, when the relation in question is one-one. He shows that 
similarity between classes is reflexive, symmetrical and transitive, and 
remarks (34) that classes can be classifled by similarity to a given class — 
a suggestion of an idea which is fundamental in Cantoris work. 

236. (2) If there exists a relation, whether one-one or many-one, 
which correlates with a class n only terms belonging to that class, then 
this relation is said to constitute a representation of w in itself (36), 
and with respect to this relation u is called a chain (37). That is to 
say, any class u is, with resjxict to any many-one relation, a chain, if u is 
contained in the' domain of the relation, and the correlate of a i/ is 
always itstilf a w. The collection of conelates of a class is called the 
image {Btld) of the class. Thus a chain is a class whose image is 
part or the whole of itself. For the benefit of the non-matheniatical 
reader, it may be not superfluous to remark that a chain with regard to 
a one-one relation, provided it has any term not belonging to the image 
of the chain, cannot l)e finite, for such a chain must contain the same 
number of terms as a projxjr part of itself f. 

237. (3) If a be any term or collection of terms, there may l>e, 
with respect to a given many-one relation, many chains in which a is 
contained. The common part of all these chains, which is denoted by 

is what Dedekind calls the chain of a (44). For example, if a l)e the 
number or any set of numbers of which n is the least, the chain of a 
with reganl to the relation “less by 1” will be all nuJiibei’s not less 
than n, 

238. (4) Dedekind now proceeds (59) to a theorem which is 
a generalized form of mathematical induction. 'This theorem is as 
follows ; I^t a be any term or .set of terms contained in a class ,v, and let 
the image of the common part of ,v and the chain of a Ix^ also contained 
in ,y ; then it follows that the chain of a is contained in .v. This some- 
what complicated theorem may become clearer by being put in other 
language. I^t us call the relation by which the chain is generated (or 
rather the convei*se of this relation) succession, so that the correlate or 
image of a term will be its successor. Ixit a be a term which has a 
successor, or a collection of such terms. A chain in general (with regard 
to succession) will Ixi any set of terms such that the successor of any 
one of them also Ixilongs to the set. The chain of a will be the common 


* A mcaiiy-oiie relation in one in which, an in the relation of a quantity to its 
nia^iiitiide, the ri^ht-haiid term, to which the relation is, is uniquely determined 
when the left-hand term is given. Whether the converse holds is left undecided. 
Thun a one-one relation is a particular case of a many-one relation. 

t A pntftcr port (Fkjhter Dicil) is a phrase analogous to “proper fraction'* ; it 
means a part not the whole. 
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part of all the chains containing a. llien the data of the theorem 
inform us that a is contained in and, if any term of the chain of a be 
an a^ so is its successor; and the conclusion is, that every term in the 
chain of a is an a. This theorem, as is evident, is very similar to 
mathematical induction, from which it differs, first by the fact that a 
need not be a single term, secondly by the fact that the constitutive 
relation need not be one-one, but may be many-one. It is a most 
remarkable fact that Dedekind’^s previous assumptions suffice to demon- 
strate this theorem. 

239 . (5) I come next to the definition of a singly infinite system 
or class (71). This is defined as a class which can be represented in 
itself by means of a one-one relation, and which is further such as to be 
the chain, with regani to this one-one relation, of a single term of the 
class not contained in the image of the class. Calling the class and 
the one-one relation there are, as Dedekind remarks, four points in 
this definition. (1) The image of N is contained in N\ that is, every 
term to which an N has the relation R is an N, (2) N is the chain of 
one of its terms. (3) This one term is such that no N has the relation 
R to it, L(\ it is not the image of any other term of N, (4) The 
relation R is one-one, in other words, the representation is similar. The 
abstract system, defined simply as possessing these properties, is defined 
by Dedekind as the ordinal numbers (73). It is evident that his singly 
infinite system is the same as what we called a progreaalon^ and he 
proceeds to deduce the various properties of progressions, in particular 
mathematical induction (80), which follows from the above generalissed 
form. One number vi is said to be less than another//, when the chain 
of n is contained in the image of the chain of m (89) ; and it is shown 
(88, 90) that of two different numbers, one must be the less. From this 
point everything proceeds simply. 

240 . The only further point that .seems important for our present 
purpose is the definition of cardinals. It is shown (132) that all singly 
infinite systems are similar to each other and to the ordinals, and that 
conversely (133) any system which is similar to a singly infinite system 
is singly infinite. When a system is finite, it is similar to some system 
Z, 4 , where means all the numbers from 1 to n both inclusive ; and 
I’/Vr xrrsa (160). There is only one number n which has this property 
in r/'gard to any given finite system, and when considei'ed in relation 
to tins property it is called a cardinal mirnhcr, and is s/iid to be the 
niimlxT of elements of which the said system consists (161). Here 
at last we reach the cardinal numbers. Their dependence on ordinals, 
if I may venture to interpret Dedekind, is a.s follows: ow'ing to the 
oixler of the ordinals, every oixlinal 7i defines a class of oidinals 
consisting of all that do not succeed it. They may l>e defined as all 
that arc not contained in the image of the chain of n. This class of 
onlinals may he similar to another class, which is then said to have the 
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cardinal nuinber n. But it is only l)ecause of the order of the ordinals 
that ca(!h of them defines a class, and thus this order is presupposed in 
ohlaining cardinals. 

241. Of the merits of the above deduction it is not necessary for 
me to speak, for they are universally acknowltKlged. But some points 
call for discussion. In the first case, IX^dekind proveft mathematical 
induction, while Peano regards it as an axiom, 'rhis gives Dedekind 
an apparent superiority, which must be examined. In the second place, 
there is no reason, merely Ixrause the numl>ers which Dedekind obtains 
hai^e an order, to hold that they are ordinal niimixrs ; in the third 
place, his dcfirKtioii of cardinals is unnecessarily complicated, and the 
dependence of caitlinals upon order is only apparent. I shall take these 
points in turn. 

As regards the proof of mathematical induc tion, it is to lx‘ observed 
that it makes the practically ecjui valent assumption that numlxrs form 
the chain of one of them. Either can be deduced from the other, and 
the choice as to which is to lx an axiom, which a theorem, is mainly 
a matter of taste. On the whole, though the consideration of chains 
is most ingenious, it is Miincwhat difficult, and has the discul vantage 
that tlieoreins concerning the finite class of numixrs not greater than n 
as a rule have to lx deduced from corresponding theorems concerning 
the infinite class of numlxrs greater than w. For these reasons, and 
not because of any logical sujxriority, it seems simpler to Ixgin with 
mathematical induction. And it should lx observed that, in Peano\s 
inethcxl, it is only w'hen theorems ai*e to be proved concerning any 
nurnlxr that mathematical induction is required. The elementary 
Arithmetic of our childluKxl, which di.scusses only particular numlxrs, 
is wholly independent of mathematical induction ; though to prove that 
this is so for evenj |mrticular number would itself require mathematical 
induction. In IXKlekind''s method, on the other hand, pn)position8 
concerning particular numbers, like general propositions, demand the 
con.sideration of chains. Thus there is, in Peano^ method, a distinct 
advantage of simplicity, and a clearer se|)aration between the particular 
and the general propositions of Arithmetic. But from a purely logical 
point of view, the two methods seem equally sound ; and it is to lx 
remembered that, with the logical theory of canlinals, both Pcamrs and 
Dedekind\ axioms Ixcome demonsti'able*. 

242. On the second point, there is sotne deficiency of clearness in 
what Dedekind says. His words are (73): If in the contemplation 
of a singly infinite system A^, ordered by a ix^presentation we disregard 
entirely the* peculiar nature of the elements, rctaining only the possibility 
of distinguishing them, and considering only the relations in which they 
are placed by the ordering representation (^, then these elements are 
called natural numherH or ordinal numbens or simply numhtrft!^ Now 

* Cf. Chap. XIII. 
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it is impossible that this account should be quite correct. For it implies 
that the terms of all progressions other than the ordinals are complex, 
and that the ordinals are elements in all such terms, obtainable bv 
abstraction. But this is plainly not the case. A progression can be 
formed of points or instants, or of transfinite ordinals, or of cardinals, 
in which, as we shall shortly see, the ordinals arc not elements. More- 
over it is impossible that the ordinals should be, as Dedekind suggests, 
nothing but the terms of such I’clations as constitute a progression. 
If they are to be anything at all, they must be intrinsically something ; 
they must differ from other entities as j)oints from instants, or colours 
from sounds. What Dedekiiid intended to indicate was probably a 
definition by means of the principle of abstraction, such as we attempted 
to give in the preceding chapter. But a definition so made always 
indicates some class of entities having (or Ixnng) a genuine nature of 
their own, and not logically dependent upon the manner in which they 
liave becT^defined. The entities defined should be visible, at least to 
the miiurs eye; what the principle asserts is that, under certain con- 
ditions, there are such entities, if only we knew where to look for them. 
But whether, when we have found them, they will be ordinals or 
cardinals, or even something cpiite different, is not to lx decidt‘d 
off-hand. And in any case, Dedekind does not show us what it is 
that all progressions have in common, nor give any reason for supposing 
it to be the ordinal nunibei's, except that all progressions obey the same 
laws as ordinals do, which would prove equally that any assigned 
progression is what all progressions have in common. 

243. This brings us to the third point, namely the definition of 
cardinals by nieans of ordinals. Dedekind remarks in his preface (p. ix) 
that many will not recognisce their old friends the natural ninnbers in 
the shmlow^y shapes which he introduces to them. In this, it seems 
to me, the supposed persons are in the right — in other words, I am one 
among them. AVhat Dedekind presents to us is not the numbers, 
but any progression : what he says is true of all progressions alike, 
and his demonstrations nowhere — not even where he comes to cardinals — 
involve any property distinguishing numbers from other progressions. 
No evidence is brought forward to show tliat numlxi’s are prior to 
other progressions. We are told, indeed, that they are w hat all pro- 
gressions have in common ; but no reason is given for thinking that 
progressions have anything in common beyond the properties assigned 
in the definition, which do not themselves constitute a new progression. 
The fact is that all depends upon one-one relations, which Dedekind 
has been using througiiout without perceiving that they alone suffice 
for the definition of cardinals. The relation of similarity Ixtween 
classes, which he employs consciously, combined with the principle of 
abstraction, which he implicitly assumes, suffice for the definition of 
cardinals; for the definition of oixlinals these do not suffice; we 
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require, as we saw in the preceding chapter, the relation of. likeness 
between well-ordered serial relations. The definition of particular 
finite ordinals is effected explicitly in terms of the cori'esponding 
cardinals; if n be a finite cardinal number, the ordinal number n is 
the class of serial relations which have n terms in their domain 
(or in their field, if we prefer this definition). In order to define 
the notion of “ wth,” we need, besides the ordinal number w, the 
notion of powers of a relation, i.c. of the relative product of a rela- 
tion multiplied into itself a finite number of times. Thus if i? be any 
one-one serial relation, generating a finite series or a progression, the first 
term of the field of K (which field we will call r) is the term belonging 
to the domain, but not to the converse domain, i.c., having the relation 
U but not the relation R, If r has n or more terms, where n is a finite 
number, the ?/th term of r is the term to which the first term has the 
relation R‘^~\ or, again, it is the term having the relation but not 
the relation Through the notion of powers of a relation, the 

introduction of cardinals is here unavoidable; and as powers are defined 
by mathematical indiictioii, the notion of /^th, accoixiing to the above 
definition, cannot be extended beyond finite mniibei*s. We can however 
extend the notion by the following definition : If P be a transitive 
aliorelative generating a well-onlered series />, the ^th term of p is the 
term x such that, if P' Ixi the relation P limited to x and its pre- 
decessors, then 1^ has the ordinal number n. Here the dependence 
upon cjirdinals results from the fact that the ordinal can, in general, 
only be defined by means of the caixlinal n. 

It is important to observe that no set of terms has inherently one 
order rather than another, and that no term is the 7/th of a set except 
in relation to a particular generating relation whose field is the set or 
part of the set. For example, since in any progression, any finite 
number of consecutive terms including the first may be taken away, 
and the remainder \vill still form a progression, the ordinal number 
of a term in a progression may be diminished to any smaller number 
we choose. Thus the ordinal number of a term is relative to the series 
to wdneh it belongs. This may l)e reduced to a relation to the first 
term of the series ; and lest a vicious circle should be suspected, it may 
be explained that the term can always be defined non -numerically. 
It is, in Dedekind’s singly infinite system, the only term not contained 
in the image of the system ; and generally, in any series, it is the only 
term which has the constitutive relation with one sense, but not wdth 
the other*. Thus the relation expressed by 7/th is not only a relation 
to 7 /, but also to the first term of the .series ; and first itself depends 

* 'riiough when the series has two eiiils, we have to make an arbitrary selection 
as to which we will e^ll first, which last. The obviou.sly noii-iiiimerical nature of 
lant illustrates that of its c<»rrelative, /r#/. 
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upon the terms included in the series, and upon the relation by which 
they arc ordered, so that what was first may cease to be so, and what 
was not fii-st may become so. Thus the first term of a series must be 
assigned, as is done in Dedekind^s view of a progression as the chain 
of its first term. Hence nth. expresses a four-cornered relation, lx^tween 
the term which is nth, an assigned term (the first), a generating serial 
relation, and the cardinal number n. Thus it is plain that ordinals, 
either as classes of like serial relations, or as notions like “71th,’’ are 
moi'e complex than cardinals; that the logical theory of cardinals is 
wholly independent of the general theory of progressions, recjuiring 
independent development in order to show that the cardinals form a 
progression ; and that Dedekind’s oixlinals are not essentially either 
ordinals or cardinals, but the memlx*rs of any progi’cssion whatever. 
I have dwelt on this point, as it is important, and my opinion is at 
variance with that of most of the best authorities. If Dedekind’s view' 
were correct, it would have lK‘en a logical error to begin, as this work 
does, with the theory of cardinal numbers rather than with order. 
For my part, I do not hold it an absolute error to begin w'ith order, 
since the properties of progressions, and even most of the properties of 
series in general, seem to be largely independent of number. But 
the pro[)erties of number must be capable of proof w ithout appeal to 
the general pre^perties of progix.'ssions, since cardinal numbers can be 
indepeiidently defined, and must be seen to form a progression before 
theorems concerning progressions can be applied to them. Hence the 
(juestion, whethc'r to begin with order or w'ith numbers, resolves itself 
into one of convenience and simplicity ; and from this point of view, 
the cardinal numbers seem naturally to precede the very difficult con- 
siderations as to series which have occupied ns in the present Part. 



CHAPTER XXXI. 


DISTANCE. 

244 . The notion of distance is one which is often supposed essential 
to series*, but which seldom receives precise definition. An emphasis on 
distance characterizes, generally speaking, those who believe in relative 
position. 'Thus lA^ihniz, in the course of his controversy with Clarke, 
remarks : 

“As for the objection, that space and time are cjuantities, or rather 
things endowed with quantity, and that situation and order are not 
so: I answer, that order also has its quantity; there is that in it which 
goes before, and that which follows; there is distance or interval. 
Relative things have their (juantity, as well as absolute ones. For 
instance, ratios or proportions in mathematics have their (juautity, and 
are measured by logarithms; and yet they are relations. And therefore, 
though time and space consist in relations, yet they have their 
quantity f.” 

In this passage, the remark : “There is that which goes before, and 
that which follows ; there is distance or interval,"'" if considenxl as an 
inference, is a non sequitur; the mere fact of order docs not prove that 
there is distance or interval. It proves, as we have seen, that there 
are stretches, that these are capable of a special form of addition 
closely analogous to what I have called relational addition, that they 
have sign, and that (theoretically at least) stretches which fulfil the 
axioms of Archimedes and of linearity are always capable of numerical 
measurement. Rut the idea, as Meinong rightly points out, is entirely 
distinc;t from that of stretch. Whether any particular series does or 
does not contain distances, will be, in most compact series (i,e. such as 
have a term between any two), a question not to be decided by argument. 
In discrete scries there must lx.' distance ; in others, there may be — 
unless, indeed, they are series obtained from progi-essions as the 
rationals or the real numbers are obtained from the integers, in which 

Kg. by Meinong-, op. cit. § 17. 
t Phil. Werke, Gerhard t’s ed. Vol. vii, p. 404. 
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case there must be distance. But we shall find that stretches are mathe- 
matically sufficient, and that distances are complicated and unimportant. 

246. 'I’he definition of distance, to begin with, is no easy matter. 
What has been done hitherto towards this end is chiefly due to non- 
Euclidean Geometry*; something also has been done towards settling the 
definition by Meinong*f . But in both these cases, there is more concern for 
numerical measurement of distance than for its actual definition. Never- 
theless, distance is by no means indefinable. Let us endeavour to genera- 
lize the notion as much as possible. In the first place, distance need not 
be asymmetrical; but the other properties of distance always allow us to 
render it so, and w'c may therefore take it to be so. Secondly, a distance 
need not be a quantity or a magnitude : although it is usually taken to 
be such, we shall find the taking it so to be irrelevant to its other 
properties, and in particular to its numerical measurement. Thirdly, 
when distance is taken asymmetrically, there must be only one term to 
whi(!h a given term has a given distance, and the converse relation to the 
given distance must he a distance of the same kind. (It will be observed 
that we must first define a kind of distance, and proceed thence to the 
general definition of distance.) Thus every distance is a one -one 
relation ; and in respect to such relations it is convenient to respect the 
converse of a relation as its -1th power. Further the relative product 
of two distances of a kind must be a distance of the same kind. When 
the two distances are mutually converse, their product will be identity, 
which is thus one among distances (their zero, in fact), and must Ixj the 
only one which is not asymmetrical. Again the product of two distances 
of a kind must be commutative J. If the distances of a kind be magni- 
tudes, they must form a kind of magnitude — i.c. any two must be equal 
or unequal. If they are not magnitudes, they must still form a series 
generated in the second of our six ways, i.e. every pair of different 
distances must have a certain asymmetrical relation, the same for all 
j)airs except as regards sense. And finally, if Q be this relation, and 

QR^ (i?i, being distances of the kind), then if R^ be any other 
distance of the kind, we must have if, QR 2 All these properties, 
so far as I can discover, are independent; and we ought to add a 
property of the field, namely this : any two terms, e^ich of which belongs 
to the field of some distance of the kind (not necessarily the same for 
both), have a relation which is a distance of the kind. Having now 
defined a kind of distance, a distance is any relation Ixdonging to some 
kind of distance; and thus the work of definition seems completed. 

The notion of distance, it will be seen, is enormously complex. The 
properties of distance? are analogous to those of stretches with sign, but 

* See e.g. Whitehead, Universal Algebra, Cambridge, 1808, Book vi, Chap. i. 

t i)p. (At. Section iv. 

J ITiis is an independent property ; consider for instance the difference between 
^'maternal grandfather” and '^paternal grandmother.” 
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are far less capable of mutual deduction. The properties of stretches 
coiTesponding to many of the above properties of distances are capable 
of proof. The difference is largely due to the fact that stretches can be 
added in the elementary logical (not arithmetical) way, whereas distances 
require what I have called rehtioiuil addition, which is much the same as 
relative multiplication. 

246. The numerical measurement of distances has already been par- 
tially explained in Part III. It requires, as we saw, for its full application, 
two further postulates, which, however, do not belong to the definition of 
distances, but to certain kinds of distances only. These are, the postu- 
late of Archiinedes : given any two distances of a kind, there exists 
a finite integer n such that the «th power of the first distance is greater 
than the second distance; and Du Bois Reymond’s postulate of linearity: 
Any distance has an nth root, where n is any integer (or any prime, 
whence the result follows for any integer). When these two postulates 
are satisfied, we can find a meaning for if*, where R is a distance of the 
kind other than identity, and x is any real number*. Moreover, any 
distance of the kind is of the form for some value of x. And x is, 
of course, the numerical measure of the distance. 

In the case of series generated in the first of our six ways, the various 
powers of the generating relation R give the distances of terms. Hiese 
various powers, as the reader can see for himself, verify all the above 
characteristics of distances. In the case of series generat'd from pro- 
gressions as rationals or real numbers from integers, there are always 
distances; thus in the case of the rationals themselves, which are one- 
one relations, their differences, which are again rationals, measure or 
indicate relations between them, and these relations are of the nature of 
distances. And we shall see, in ]*art V, that these distances have some 
importance in connection with limits. For numerical measurement in 
some form is essential to certain theorems about limits, and the nume- 
rical measurement of distances is apt to be more practically feasible than 
that of stretches. 

247. On the general question, how^ever, whether series unconnected 
with number — for instance spatial and temporal series — are such as to 
contain distances, it is difficult to speak positively. Some things may 
be said against this view . In the first place, there must be stretches, and 
these must l>e magnitudes. It then becomes a sheer assumption — which 
must be set up as an axiom — that e(]ua] stretches correspond to equal 
distances. This may, of course, be denied, and we might even seek an 

* The powers of distances are here understood in the sense resulting from relative 
multiplication ; thus if a and h have the same distance as h and c, this distance is the 
square root of the distance of a and c. 'llie postulate of linearity, whose expression 
in ordinary language is: every linear quantity can be divided into n equal parts, 
where n is any integer," will be found in Du iiois RnymoniT b A ligenteine Functionen^ 
theorie (Tubingen, p. 4G. 
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interpretation of non-Euclidean Geometry in the denial. We might 
reganl the usual coordinates as expressing stretches, and the logarithms 
of their anharmonic ratios as expressing distances; hyperbolic Geometry, 
at least, might thus find a somewhat curious interpretation. Herr 
Meinong, who regards all series as containing distances, maintains an 
analogous principle with regard to distance and stretch in general. The 
distance, he thinks, increases only as the logarithm of the stretch. It 
may be observed that, where the distance itself is a rational number 
(w'hich is possible, since rationals are one-one relations), the opposite 
theory can be made foniially convenient by the following fact. The 
square of a distance, as we saw' generally, is said to be twice as great as 
the distance w^hose square it is. We might, where the distance is a 
rational, say instead that the stretch is twice as great, but that the 
dvstance is truly the square of the former distance. For where the 
distance is already numerical, the usual interj)retation of numerical 
measurement conflicts with the notation if*. Thus we shall be com- 
pelled to regard the stretch as proportional to the logarithm of the 
distance. But since, outside the theory of progressions, it is usually 
doubtful whether there are distances, and since, in almost all other 
series, stretches seem ade(|uate for all the results that are obtainable, the 
retention of distance adds a complication for which, as a rule, no 
necessity appears. It is therefore generally better, at least in a philo- 
sophy- of mathematics, to eschew distances except in the theory of 
progressions, and to measure them, in that theory, merely by the 
indices of the powers of the generating relation. There is no logical 
reason, so far as I know, to suppose that there are distances elsewhere, 
except in a finite space of two dimensions and in a projective space ; and 
if there are, they are not mathematic.ally important. We shall see in 
Part VI how the theory of space and time may be developed without pre- 
supposing distance; the distances which appear in projective Geometry are 
derivative relations, not required in defining the properties of our space; 
and in Part V we shall see how few are the functions of distance with 
regard to series in general. And as against distance it may be remarked 
that, if every series must contain distances, an endless regress becomes 
unavoidable, since every kind of distance is itself a series. This is not, 
I think, a logical objection, since the regress is of the logically permis- 
sible kind ; but it show\s that great complications are introduced by 
regarding distances as es'sential to every series. On the whole, then, it 
seems doubtful whether distances in general exist ; and if they do, their 
existence seems unimportant and a source of very great complications. 

248, We have now completed our re^'iew of order, in so far as is 
possible without introducing the difficulties of continuity and infinity. 
We have seen that all order involves asymmetrical transitive relations, and 
that every series as such is open. But closed series, we found, could be 
distinguished by the mode of their generation, and by the fact that, 
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though they always have a first term, this term may always be selected 
arbitrarily. We saw that asymmetrical relations must be sometimes 
unanalyzable, and that when analyzablc, other asymmetrical relations 
must appear in the analysis. The difference of sign, we found, dejiends 
always upon the difference between an asymmetrical relation and its 
converse. In discussing the jjarticular type of series which we called 
progressions, wc saw how all Arithmetic applies to every such series, and 
how finite ordinals may be defined by means of them. But though we 
found this theory to be to a certain extent independent of the cardinals, 
we saw no reason to agree with Dedekind in regarding cardinals as 
logically subsequent to ordinals. Finally, we agi*eed that distance is 
a notion which is not essential to series, and of little importance outside 
Arithmetic. With this equipment, we shall be able, I hope, to dispose 
of all the difficulties which philosophers have usually found in infinity 
and continuity. If this can be accomplished, one of the greatest of 
philosophical problems will have been solved. To this problem Part V 
is to be devoted. 



PART V. 


INFINITY AND CONTINUITY. 




CHAPTER XXXII. 

THE CORREI^TION OF SERIES. 

249. Wk come now to what has been generally considered the 
fundamental problem of mathematical philosophy — I mean, the problem 
of infinity and continuity. This problem has undergone, through the 
labours of Weierstrass and Cantor, a complete transformation. Since 
the time of Newton and Leibniz, the nature of infinity and continuity 
had betni sought in discussions of the so-called Infinitesimal Calculus. 
But it has been shown that this Calculus is not, as a matter of fact, 
in any way concerned with the infinitesimal, and that a large and most 
inipoi-tant branch of mathematics is logically prior to it. l^ie problem 
of continuity, moreover, has been to a great extent separated from that 
of infinity. It was formerly supposed — and herein lay the real strength 
of Kant's mathematical philosophy — that continuity had an essential 
reference to space and time, and that the Calculus (as the word fliurmn 
suggests) in some way presupposed motion or at least change. In this 
view, the philosophy of space and time was prior to that of continuity, 
the Transcendental Aesthetic prece<led the Transcendental Dialectic, and 
the antinomies (at least the mathematical ones) were essentially spatio- 
temporal. All this has been changed by modern mathematics. What 
is called the arithinetization of mathematics has shown that all the 
problems presented, in this respect, by space and time, art* already 
present in pure arithmetic. The theory of infinity has two forms, 
cardinal and ordinal, of which the former springs from the logical 
theory of number ; the theory of continuity is purely ordinal. In the 
theory of continuity and the ordinal theory of infinity, the problems 
that arise are not specially concerned with numbei*s, but with all series 
of certain types which occur in arithmetic and geometry alike. What 
makes the problems in question peculiarly easy to deal with in the case 
of numbers is, that the aeries of ration als, which is w'hat I shall call a 
compact series, arises from a progi'ession, namely that of the integers, and 
that this fact enables us to give a proper name to evenj term of the 
series of rationals — a point in which this series differs from othei's of the 
^me type. But theorems of the kind which will occupy us in most of 
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the following chapters, though obtained in arithmetic, have a far wider 
application, since they are purely ordinal, and involve none of the 
logical properties of numbers. That is to say, the idea which the 
Germans call Anzald^ the idea of the number of terms in some class, 
is iiTelevant, save only in the theory of transfinite cardinals — an 
important but very distinct part of Cantor’s contributions to the theory 
of infinity. We shall find it possible to give a general definition of 
continuity, in which no appeal is made to the mass of unanalyzed 
prejudice which Kantians call “intuition”; and in Part VI we shall 
find that no other continuity is involved in space and time. And we 
shall find that, by a strict adherence to the doctrine of limits, it is 
possible to dispense entirely with the infinitesimal, even in the definition 
of continuity and the foundations of the Calculus. 

250. It is a singular fact that, in proportion as the infinitesimal 
has been extruded from mathematics, the infinite has been allowed 
a freer development. From Cantor’s work it appears that there are 
two respects in which infinite numbers differ from those that are finite. 
The first, which applies to both cardinals and oixlinals, is, that they do 
not obey mathematical Induction — or rather, they do not form part of 
a series of numbei*s beginning with 1 or 0, proceeding in order of 
magnitude, containing all numbers intermediate in magnitude lietween 
any two of its terms, and obeying mathematical induction. The 
second, which applies only to cardinals, is, that a whole of an infinite 
number of terms always contains a part consisting of the same 
number of terms. The first respect constitutes the true definition 
of an infinite series, or rather of what we may call an infinite 
term in a series : it gives the essence of the ordinal infinite. The 
second gives the definition of an infinite collet;tion, and will doubtless 
be pronounced by the philosopher to be plainly self-contradictory. But 
if he will condescend to attempt to exhibit the contradiction, he will 
find that it can only be proved by admitting mathematical induction, 
so that he has merely established a connection with the ordinal infinite. 
Thus he will be compelled to maintain that the denial of mathematical 
induction is self-contradictory ; and as he has probably reflected little, 
if at all, on this subject, he will do well to examine the matter before 
pronouncing judgment. And when it is admitted that mathematical 
induction may be denied without contradiction, the supposed antinomies 
of infinity and continuity one and all disappear. This I shall endeavour 
to prove in detail in the follow^ing chapters. 

261. Throughout this Part we shall often have occasion for a 
notion which has hitherto been scarcely mentioned, namely the correla- 
tion of series. In the preceding Part we examined the nature of 
isolated series, but we scarcely considered the relations between different 
series. These relations, however, are of an importance which philo.- 
sophers have wholly overlooked, and mathematicians have but lately 
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realized. It has long been known how much could be done in Greometry 
by means of homography, which is an example of correlation ; and it 
has been shown by Cantor how important it is to know whether a series 
is denumerable, and how similar two series capable of correlation are. 
But it is not usually pointed out that a dependent variable and its 
independent variable are, in most mathematical coses, merely correlated 
series, nor has the general idea of correlation been adeejuately dealt 
with. In the present work only the philosophical aspects of the subject 
are relevant. 

Two senes .y, s' are said to be correlated when there is a one-one 
relation K coupling every term of s with a term of s\ and vice vi'rsa^ and 
when, if .r, y be terms of and j* precede.^ y, then their correlates y in 
s are sucli that x precedes y\ Two classes or collections are correlated 
whenever there is a one-one relation between the t-erms of the one and 
the terms of the other, none t)cing left over. Thus two series may be 
correlated as classes without being correlated as series; for correlation 
as classes involves only the same cardinal lunnber, whereas correlation 
as series involves also the same ordinal type — a distinction wiiose 
importance will be explained hereafter. In order to distinguish these 
cases, it will Ik* well to speak of the correlation of classes as convlation 
siin[)ly, and of the correlation of series as ordinal correlation. Thus 
whenever correlation is mentioned without an adjective, it is to l)e 
understood as being not nc*cessarily ordinal, ('orrelated classes will be 
called similar ; correlated series will be called ordiually similar ; and 
their generating relations will be said to have the relation of 
likeness. 

Correlation is a nu*thcKl by which, when one series is given, othere 
may be generated. If there be any series whose generating relation 
is P, and any one-one relation whicli holds between any term x of the 
series and some term which we may call then the class of terms 
d'n will form a series of the same type as the class of terms x. For 
suppos(‘ y to be any other term of our original series, and assume xPy, 
Then we have Xjilix^ xPy^ and ///?// jg. Hence Xj^HPRy^. Now' it may 
be shown* that, if P be transitive and asymmetrical, so is RPR; hence 
the coiTclates of terms of the P-series form a series whose generating 
relation is RPR. Betw'een these two series there is ordinal corrt‘lation, 
and the series have complete ordinal similarity. In Ihis way a new 
series, similar to the original one, is generated by any 'Jiie-one relation 
w'hose field includes the original .series. It can also be shown that, 
conversely, if P, P' be the generating relations of two similar series, 
there is a one-one relation P, whose domain is the field of P, which 

is such that P=RPR. 

* See iTiy article in lid VI, Vol. viii. No. 2. 
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262, We can now understand a distinction of great importance, 
namely that between self-sufficient or independent series, and series by 
correlation. In the case just explained there is perfect mathematical 
symmetry between the original series and the series by correlation ; for, if 
we denote by Q the relation RPR^ we shall find P = RQR. Thus we may 
take either the Q-series or the P-series as the original, and regard the 
other as derivative. But if it should happen that P, instead of being 
one-one, is many-one, the terms of the field of Q, which we will call 
will have an order in which there is repetition, the same term occurring 
in diff'erent positions corresponding to its different correlates in the field 
of P, which w^e will call p. This is the ordinary case of mathematical 
functions which aie not linear. It is owing to preoccupation with such 
series that most mathematicians fail to realize the impossibility, in an 
independent series, of any recurrence of the same term. In every 
sentence of print, for example, the letters acquire an order by correlation 
with the points of space, and the same letter will be repeated in different 
positions. Here the series of letters is essentially derivative, for we 
cannot order the points of space by relation to the letters : this would 
give us several points in the same position, instead of one letter in several 
positions. In fact, if P be a serial relation, and R be a many-one relation 
whose domain is tlie field of P, and Q = RPR^ then Q has all the character- 
istics of a serial relation except that of implying diversity ; but RQJi is 
not equivalent to P, and thus there is a lack of symmetry. It is for 
this reason that inverse functions in mathematics, such as sin“*£C, are 
genuinely distinct from direct functions, and require some device or 
convention before they become unambiguous. Series obtained from 
a many-one correlation as q was obtained above will be called scries 
by correlation. They are not genuine series, and it is highly imporbint 
to eliminate them from di.scussions of fundamental points. 

253. The notion of likeness corresponds, among relations, to similarity 
among classes. It is defined as follows: Two relations P, Q are like 
when there is a one-one relation S such that the domain of S is the field 
of P, and Q = SPS, This notion is not confined to serial relations, but 
may be extended to all i*e]atioiis. We may define the rdation-numhcr 
of a relation P as the class of all relations that are like P; and we can 
proceed to a veiy general subject which may be called relation-arithmetic. 
Concerning relation-numbei’s we can prove those of the formal laws of 
addition and multiplication that hold for transfinite ordinals, and thus 
obtain an extension of a part of ordinal arithmetic to relations in 
general. By means of likeness we can define a finite relation as one 
which is not like any proper pai-t of itself — a proper part of a relation 
being a relation which implies it but is not e([uivalent to it. In this 
way we can completely emancipate oui-selves from cardinal arithmetic. 
Moreover the properties of likeness are in themselves interesting and 
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important. One curious property is that, if be one-one and have the 
field of P for its domain, the above equation Q = SPS is equivalent to 
SQ = PS or to QS==SP*. 

264. Since the correlation of series constitutes most of the mathe- 
matical examples of functions, and since function is a notion which is 
not often clearly explained, it will be well at this point to say something 
concerning the nature of this notion. In its most general form, function- 
ality does not differ from relation. For the present purpose it will be 
well to recall two technical terms, which were defined in Part I. If 
has a certain relation to /y, I shall call a; the referent^ and y the relatum^ 
with regard to the relation in question. If now x be defined as belonging 
to some class contained in the domain of the relation, then the relation 
defines y as a function of x. That is to say, an independent variable 
is constituted by a collection of terms, each of which can be referent 
in regard to a certain relation. Then each of these terms has one or 
more relata, and any one of these is a certain function of its referent, 
the function being defined by the relation. Thus father defines a 
function, provided the independent variable be a class contained in that 
of male animals who have or will have propagated their kind ; and 
if A be the father of 2?, B is said to be a function of A, What is 
es.sential is an independent variable, ?.c. any term of some class, and 
a relation whose extension includes the variable. Then the referent 
is the independent variable, and its function is any one of the cor- 
1 ‘esponding relata. 

But this most general idea of a function is of little use in mathematics. 
There are two principal ways of particularizing the function : first, we 
may confine the relations to l^e considered to such as are one-one or 
many-one, \.e, such as give to every referent a unique relatUtfl ; secondly, 
we may confine the independent variable to series. The second par- 
ticularization is very important, and is specially relevant to our present 
topics. But as it almost wholly excludes functions from Symbolic 
Logic, where series have little importance, we may os well postpone it for 
a moment while we consider the first particularization alone. 

The idea of function is so important, and has been so often con- 
sidered with exclusive reference to numbers, that it is well to fill our 
minds with instances of non-numerical functions. Thus a very important 
class of functions are propositions containing a variablef. Let there be 
some proposition in which the phrase “ any a” occurs, where a is some 
class. Then in place of “any a’’ we may put j’, where x is an undefined 
member of the chiss a — in other words, any a. ITie projmsition then 
becomes a function of which is unique when x is given. This pro- 
position will, in general, be true for some values of x and false for others. 

* On this subject see my article in RdM, Vol. viii, especially Nos. 2, 6. 

t 'Hiese are what in Part I we called propositional functions. 
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The values for which the function is true form what might be called, 
by analogy with Analytic Geometry, a logical curve. This general 
view may, in fact, be made to include that of Analytic Geometry. The 
equation of a plane curve, for example, is a propositional function which 
is a function of two variables x and and the curve is the assemblage of 
points which give to the variables values that make the proposition true. 
A proposition containing the word any is the assertion that a certain 
propositional function is true for all values of the variable for which it is 
significant. Thus “ any man is mortal asserts that “ x is a man implies 
is a mortal ” is true for all values of x for which it is significant, which 
may be callj^d the admissible values. Propositional functions, such as 
“iT is a number,’’ have the peculiarity that they look like propositions, 
and seem capable of implying other propositional functions, while yet 
they are neither true nor false. The fact is, they are propositions for all 
admissible values of the variable, but not while the variable remains a 
variable, whose value is not assigned ; and although they may, for every 
admissible value of the variable, imply the cori’csponding value of some 
other propositional function, yet while the variable remains as a variable 
they can imply nothing. The question concerning the nature of a 
propositional function as opposed to a proposition, and generally of a 
function as opposed to its values, is a difficult one, which can only be 
solved by an analysis of the nature of the variable. It is important, 
however, to observe that propositional functions, as was shown in 
Chapter vii, are more fundamental than other functions, or even than 
relations. For most purposes, it is convenient to identify the function 
and the relation, f.c., if y—f{x) is ecjuivalent to xRy^ where R is a 
relation, it is convenient to speak of i? as the function, and this will be 
done in what follows; the reader, how^ever, should remember that the 
idea of functionality is more fundamental than that of relation. But 
the investigation of these points has been already undertaken in Fart I, 
and enough has been said to illustrate how a proposition may be a 
function of a variable. 

Other instances of non -numerical functions are afforded by diction- 
aries. The French for a word is a function of the English, and vice 
versa^ and both are functions of the term which both designate. The 
press-mark of a book in a library catalogue is a function of the book, 
and a number in a cipher is a function of the word for which it stands. 
In all these cases there is a relation by which the relatum becomes unique 
(or, in the case of languages, generally unique) when the referent 
is given; but the terms of the independent variable do not form a 
series, except in the purely external onler resulting from the alphabet. 

255. Let us now introduce the second specification, that our 
independent variable is to be a series. The dependent variable is then 
a scries by correlation, and may be also an independent series. For 
example, the positions occupied by a material point at a series of instants 
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form a series by correlation with the instants, of which they are a 
function ; but in virtue of the continuity of motion, they also form, 
as a rule, a geometrical series independent of all reference to time. 
Thus motion affords an admirable example of the correlation of series. 
At the same time it illustrates a most important mark by which, when it 
is pi*esent, we can tell that a series is not independent. When the 
time is known, the position of a material particle is unicjuely determined; 
but when the position is given, there may be several moments, or even an 
infinite number of them, corresponding to tlie given position. (ITiere 
will be an infinite number of such moments if, as is commonly said, the 
particle fias been at rest in the position in (|ucstion. Ntist is a loose and 
ambiguous expression, but I defer its consideration to Part VII.) Thus 
the relation of the time to the position is not strictly one-one, but may 
be many-one. This was a case considered in our general account of 
correlation, as giving rise to dependent scries. We infen-ed, it will 
be rememlxjred, tliat two correlated independent series are mathemati- 
cally on the same level, because if P, Q he their generating relations, and 
R the correlating relation, we infer P — RQR fi'om Q = liPR. But 
this inference fails as stwin as R is not strictly one-one, since then we no 
longer have RR contained in 1’, where V means identity. For example, 
my father’s son need not be myself, though my son’s father must be. 
This illustrates the fact that, if R lx‘ a many-one relation, RR and RR 
must lx carefully distinguished : the latter is contained in identity, but 
not the former. Hence whenever R is a many-one relation, it may be 
used to form a series by con-elation, but the series so formed cannot be 
independent. This is an important point, which is absolutely fatal to 
the relational theory of time*. For the present let u.s return to the 
case of motion. When a particle describes a closed curve, or one 
which has double points, or when the particle is sometimes at rest 
during a finite time, then the series of points which it occupies 
is essentially a series by correlation, not an independent series. But, 
as I remarked above, a curve is not only obtainable by motion, 
but is also a purely geometrical figure, which can be defined without 
reference to any supposed material point. When, however, a curve is 
so defined, it must not contain points of rest: the path of a material 
point which sometimes moves, but is sometimes at rest for a finite time, 
is different when considered kinematically and when considered geometri- 
cally; for geometrically the point in which there is rest is one, whereas 
kinematically it corresponds to many terms in the scries. 

The above discussion of motion illustrates, in a non-numerical 
instance, a case w^hicli normally occurs among the functions of pure 
mathematics. These functions (when they are functions of a real 

* See my article ‘Ms position in Time and Space absolute or relative?” Mind^ 
July 15)01. 
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variable) usually fulfil the following conditions : Both the independent 
and the dependent variable are classes of nuinbei's, and the defining 
relation of the function is many-one*. This case covers rational 
functions, circular and elliptic functions of a real variable, and the 
great majority of the direct functions of pure mathematics. In all such 
cases, the independent variable is a series of numbers, which may be 
restricted in any way we please — to positive numbers, rationals, integers, 
primes, or any other class. The dependent variable consists also of 
numbers, but the oixler of these numbers is determined by their relation 
to the corresponding term of the independent variable, not by that of 
the numbers forming the dependent variable themselves. In a large 
class of functions the two ordei*s happen to coincide ; in others, again, 
where there are maxima and minima at finite intervals, the two orders 
coincide throughout a finite stretch, then they become exactly opposite 
throughout another finite ‘stretch, and so on. If ;r be the independent 
variable, y the dependent variable, and the constitutive relation be 
many-one, the same number y will, in general, be a function of, ix. 
correspond to, several numbers x. Hence the y-series is essentially by 
correlation, and cannot be taken as an independent series. If, then, we 
wish to consider the inverse function, which is defined by the converse 
relation, we need certain devices if we are still to have correlation of 
series. One of these, which seems the most important, consists in 
dividing the values of x con’esponding to the same value of y into 
classes, so that (what may happen) we can distinguish (say) n different 
x\ each of which has a distinct one-one relation to y, and is therefore 
simply reversible. This is the usual course, for example, in distinguish- 
ing positive and negative square roots. It is possible wherever the 
generating relation of our original function is formally (-apable of 
exhibition as a disjunction of one-one relations. It is plain that the 
disjunctive relation formed of ii one-one relations, each of which contains 
in its domain a certain class w, will, throughout the class w, be an 
n-one relation. Thus it may happen that the independent variable 
can be divided into w classes, within each of which the defining relation 
is one-one, t.e, within each of which there is only one .r having the 
defining relation to a given y. In such cases, which are usual in pure 
mathematics, our many-one relation can be made into a disjunction of 
one-one relations, each of which separately is reveraible. In the case of 
complex functions, this is, inutalis mutandis method of Riemanii 
surfaces. But it must be clearly rememlx^i’cd that, where our function 
is not naturally one-one, the y which appears as de^)endent variable is 
ordinally distinct from the y which appeal's as independent variable in 
the inverse function. 

^rhe above remarks, which will receive illustration as we proceed, 

* 1 omit for the present complex variables, which, by introducing dimensions, 
lead to complications of an entirely distinct kind. 
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have shown, I hope, how intimately the correlation of series is associated 
with the usual mathematical employment of functions. Many other 
cases of the importance of correlation will meet us as we proceed. It 
may be observed that every denumerable class is related by a one-valued 
function to the finite integers, and vice versa. As ordered by correlation 
with the integers, such a class becomes a series having the type of order 
which Cantor calls to. The fundamental importance of correlation to 
Cantor’s theoiy of transfinite numbers will appear when we come to the 
definition of the transfinite ordinals. 

266. In connection with functions, it seems desirable to say some- 
thing concerning the necessity of a formula for definition. A function 
was originally, after it had ceased to be merely a power, essentially 
something that could be expressed by a formula. It was usual to start 
with some expression containing a variable j?, and to say nothing to 
begin with as to what was to be, beyond a usually tacit assumption 
that X was some kind of number. Any further limitations upon x were 
derived, if at all, from the formula itself ; and it was mainly the desire 
to remove such limitations which led to the various generalizations of 
number. This algebraical generalization* has now been superseded by 
a more ordinal treatment, in which all classes of numbers are defined by 
means of the integers, and formulae are not relevant to the process. 
Nevertheless, for the use of functions, where both the independent and 
the dependent variables are infinite classes, the formula has a certain 
importance. I^et us see what is its definition. 

A formula, in its most general sense, is a proposition, or more 
properly a propositional function, containing one or more variables, 
a variable being any term of some defined class, or even any term 
without restriction. The kind of formula which is relevant in connection 
with functions of a single variable is a formula containing two variables. 
If both variables are defined, say one as belonging to the class w, 
the other as belonging to the class r, the formula is true or false. It is 
true if every u has to every r the relation expressed by the formula ; 
otherwise it is false. But if one of the variables, say x^ be defined as 
belonging to the class ?«, while the other, y, is only defined by the 
formula, then the formula may l>e regarded as defining y as a function 
of X. Let us call the formula If in the class u there ara terms x 

such that there is no term y which makes a true proposition, then 
the formula, as regards those terms, is impossible. We must therefore 
assume that ii is a class every term of which will, for a suitable value 
of y, make the proposition true. If, then, for every term x of w, 
there ara some entities y, which make true, and others which do not 
do so, then Pgy correlates to eveiy x a certain class of terms y. In 
this way y is defined as a function of x. 

* Of which an excellent account will be found in Couturat, De Clnfini Mathema- 
tique, raris, 1896, I'art I, Book 11. 
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But the usual meaning of formula in mathematics involves another 
element, which may also be expressed by the word law. It is difficult to 
say precisely what this element is, but it seems to consist in a certain 
degree of intensional simplicity of the proposition Pxy^ In the case of 
two languages, for example, it would be said that there is no formula 
connecting them, except in such cases as Grimm’s law. Apart from the 
dictionary, the relation which correlates words in different languages is 
sameness of meaning ; but this gives no method by which, given a word 
in one language, we can infer the corresponding word in the other. 
What is absent is the possibility of calculation. A formula, on the 
other hand (say y = Sj?), gives the means, when we know of dis- 

covering y, *In the case of languages, only enumeration of all pairs 
will define the dependent variable. In the case of an algebraical 
formula, the independent variable and the relation enable us to know 
all about the dependent variable. If functions are to extend to infinite 
classes, this state of things is essential, for enumeration has become 
impossible. It is therefore essential to the congelation of infinite classes, 
and to the study of functions of infinite classes, that the formula P^y 
should be one in which, given x, the class of terms y satisfying the 
formula should be one which we can discover. I am unable to give 
a logical account of this condition, and I suspect it of being purely 
psychological. Its practical importance is great, but its theoretical 
importance seems highly doubtful. 

There is, however, a logical condition connected with the above, 
though perhaps not quite identical with it. Given any two terms, 
there is some relation which holds between those two terms and 
no others. It follows that, given any two classes of terms ?/, v, 
there is a disjunctive relation which any one term of has to at 
least one term of and which no term not belonging to u has 

to any term. By this method, when two classes are both finite, 
we can carry out a correlation (which may be one-one, many-one, or 
one-many) which correlates terms of these classes and no others. In 
this way any set of terms is theoretically a function of any other ; and 
it is only thus, for example, that diplomatic ciphers are made up. But 
if the number of terms in the class constituting the independent variable 
be Infinite, we cannot in this way practically define a function, unless 
the disjunctive relation consists of relations developed one from the 
other by a law, in which case the formula is merely transferred to the 
relation. ^Fhis amounts to saying that the defining relation of a function 
must not be infinitely complex, or, if it be so, must be itself a function 
defined by some relation of finite complexity. This condition, though 
it is itself logical, has again, I think, only psychological necessity, in 
virtue of which we can only master the infinite by means of a law of 
order. The discussion of this point, however, would involve a discussion 
of the relation of infinity to order — ^a question which will be resumed 
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later, but which we are not yet in a position to treat intelligently. In 
any case, we may say that a formula containing two variables and 
defining a function must, if it is to be practically useful, give a relation 
between the two variables by which, when one of them is given, all the 
corresponding values of the other can be found ; and this seems to 
constitute the mathematical essence of all formulae. 

267. There remains an entirely distinct logical notion of much 
importance in connection with limits, namely the notion of a com- 
plete series. If R be the defining relation of a series, the series 
is complete when there is a term x belonging to the series, such 
that every other term which has to x either the relation R or the 
relation R belongs to the series. It is connected (as was explained in 
Part IV) when no other terms belong to the series. Thus a complete 
series consists of those terms, and only those terms, which have the 
generating relation or its converse to some one term, together with that 
one term. Since the generating relation is transitive, a series which 
fulfils this condition for one of its terms fulfils it for all of them. 
A series which is connected but not complete will be called incomplete 
or partial. Instances of complete series are the cardinal integers, the 
positive and negative integers and zero, the rational numbers, the 
moments of time, or the points on a straight line. Any selection from 
such a series is incomplete with respect to the generating relations of the 
above complete series. Thus the positive numbers are an incomplete 
series, and so are the rationals between 0 and 1. When a series is 
complete, no term can come before or after any term of the series 
without belonging to the series; when the series is incomplete, this is 
no longer the case. A series may be complete with respect to one 
generating relation, but not with respect to another. Thus the finite 
integers are a complete series when the stories is defined by powers of 
the relation of consecutiveness, as in the discussion of progressions in 
Part IV ; but when they are ordered by correlation with wdiole and part, 
they form only part of the series of finite and transfinite integers, as we 
shall see hereafter. A complete series may be regarded as the extension 
of a term with respect to a given relation, together with this term itself ; 
and owing to this fact it has, as we shall find, some important diftereiyies 
from ordinally similar incomplete serie.s. But it can he shown, by the 
Logic of Relations, that any incomplete series can be rendered complete 
by a change in the generating relation, and vke versa. 'The distinction 
between complete and incomplete series is, therefore, essentially relative 
to a given generating relation. 
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REAL NUMBERS. 

268 . The philosopher may be surprised, after all that has already 
been said concerning numbers, to find that he is only now to learn about 
real numbers ; and his surprise will be turned to horror when he learns 
that real is opposed to rational. But he will be relieved to learn that 
real numbers are really not numbers at all, but something quite different. 

The series of real numbers, as ordinarily defined, consists of the 
whole assemblage of rational and irrational numbers, the irrationals 
being defined as the limits of such series of rationals as have neither 
a rational nor an infinite limit. This definition, however, introduces 
grave difficulties, which will be considered in the next chapter. For my 
part I see no reason whatever to suppose that there are any irrational 
numbers in the above sense ; and if there are any, it seems certain that 
they cannot be greater or less than rational numbers. When mathema- 
ticians have effected a generalization of number they are apt to be unduly 
modest about it — ^they think that the difference between the generalized 
and the original notions is less than it really is. We have already seen that 
the finite cardinals are not to be identified with the positive integers, nor 
yet with the ratios of the natural numbers to 1, both of which express 
relations, which the natural numbers do not. In like manner there is a 
real number associated with every rational number, but distinct from it. 
A real number, so I shall contend, is nothing but a certain class of 
rational numbers. Thus the class of rationals less than ^ is a real 
number, associated with, but obviously not identical with, the rational 
number This theory is not, so far as I know, explicitly advocated by 
any other author, though Peano suggests it, and Cantor comes very near 
to it*. My grounds in favour of this opinion are, first, that such classes 
of rationals have all the mathematical properties commonly assigned 
to real numbers, secondly, that the opposite theory presents logical 
difficulties which appear to me insuperable. The second point will be 
discussed in the next chapter; for the present I shall merely expound 

* Cf. Cantor, Math. Annakn, Vol. xlvi, § 10; Peano, RivMta di MatemaHea, 
Vol. vi, pp. 126-140, esp. p. 133. 
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my own view, and endeavour to show that real numbers, so understood, 
have all the requisite characteristic's. It will be observed that the 
following theory is independent of the doctrine of limits, which will only 
be intrcxluced in the next chapter. 

259. The rational numbers in order of magnitude form a series in 
which there is a term between any two. Such series, which in Part III 
we provisionally called continuous, must now receive another name, since 
we shall have to reserve the word continuous for the sense which Cantor 
has given to it. I propose to call such series compact^. The rational 
numbers, then, form a compact series. It is to be observed that, in a 
compact series, there are an infinite number of terms between any two, 
there are no consecutive terms, and the stretch between any two terms 
(whether these be included or not) is again a compact series. If now we 
consider any one rational numberf, say r, we can define, by relation to r, 
four infinite classes of rationals : (1) those leas than r, (2) those not 
greater than r, (3) those greater than r, (4) those not less than r. 
(2) and (4) differ from (1) and (3) respectively solely by the fact that 
the former contain r, while the latter do not. But this fact leads to 
curious differences of properties. (2) has a last term, while (1) has 
none; (1) is identical with the class of rational numbers less than a 
variable term of (1), while (2) does not have this characteristic. Similar 
remarjcs apply to (3) and (4), but these two classes have less importance 
in the present case than in (1) and (2). Classes of rationals having 
the properties of (1) are called segments. A segment of rationals may 
be defined as a class of rationals which is not null, nor yet coextensive 
with the rationals themselves (i,e. which contains some but not all 
rationals), and which is identical with the class of rationals less than a 
(variable) term of itself, i.e. with the class of rationals x such that there 
is a rational y of the said class such that x is less than yl. Now we shall 
find that segments are obtained by the above method, not only from 
single rationals, but also from finite or infinite classes of rationals, with 
the proviso, for infinite classes, that there must be some rational greater 
than any member of the class. This is very simply done as follows. 

Let u be any finite or infinite class of rationals. Then four classes 
may be defined by relation to u% namely (1) those less than every u, 
(2) those less than a variable m, (3) those greater than every m, (4) those 
greater than a variable u, i.e. those such that for each a term of u can be 
found which is smaller than it. If u be a finite class, it must have a maximum 
and a nnnimum term ; in this case the former alone is relevant to (2) 
and (3), the latter alone to (1) and (4). Thus this case is reduced to 
the former, in which we had only a single rational. I shall therefore 

* Such series are called by Cantor Cberall dieht. 

t 1 shidl for simplicity confine myself entirely to rationals without sign. The 
extension to such as are positive or negative presents no difficulty whatever. 

J See Formutaire de MaMmaiiqueSy Vol. n. Part in, § 61 (Turin, 1899). 

§ Eight classes may be defined, but four are all that we need. 



272 Infinity and Continuity [chap, xxxiii 

assume in future that u is an infinite class, and further, to prevent 
reduction to our fonner case, I shall assume, in considering (2) and (3), 
that u has no maximum, that is, that every, term of u is less than some 
other term of u ; and in considering (1) and (4), I shall assume that u 
has no minimum. For the present I confine myself to (2) and (3), and 
I assume, in addition to the absence of a maximum, the existence of 
rationals greater than any t<, that is, the existence of the class (3). 
Under these circumstances, the class (2) will be a segment. For (2) 
consists of all rationals which are less than a variable u ; hence, in the 
first place, since u has no maximum, (2) contains the whole of u. In the 
second place,- since every term of (2) is less than some w, which in turn 
belongs to (2), every term of (2) is less than some other term of (2); 
and every term less than some term of (2) is a foHtori less than some w, 
and is therefore a term of (2). Hence (2) is identical with the class of 
terms less than some term of (2), and is therefore a segment. 

Thus we have the following conclusion : If n be a single rational, or 
a class of rationals all of which are less than some fixed rational, then 
the rationals less than w, if u be a single term, or less than a variable 
term of ?/, if u be a class of terms, always form a segment of rationals. 
My contention is, that a segment of rationals is a real number. 

260. So far, the method employed has been one which may be 
employed in any compact series. In what follows, some of the theorems 
will depend upon the fact that the rationals are a denumerable series. 
I leave for the present the disentangling of the theorems dependent 
upon this fact, and proceed to the properties of segments of rationals. 

Some segments, as we have seen, consist of the rationals less than 
some given rational. Some, it will be found, though not so defined, are 
nevertheless capable of being so defined. For example, the rationals 
less than a variable term of the series '9, '99, '999, etc.^ are the same as 
the rationals less than 1. But other segments, which correspond to 
what are usually called irrationals, are incapable of any su(*h definition. 
How this fact has led to irrationals we shall see in the next chapter. 
For the present I merely wish to point out the well-known fact that 
segments are not capable of a one-one correlation with rationals. There 
are classes of rationals defined as being composed of all terms less than 
a variable term of an infinite class of rationals, which are not definable 
as all the rationals less than some one definite rational*. Moreover 
there are more segments than rationals, and hence the series of segments 
has continuity of a higher order than the rationals. Segments form a 
series in virtue of the relation of whole and part, or of logical inclusion 
(excluding identity). Any two segments are such that one of them 
is wholly contained in the other, and in virtue of this fact they form 
a series. It can be easily shown that they form a compact series. 
What is more remarkable is this : if we apply the above process to the 


* Of. Part I, chap, v, p, 00. 



Real Numbers 


273 


259, 260] 

series of segments, forming segments of segments by reference to 
classes of segments, we find that every segment of segments can be 
defined as all segments contained in a certain definite segment. Thus 
the segment of segments defined by a class of segments is always 
identical with the segment of segments defined by some one segment. 
Also every segment defines a segment of segments which can be defined 
by an infinite class of segments. 'Fhese two properties render the 
series of segments perfect^ in Cantor’ s language ; but the explanation of 
this term must be left till we come to the doctrine of limits. 

We might have defined our segments as all rationals greater than 
some term of a class u of rationals. If we had done this, and inserted 
the conditions that u was to have no minimum, and that there were to 
be rationals less than every m, we should have obtained what may be 
called upper segments, as distinguished from the former kind, which 
may be called lower segments. We should then have found that, corre- 
sponding to every upper segment, there is a lower segment which contains 
all rationals not contained in the upper segment, with the occasional 
exception of a single rational- There will be one rational not belonging 
to either the upper or the lower segment, when the upper segment 
can be defined as all rationals greater than a single rational. In this 
case, the corresponding lower segment will consist of all rationals less 
than, this single rational, which will itself belong to neither segment. 
Since there is a rational between any two, the class of rationals not 
greater than a given rational cannot ever be identical with the class of 
rationals less than some other; and a class of rationals having a 
maximum can never be a segment. Hence it is impossible, in the case 
in question, to find a lower segment containing all the rationals not 
belonging to the given upper segment. But when the upper segment 
cannot Ik‘ defined by a single rational, it will always be possible 
to find a lower segment containing all rationals not belonging to the 
upper segment. 

Zero and infinity may be introduced as limiting cases of segments, 
but in the case of zero the segment must be of the kind which we 
called (1) above, not of the kind (2) hitherto discussed. It is easy to 
construct a class of rationals such that some term of the class wdll be less 
than any given rational. In this case, the class (1) will contain no terms, 
and will be the null-class. This is the real number zero, which, however, 
is not a segment, since a segment was defined as a class which is not null. 
In order to introduce zero as a class of the kind which we called (2), we 
should have to start with a null class of rationals, No rational is less 
than a term of a null class of rationals, and thus the class (2), in such a 
case, is null. Similarly the real number infinity may be introduced. 
This is identical with the whole class of rationals. If we have any 
class u of rationals such that no rational is greater than all u\ then 
every rational is contained in the class of rationals less than some 
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u. Or again, if we have a class of rationals of which a term is less than 
any assigned rational, the resulting class (4) (of terms greater than 
some u) will contain every rational, and wiU thus be the real number 
infinity. Thus both zero and infinity may be introduced as extreme 
terms among the real numbers, but neither is a segment according to the 
definition. 

261. A given segment may be defined by many different classes of 
rationals. Two such classes u and v may be regarded as having the 
segment as a common property. Two infinite classes u and v will define 
the same lower segment if, given any i/, there is a i; greater than it, and 
given any v, there is a u greater than it. If each class has no maximum, 
this is also a necesmry condition. The classes u and v are then what 
Cantor calls coherent {zmsammengehorig). It can be shown, without 
considering segments, that the relation of being coherent is symmetrical 
and transitive*, whence we should infer, by the principle of abstraction, 
that both have to some third term a common relation which neither has 
to any other term. This third term, as we see from the preceding 
discussion, may be taken to be the segment which both define. We 
may extend the word coherent to two classes u and z;, of which one 
defines an upper segment, the other a lower segment, which between 
them include all rationals with at most one exception. Similar remarks, 
jnutatis mutandis^ will still apply in this case. 

We have now seen that the usual properties of real numbers belong 
to segments of rationals. There is therefore no mathematical reason for 
distinguishing such segments from real numbers. It remains to set 
forth, first the nature of a limit, then the current theories of irrationals, 
and then the objections which make the above theory seem preferable. 

Note. 'Fhe above theory is virtually contained in Professor Peano’s 
article already referred to Sui Numeri In'azionali,’’ Rivida di Mate- 
matica^ vi, pp. 126 — 140), and it was from this article, as well as from the 
Formulaire de MathematiqueSj that I was led to adopt the theory. In 
this article, separate definitions of real numbers (§ 2, No. 5) and of 
segments (§8, '0) are given, which makes it seem as though the two 
were distinguished. But after the definition of segments, we find the 
remark (p. 133) : “ Segments so defined differ only in nomenclature from 
real numbers."” Professor Peano proceeds first to give purely technical 
reasons for distinguishing the two by the notation, namely that the 
addition, subtraction, etc. of real numbers is to be differently conducted 
from analogous operations which are to be performed on segments. 
Hence it would ap|)ear that the whole of the view I have advocated is 
contained in this article. At the same time, there is some lack of 
clearness, since it appears from the definition of real numbers that they 
ai'e regarded as the limits of classes of rationals, whereas a segment is 

^ Cf. Cantor, Math, Amiatm, xiivi, and Rmntu di Matematim, v, pp. 158, 159. 
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in no sense a limit of a class of rationals. Also it is nowhere suggested — 
indeed, from the definition of real numbers the opposite is to be 
inferred — ^that no real number can be a rational, and no rational can be 
a real number. And this appears where he points out (p. 134) that 1 
difrei*s from the class of proper fractions (which is no longer the case as 
regards the real number 1, when this is distinguished both from the 
integer 1 and from the rational number 1 : 1), or that we say 1 is less 
than (in which case, I should say, 1 must be interpreted as the class 
of proper fractions, and the assertion must be taken to mean : the 
proper fractions are some, but not all, of the rationals whose square 
is less than 2). And again he says (ii.); “The real number, although 
determined by, and determining, a segment is commonly regarded as 
the extremity, or end, or upper limit, of the segment”; whereas there is 
no reason to suppose that segments not having a rational limit have a 
limit at all. Thus although he confesses (i6.) that a complete theory 
of irrationals can be constructed by means of segments, he does not 
seem to perceive the reasons (which will be given in the next chapter) 
why this must be done — reasons which, in fact, are rather philosophical 
than mathematical. 



CHAPTER XXXIV. 


LIMITS AND IRRATIONAL NUMBERS. 

262. The mathematical treatment of continuity rests wholly upon 
the doctrine of limits. It has been thought by some mathematicians 
and some philosophers that this doctrine had been superseded by the 
Infinitesimal Calculus, and that this has shown true infinitesimals 
to be presupposed in limits*. But modem mathematics has shown, 
conclusively as it seems to me, that such a view is- erroneous. The 
method of limits has more and more emerged as fundamental. In this 
Chapter, I shall first set forth the general definition of a limit, and 
then examine its application to the creation of irrationals. 

A compact scries we defined as one in which there is a term between 
any two. But in such a series it is always possible to find two classes of 
terms which have no term between them, and it is always possible to 
reduce one of these classes to a single term. For example, if P be the 
generating relation and x any terra of the series, then the class of terms 
having to x the relation P is one between which and x there is no term'|-. 
The class of terms so defined is one of the tw^o segments determined 
by x\ the idea of a segment is one which demands only a series in 
general, not necessarily a numerical series. In this case, if the series be 
compact, X is said to be the limit of the class ; when there is such a 
term as j?, the segment is said to be terminated, and thus every 
terminated segment in a compact series has its defining term as a limit. 
But this does not constitute a definition of a limit. To obtain the 
general definition of a limit, consider any class u contained in the series 
generated by P. ITien the class u will in general, with respect to any 
term x not belonging to it, be divisible into two classes, that whose 
terms have to x the relation P (which I shall call the class of terms pre- 
ceding x), and that whose terms have to x the relation P (which I shall 
call the class of terms following x). If x be itself a term of w, we 

* This is the view, for instance, of Cohen, IJas Pinncip der Infinitesimal^ 
Methods und seine Geschichte, Berlin, 1883; see pp. 1, 2. 

t It is perhaps superfluous to explain that a term is between two classes u, v, when 
it has the relation P to every term of u, and the relation P to every term of e, or 
vice versd. 
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consider all the terms of u other than .r, and these are still divisible into 
the above two classes, which we may call and TTu-r respectively. 
If, now, iTuX be such that, if ^ be any term preceding there is a term 
of ttuT following y, Le. between x and y, then ^ is a limit of Similarly 

if be such that, if be any term after x^ there is a term of ^^x 
between x and 5:, then zr is a limit of We now define that x is 

a limit of u if it is a limit of either ttvX or TTu-r. It is to be observed that 
u may have many limits, and that all the limits together form a new 
class contained in the series generated by P. This is the class (or rather 
this, by the help of certain further assumptions, becomes the class) 
which Cantor designates as the fii*st derivative of the class u, 

263. Before proc-eeding further, it may be well to make some 
general i-emarks of an elementary character on the subject of limits. 
In the first place, limits belong usually to classes contained in compact 
series — classes which may, as an extreme case, be identical with the 
compact series in cjuestion. In the second place, a limit may or may 
not belong to the class u of which it is a limit, but it always belongs to 
some series in which u is contained, and if it is a term of ?/, it is still a 
limit of the class consisting of all terms of u except itself. In the 
third place, no class can have a limit unless it contains an infinite 
number of terms. For, to rt'vert to our former division, if u be finite, 
TTuX and ^u.r will both be finite. Hence each of them will have a term 
nearest to a:, and between this term and x no term of u will lie. Hence 
X is not a limit of ?/ ; and since x is any term of the series, u will have 
no limits at all. It is common to add a theorem that every infinite 
class, provided its terms are all contained between two specified terms 
of the- series generated by P, must have at least one limit; but this 
theorem, we shall find, demands an interpretation in terms of segments, 
and is not true as it stands. In the fourth place, if n be co-extensive 
with the whole compact series generated by P, then every term of this 
series is a limit of v. There can bt* no other terms that are limits 
in the same sense, since limits have only been defined in relation to this 
compact series. To obtain other limits, we should have to regard the 
series generated by P as forming part of some other compact series — a 
case which, as we shall see, may arise. In any case, if u be any compact 
series, every term of u is a limit of u ; whether u has also other limits, 
depends upon further circumstances. A limit may be defined generally 
as a term which immediately follows (or precedes) some class of terms 
belonging to an infinite series, without immediately following (or 
preceding, as the case may be) any one term of the series. In this way, 
we shall find, limits may be defined generally in all infinite series which 
are not progi*essions — as, for instance, in the series of finite and trans- 
finite integers. 

261. We may now proceed to the various arithmetical theories of 
irrationals, all of which depend upon limits. We shall find that, in the 
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exact form in which they have been given by their inventors, they all 
involve an axiom, for which there are no arguments, either of philo- 
sophical necessity or of mathematical convenience; to which there are 
grave logical objections ; and of which the theory of real numbers given 
in the preceding Chapter is wholly independent. 

Arithmetical theories of irrationals could not be treated in Part II, 
since they depend essentially upon the notion of order. It is only by 
means of them that numbers become continuous in the sense now usual 
among mathematicians; and we shall find in Part VI that no other 
sense of continuity is required for space and time. It is very important 
to realize the logical reasons for which an arithmetical theory of 
irrationals is imperatively necessary. In the past, the definition of 
irrationals was commonly effected by geometriceJ considerations. This 
procedure was, however, highly illogical ; for if the application of 
numbers to space is to yield anything but tautologies, the numbers 
applied must be independently defined ; and if none but a geometrical 
definition were possible, there would be, properly speaking, no such 
arithmetical entities as the definition pretended to define. The alge- 
braical definition, in which irrationals were introduced as the roots 
of algebraic equations having no rational roots, was liable to similar 
objections, since it remained to be shown that such equations have 
roots; moreover this method will only yield the so-called algebraic 
numbers, which are an infinitesimal proportion of the real numbers, and 
do not have continuity in Cantor’s sense, or in the sense required by 
Geometry. And in any case, if it is possible, without any further 
assumption, to pass from Arithmetic to Analysis, from rationals to 
irrationals, it is a logical advance to show how this can be done. 
The generalizations of number — with the exception of the intro- 
duction of imaginaries, which must be independently effected — are all 
necessary consequences of the admission that the natural numbers form 
a progression. In every progression the tenns have two kinds of 
relations, the one constituting the general analogue of positive and 
negative integers, the other that of rational numbers. The rational 
numbers form a denumerable compact series ; and segments of a denumer- 
able compact series, as we saw in the preceding Chapter, form a series 
which is continuous in the strictest sense. Thus all follows from the 
assumption of a progression. But in the present Chapter we have to 
examine irrationals as based on limits ; and in this sense, we shall find 
that they do not follow without a new assumption. 

There are several somewhat similar theories of irrational numbers. 
I will begin with that of Dedekind*. 

265. Although rational iiumbei*s are such that, between any two, 
there is always a thiixl, yet there are many ways of dividing all rational 

* Stetigkeit und irratiatta/e Zahitn, 2iid ed., Brunswick, 1892. 
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numbers into two classes, such that all numbers of one class come after 
all numbers of the other class, and no rational number lies between the 
two classes, while yet the first class has no first term and the second has 
no last term. For example, all rational numbers, without exception, 
may be classified according as their squares are greater or less than 2. 
All the terms of both classes may be arranged in a single series, in which 
there exists a definite section, before which comes one of the classes, 
and after which comes the other. Continuity seems to demand that 
some term should correspond to this section. A number which lies 
between the two classes must be a new number, since all the old numbers 
are classified. This new number, which is thus defined by its position in 
a series, is an irrational number. When these numbers are introduced, 
not only is there always a number between any two numbers, but there 
is a number between any two classes of which one comes wholly after the 
other, and the first has no minimum, while the second has no maximum. 
Thus we can extend to numbers the axiom by which Dedekind defines 
the continuity of the straight line (op, cit. p. 11) : — 

“ If all the points of a line can be divided into two classes such that 
every point of one class is to the left of every point of the other class, 
then there exist^ one and only one point which bring<« about this 
division of all points into two classes, this section of the line into 
two parts."” 

266. This axiom of Dedekind’s is, however, rather loosely woi*ded, and 
requires an emendation suggested by the derivation of irrational numbers. 
If all the points of a line are divided into two classes, no point is left 
over to represent the section. If a/Z be meant to exclude the point repre- 
senting the section, the axiom no longer characterizes continuous series, 
but applies equally to all series, e.g. the series of integers. The axiom 
must be held to apply, as regards the division, not to all the points of the 
line, but to all the points forming some compact series, and distributed 
throughout the line, but consisting only of a portion of the points 
of the line. When this emendation is made, the axiom beeximes ad- 
missible. If, from among the terms of a series, some can be chosen 
out to form a compact series which is distributed throughout the 
previous series ; and if this new series can always be divided in 
Dedekind’s manner into two portions, between which lies no term of 
the new series, but one and only one term of the original series, then 
the original series is continuous in Dedekind’s sense of the woixl. The 
emendation, however, destroys entirely the self-evidence upon which 
alone Dedekind relies (p. 11) for the proof of his axiom as applied 
to the straight line. 

Another somewhat less complicated emendation may be made, which 
gives, I think, what Dedekind meant to state in his axiom. A series, 
we may say, is continuous in Dedekind’s sense when, and only when, 
if aU the terms of the series, without exception, be divided into two 
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classes, such that the whole of the first class precedes the whole of 
the second, then, however the division be effected, either the firet class 
has a last term, or the second class has a first term, but never both. 
ITiis term, which comes at one end of one of the two classes, may then 
be used, in Dedekind's manner, to define the section. In discrete series, 
such as that of finite integers, there is both a last term of the first 
class and a first term of the second class* ; while in compact series 
such as the rationals, where there is not continuity, it sometimes 
happens (though not for every possible division) that the first class 
has no last term and the last class has no ill's t term. Both these cases 
are excluded by the above axiom. But I cannot sec any vestige of 
self-evidence iiT such an axiom, either as applied to numbers or as applied 
to space. 

267. I-eaving aside, for the moment, the general problem of con- 
tinuity, let us return to Dedekind's definition of irrational numbers. 
The first question that arises is this : What right have we to assume 
the existence of such numbers? What reason have we for supposing 
that there must be a position between two classes of which one is wholly 
to the right of the other, and of which one has no minimum and the 
other no maximum ? This is not true of series in general, since many 
series are discrete. It is not demanded by the nature of order. And, 
as we have seen, continuity in a certain sense is possible without it. 
Why then should we postulate such a number at all? It must be 
rememliered that the algebraical and geometrical problems, which ir- 
rationals are intended to solve, must not here be brought into the 
account. The existence of irrationals has, in the past, lieen inferi^ 
from such problems. The equation i’- — 2 = 0 must have a root, it was 
argued, because, as x grows from 0 to 2, .r® — 2 increases, and is first 
negative and then positive ; if x changes continuously, so does — 2 ; 
hence j:*— 2 must assume the value 0 in passing from negative to positive. 
Or again, it was argued that the diagonal of unit square has evidently a 
precise and definite length j’, and that this length is such that — — 0. 
But such arguments were powerless to show that x is truly a uuiiiIkt. 
They might equally well be regarded as showing the inadequacy of 
numbers to Algebra and Geometry, nie present theory is designed 
to prove the arithmetical existence of irrationals. In its design, it is 
preferable to the previous theories ; but the execution seems to fall short 
of the design. 

Let us examine in detail the definition of ^/2 by Dedekind''s method. 
It is a singular fact that, although a rational number lies between any 
two single rational numbers, two classes of rational numlxii's may be 
defined so that no rational number lies between them, though all ot 

^ If the series contains a proper part which is a progression, it is only true in 
generul, not without e.xception, that the first class must have a last term. 
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one class are higher than all of the other. It is evident that one at 
least of these classes must consist of an infinite number of terms. For 
if not, we could pick out the two of opposite kinds which were nearest 
together, and insert a new number between them. This one would be 
between the two classes, contrary to the hypothesis. But when one of 
the classes is infinite, we may arrange all or some of the terms in a senes 
of terms continually approaching the other class, without reaching it, 
and without having a last term. Let us, for the moment, suppose our 
infinite class to be denumerable. We then obtain a denumerable series 
of numbers an, all belonging to the one class, but continually approaching 
the other class. Let be a fixed number of the other class. Then 
between On and B there is always another rational number; but this 
may be chosen to be another of the a''s, say fln+i ; and since the series of 
a'’s is infinite, we do not necessarily obtain, in this way, any number not 
belonging to the series of a'’s. In the definition of irrationals, the series of 
i’s is also infinite. Moreover, if the h\ also be denumerable, any rational 
number between a„ and for suitable values of p and g, either is 
or Am+ 9 > or else lies between and fln-i-p+i or between 6,^ + ^ and 
In fact, dn^p always lies between a„ and A,^. By successive steps, no term 
is obtained which lies between all the A’s and all the a’s. Nevertheless, 
both the a’s and the A’s are convergent. For, let the a’s inci'ease, while 
the A’s diminish. Then A^ — a^ and A^^ — a^+i continually diminish, and 
thei’efbre an^-i — an, which is less than either, is less than a continually 
diminishing number. Moreover this number diminishes without limit; 
for if An — an had a limit e, the number Un + e/2 would finally lie between 
the two classes. Hence an+i — a,* becomes finally less than any assigned 
number. Thus the a’s and A’s are both convergent. Since, moreover, 
their difference may be made less than any assigned number e, they have 
the same limit, if they have any. But this limit cannot be a rational 
number, since it lies between all the a’s and all the A’s. Such seems 
to be the argument for the existence of irrationals. For example, if 

Thus = 2 + + and j-- 1 = 1 ?• = etc. 

The successive convergents to the continued fraction 1 

are such that all the odd convergents are less than all the even con- 
vergents, while the odd convergents continually grow, and the even 
ones continually diminish. Moreover the difference between the odd 
and the next even convergent continually diminishes. Thus both 
series, if they have a limit, have the same limit, and this limit is 
defin^ as 

But the existence of a limit, in this case, is evidently a sheer as- 
sumption. In the beginning of this Chapter, we saw that the existence 
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of a limit demands a larger series of which the limit forms part. To 
create the limit by means of the series whose Hmit is to be found would 
therefore be a logical error. It is essential that the distance from the 
limit should diminish indefinitely. But here, it is only the distance of 
consecutive terms which is known to diminish indefinitely. Moreover 
all the a^s are less than Hence they continually differ less and less 
from But whatever n may be, cannot be the limit of the 
for ftn+i between and all the a’s. This cannot prove that a limit 
exists, but only that, %f it existed, it would not be any one of the a’s or 
ft’s, nor yet any other rational number. Thus irrationals are not proved 
to exist, but may be merely convenient fictions to describe the relations 
of the a\s ancLA^s. 

268 . The theory of Weierstrass concerning irrationals is somewhat 
similar to that of Dedekind. In Weierstrass's theory, we have a series 
of terms r/ 2 , . . , /Zn, . . , such that S for all values of tz, is less 
than some given number. This case is presented, by an infinite 
decimal. Tlie fraction 3*14159 . . . , however many terms we take, 
remains less than 3*1416. In this niethtxi, as Cantor points out*, the 
limit is not created by the summation, but must be supposetl to exist 

OD 

already in order that S may be defined by means of it. This is the 

same state of things as we found in Dedckind’s theory : series of rational 
numbers cannot prove the existence of irrational numbers as their limits, 
but can only prove that, if there is a limit, it must be irrational. 

Thus the arithmetical theory of irrationals, in either of the above 
forms, is liable to the following objections. (1) No proof is obtained 
from it of the existence of other than rational numbers, unless we 
accept some axiom of continuity diff’ei-ent from that satisfied by 
rational numbers ; and for such an axiom we have as yet seen no 
ground. (2) Granting the existence of in-ationals, they are merely 
specified, not defined, by the series of rational numbers whose limits 
they are. Unless they are independently postulated, the series in 
question cannot be known to have a limit ; and a knowledge of the 
irrational numlKT which is a limit is presupposed in the proof that 
it is a limit. Thus, although without any appeal to Geometry, any 
given in-ational number can be specified by means of an infinite series 
of rational numbei-s, yet, from rational numbers alone, no proof can 
be obtained that there are irrational numbers at all, and their existence 
must be proved from a new and independent postulate. 

Another objection to the above theory is that it supposes mtionals 
and in'ationals to form part of one and the same series generated by 
relations of greater and less. This raises the same kind of difficulties as 
W'e found to result, in Part II, from the notion that integei’s are greater 

* Maintichfaftiykt^hfehre^ p. 23S. 1 quote Weierstrass’s theory from the account 

ill Stolz, Yorlemu^n iiher ailyemeine Arithmetik, i. 
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or less than rationals, or that some rationale are integers. Rationals 
are essentially relations between integers, but irrationals are not such 
relations. Given an infinite series of rationals, there may be two 
integers whose relation is a rational w'hich limits the series, or there 
may be no such pair of integers. The entity postulated as the limit, 
in this latter case, is no longer of the same kind as the tenns of 
the series which it is supposed to limit; for each of them is, while 
the limit is not, a relation between two integers. Of such hetero- 
geneous terms, it is difficult to suppose that they can have relations 
of greater and less; and in fact, the constitutive relation of greater 
and less, from which the series of rationals springs, has to receive 
a new definition for the case of tw'o irrationals, or of a rational and 
an irrational. This definition is, that an irrational is greater than a 
rational, when the irrational limits a series containing terms greater 
than the given rational. But what is really given here is a relation 
of the given rational to a class of rationals, namely the relation of 
belonging to the segment defined by the series whose limit is the given 
irrational. And in the case of two irrationals, one is defined to be 
greater than the other when its defining series contains terms greater 
than any terms of the defining series of the other — a condition which 
amounts to saying that the segment corresponding to the one contains 
as a proper part the segment corresponding to the other. These 
definitions define a relation (juite different from the inequality of two 
rationals, namely the logical relation of inclusion. Thus the irrationals 
cannot form part of the series of rationals, but new' terms corresponding 
to the rationals must be found before a single series can he constructed. 
Such terms, as we saw^ in the last chapter, are found in segirients ; but 
the theories of Dedckind and Weiei'strass leave them still to seek. 

269. The theory of Cantor, though not expressed, philosophically 
speaking, with all the requisite clearness, lends itself more easily to the 
interpretation which I advocate, and is specially designed to proxte 
the existence of limits. He remarks* that, in his theory, the existence 
of the limit is a strictly demonstrable proposition ; and he strongly 
emphasizes the logical error involved in attempting to deduce the 
existence of the limit from the series whose limit it is (?A., p. 22)t. 
Cantor starts by considering what he calls fundamental series (which 
ore the same as what I have called progressions) contained in a larger 
series, F^ch of these fundamental series is to be wholly ascending or 
wholly descending. Two such series are called coherent {zummrnenge- 
hoi'tg) under the following circumstances : — 

* Op. cit.y p. 24. 

t Cantor’s theory of irrationals will be found in op. tit., p. 2S, and in Stolz, 
Vorle^ungen ufmr allgetimne Arithmetik, i, 7. 1 shall follow, to begin with, a later 

account, which seems to me clearer; this fckrms § 10 in an article contained in Math. 
Annaleti, xlvi, and in Rivinta di Maiematica, v. 
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(1) If both are ascending, and after any term of either there is 
always a term of the other ; 

(2) If both are descending, and before any term of either there is 
always a tenn of the other ; 

(3) If one is ascending, the other descending, and the one wholly 
precedes the other, and there is at most one term which is between the 
two fundamental series. 

The relation of being coherent is symmetrical, in virtue of the 
definition ; and Cantor shows that it is transitive. In the article from 
which the above remarks are extracted, Cantor is dealing with more 
general topics than the definition of irrationals. But the above general 
account of coherent series will help us to understand the theory of 
irrationals. This theory is set forth as follows in the Mannichfaltig- 
keitslehre (p. 23 ff*.) : — 

A fundamental .^^ries of rationals is defined as a denumerable series 
such that, given any number f, there are at most a finite number of 
terms in the series the absolute values of whose differences from sub- 
sequent terms exceed f. That is to say, given any number e, however 
small, any two terms of the series which both come after a certain term 
have a difference which lies between + € and — c. Such series must be 
of one of three kinds : (1) Any number € being mentioned, the absolute 
values of the terms, from some term onwards, will all be less than 6, 
whatever e may be ; (2) from some term onwards, all the tenns may be 
gi'eater than a certain positive number p ; (3) from some term onwards, 
all the terms may be less than a certain negative number — p. A real 
number & is to be defined by the fundamental series, and is said in the 
fii-st case to be zero, in the second to be positive, and in the third to 
be negative. To define the addition, etc,^ of these new real numbers, 
we observe that, if a/ l)e the i^th terms of two fundamental series, 
the series whose vth term is -H aj or — aj or Uy x Uy is also a funda- 
mental series; while if the real number defined by the series (Oy)* is 
not zero, {Uy / a„) also defines a fundamental series. If 6, 6' be the real 
numbers defined by the series (a^), (a/), the real numbers defined by 
{Uy + a/), {Uy — Cl/), (Oy X aJ) and («// Uy) are defined to be ft + ft', ft — ft', 
6 X 6' and ft' / ft i*cspectively. Hence we proceed to the definitions of equal, 
greater and less among real numbers. We define that ft=ft' means ft- A'=0; 
ft > ft' means that ft — ft' is positive ; and ft < ft' means that ft — ft' is 
negative — all terms which have been already defined. Cantor remarks 
further that in these definitions one of the numbers may be rational. 
This may be formally justified, in part, by the remark that a denu- 
merable series whose terms are all one and the same rational number is 
a fundamental series, accrording to the definition ; hence in constructing 

* The sjnmbol (tty) denotes the wliole series wliose idh term is uy, not this term 
alone. 
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the differences — a/, by which 5 — ft' is defined, we may put some fixed 
rational a in place of a/ for all values of v. But the consequence that 
we can define ft - a does not follow, and that for the following reason. 
There is absolutely nothing in the above definition of the i-eal numbers 
to show that a is the real number defined by a fundamental series whose 
terms are all equal to «. The only reason why this seems self-evident is, 
that the definition by limits is unconsciously present, making us think 
that, since .a is plainly the limit of a series whose terms are all e(]ual 
to a, therefore a must be the real number defined by such a series. 
Since, however, Cantor insists — rightly, as I think — that his method 
is independent of limits, which, on the contrary, are to be deduced from 
it (pp. 24 — 5), we must not allow this preconception to weigh with us. 
And the preconception, if I am not mistaken, is in fact erroneous. 
There is nothing in the definitions above enumerated to show that a 
real numl3er and a rational number can ever be either equal or unequal, 
and there are very strong reasons for supposing the contrary. Hence 
also we must reject the proposition (p. 24) that, if ft be the real number 
defined by a fundamental series (a^), then 

Liin = ft. 

V 00 

Cantor is proud of the supposed fact that his theory renders this pro- 
position strictly demonstrable. But, as we have seen, there is nothing 
to show that a rational can be subtracted from a real number, and 
hence the supposed proof is fallacious. What is true, and what has 
all the mathematical advantages of the above theorem, is this : Con- 
nected with every rational a there is a real number, namely that defined 
by the fundamental series whose terms are all equal to a ; if ft be the 
real number defined by a fundamental series (/?„) and if Ixi the real 
number defined by a fundamental series whose terms are all equal to 
then (ft^) is a fundamental scries of real numbers whose limit is ft. But 
from this we cannot infer, as Cantor supposes (p. 24), that Lim exists ; 
this will only be true in the case where (a^) has a rational limit. The 
limit of a series of rationals either does not exist, or is rational ; in no 
cose is it a real number. But in all cases a fundamental swies of 
rationals defines a real number, which is never identical with any 
rational. 

270. Thus to sum up w hat has been said on (^antor's theory : By 
proving that tw^o fundamental series may have the relation of being 
coherent, and that this relation is symmetrical and transitive, Cantor 
shows, by the help of the principle of abstraction (which is tacitly 
assumed), that two such series both have some one relation to one third 
term, and to no other. This terra, when our series consist of rationals, 
we define as the real number which both determine. We can then define 
the rules of operation for real numbers, and the relations of equal, 
greater and less between them. But the principle of abstraction leaves 
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us in doubt as to what the real numbers really are. One things however^ 
seems certain. They cannot form part of any series containing rationals, 
for the ratiouals are relations between integers, while the real numbers 
are not so; and the constitutive relation in virtue of which rationals 
form a series is defined solely by means of the integers between which 
they are relations, so that the same relation cannot hold between two 
real numbers, or between a real and a rational number. In this doubt 
as to what real numbers may be, we find that segments of rationals, as 
defined in the preceding chapter, fulfil all the requirements laid down 
in Cantors definition, and also those derived from the principle of 
abstraction. Hence there is no logical ground for distinguishing seg- 
ments of rationals from real numbers. If they are to be distinguished, 
it must be in virtue of some immediate intuition, or of some wholly new 
axiom, such as, that all series of rationals must have a limit. But this 
would be fatal to the uniform development of Arithmetic and Analysis 
from the five premisses which Peano has found sufficient, and would be 
wholly contrary to the spirit of those who have invented the arithmetical 
theory of irrationals. The above theory, on the contrary, requires no new 
axiom, for if there are rationals, there must be segments of rationals; 
and it removes what seems, mathematically, a wholly unnecessaiy 
complication, since, if segments will do all that is required of irrationals, 
it seems superfluous to introduce a new parallel series with precisely the 
same mathematical properties. I conclude, then, that an irrational 
actually is a segment of rationals which does not have a limit; while 
a real number which would be commonly identified with a rational is a 
segment which does have a rational limit ; and this applies, to the 
real number defined by a fundamental series of rationals whose terms 
are all equal. This is the theory which was set forth positively in the 
preceding Chapter, and to which, after examining the current theories of 
in-ationals, we are again brought back. The greater pai-t of it applies to 
compact series in general ; but some of the uses of fundamental series, 
as we shall see hereafter, presuppose either numerical measurement of 
distances or stretches, or that a denumerable compact series is contained 
in our series in a certain manner*, niie whole of it, however, applies to 
any compact series obtained from a progression as the rationals are 
obtained from the integers; and hence no property of numbers is 
involved beyond the fact that they form a progression. 


* See Chapter xxxvi. 



CHAPTER XXXV. 

C ANTOR’S FIRST DEFINITION OF CONTINUITY. 

271. Tuk notion of contiiiiiity has been treated by philosophers, as 
a rule, as though it wei*e incapable of analysis. They have said many 
things about it, including the Hegelian dictum that everything discrete 
is also continuous and vice verm*. This remark, as being an exemplifi- 
cation of Hege]'’s usual habit of combining opposites, has been tamely 
repeated by all his follovvers. Rut as to what they meant by continviity 
and discreteness, they preserved a discreet and continuous silence ; only 
one thing was evident, that whatever they did mean could not be 
relevant to mathematics, or to the philosophy of space and time. 

In the last chapter of Part III, we agreed provisionally to call a 
series continuous if it had a term Ixitween any two. This definition 
usually satisfied Leibniz'f’, and would have been generally thought 
sufficient until the revolutionary discoveries of Cantor. Nevertheless 
there was reason to surmise, before the time of Cantor, that a higher 
order of continuity is possible. For, ever since the discovery of incom- 
mensurabk\s in Geometry — a discovery of which is the proof set forth in 
the tenth Rook of Euclid — it was probable that space had continuity of 
a higher order than that of the rational numbers, which, nevertheless, 
have the kind of continuity defined in Part III. The kind which belongs 
to the rational numbers, and consists in having a term between any two, 
we have agreed to call comptuimuss ; and to avoid confusion, I shall never 
again speak of this kind as continuity. Rut that other kind of com- 
tinuity, which was seen to belong to space, w'as treated, as Cantor 
remarks]:, as a kind t>f religious dogma, and was exempted from that 
conceptual analysis which is requisite to its comprehension. Indeed it 
was often held to show, especially by philosophers, that any subject- 
matter possessing it was not validly analyzable into elements. C^antor 
has shown that this view^ is mistaken, by a precise definition of the kind 

* Logic, Wallace’s TraiiBlation, p. 188; Werke, v, p, 201. 

+ Phi/. Werke, Gerhardt’s ed., V«l. ii, p. 51.5. But cf. Cassirer, Leibniz^ System, 
Berlin, 11K)1, p. 183. 

J Mtnmicl^a/tigkeits/ehre, p. 28. 
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of continuity which must belong to space. This definition, if it is to 
be explanatory of space, must, as he rightly urges*, be effected without 
any appeal to space. We find, accordingly, in his final definition, only 
ordinal notions of a general kind, whi^ can be fully exemplified in 
Arithmetic. The proof that the notion so defined is precisely the kind 
of continuity belonging to space, must be postponed to Part VI. Cantor 
has given his definition in two forms, of which the earlier is not purely 
ordinal, but involves also either number or quantity. In the present 
chapter, I wish to translate this earlier definition into language as 
simple and untechnical as possible, and then to show how scries which 
are continuous in this sense occur in Arithmetic, and generally in the 
theory of any progression whatever. The later definition will be given 
in the following Chapter. 

272. In order that a series should be continuous, it must have two 
characteristics : it must be perfect and cohenve (zusannnenhangend, 
bien enchainee)f. Both these terms have a technical meaning requiring 
considerable explanation. I shall begin with the latter. 

(1) Speaking popularly, a series is cohesive,* or has cohesion, 
when it contains no finite gaps. The precise definition, as given by 
Cantor, is as follows : “ We call T a cohefnve collection of points, if for 
any two points t and of T, for a number e given in advance and as 
small as we please, there are always, in several ways, a finite number of 
points ^ 1 , < 3 , belonging to T, such that the distances < 2 ^ 3 ,... 

tjt* are all less than This condition, it will be seen, has essential 
reference to distance. It is not necessary that the collection considered 
should consist of numbers, nor that c should be a number. All that is 
necessary is, that the collection should be a series in which there are 
distances obeying the axiom of Archimedes and having no minimum, 
and that e should be an arbitrary distance of the kind presented by 
the series. If the series be the whole field of some asymmetric^ 
transitive relation, or if it be the whole of the terms having a certain 
asymmetrical transitive relation to a given term, we may substitute 
stretch for distance ; and even if the series be only part of such a series, 
we may substitute the stretch in the complete series of which our series 
forms part. But we must, in order to give any meaning to cohesion, 
have something numerically measurable. How far this condition is 
necessary, and what can be done without it, I shall show at a later 
stage. It is through this condition that our discussions of quantity 
and measurement, in Part III, become relevant to the discussion of 
continuity. 

* Aeta Math, ii, p. 408. 

t Aeta Math. 11 , pp. 405, 400; MannichfaUigkMtitkhre, p. 31. 

I The words in several ways ” seem superfluous. They are omitted by Vivanti : 
see Formulaire de Mathimatiques, Vol. i, vi, § 1, No. 22. 
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If the distances or stretches in our series do not obey the axiom of 
Archimedes, there are some among them that are incapable of a finite 
numerical measure in terms of some others among them. In this case^ 
there is no longer an analogy of the requisite kind with either the 
rational or the real numbers, and the series is necessarily not 
cohesive. For let 8, d be two distances ; let them be such that, for any 
finite number n, nS is less than d. In this case, if S be the distance e, and 
d be the distance tt\ it is plain that the condition of cohesion cannot 
be satisfied. Such cases actually occur, and — what seems paradoxical — 
they can be created by merely interpolating terms in certain cohesive 
series. For example, the series of segments of rationals is cohesive; 
and when these segments have rational limits, the limits are not 
contained in them. Add now to the series what may be called the 
completed segments, Le, the segments having rational limits together 
with their limits. These are new terras, forming part of the same series, 
since they have the relation of whole and part to the former terms. But 
now the difference between a segment and the corresponding completed 
segment consists of a single rational, while all other differences in the 
series consist of an infinite number of rationals. Thus the axiom of 
Archimedes fails, and the new series is not cohesive. 

ITie condition that distances in the series are to have no minimum is 
satisfied by real or rational numbers; and it is nec‘essary, if cohesion 
is to bfe extended to non-numencal series, that, when any unit distance 
is selected, there should be distances whose numerical measure is less 
than €, where e is any rational number. For, if there be a minimum 
distance, we cannot make our distances tti^ less than this minimum, 
which is contrary to the definition of cohesion. And there must not 
only be no minimum to distances in general, but there must be no 
minimum to distances from any given term. Hence every cohesive series 
must be compact, i,e. must have a term between any two. 

It must not be supposed, however, that every compact series is 
cohesive. Consider, for example, the series formed of 0 and 2 — w/n, 
where w, n are any integers such that rn is less than n. Here there 
is a term between any two, but the distance from 0 cannot be 
made less than 1. Hende the series, though compact, is not co- 
hesive, This series, however, is not complete, being part only of the 
series of rationals, by means of which its distances are measured. In 
a complete series, the conditions are somewhat different. We must 
distinguish two cases, according as there are or are not di.stances. 
(o) If there are distances, and equal distances do not correspond to 
equal stretches, it may happen that, though the series is compact, the 
distances from some term never become less than some finite distance. 
This case would be presented by magnitudes, if we were to accept 
Meinong^s opinion that the distance of any finite magnitude from zero 
is always infinite (op. cU. p. 84). It is presented by numbers, if we 
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measure distances (as there are many reasons for doing) by log a'ly. 
Thus in this case, with regard to distances, the series is not cohesive, 
though it is complete and compact, (b) If there are no distances, 
but only stretches, then, assuming the axiom of Archimedes, any stretch 
will be less than we, for a suitable value of n. Hence, dividing 
the stretch into n parts, one at least of these will be less than c. But 
there is no way of pi*oving that all can be made less than e, unless we 
assume either the axiom of linearity (that any stretch can be divided 
into n equal parts), or a more complicated but more general axiom, to 
the effect that a stretch d can be divided into n parts, each of which is 
greater than d / (w + 1) and less than d / (n — 1 ), whatever integer n may 
be. With this axiom and the axiom of Archimedes, a complete compact 
series must be cohesive; but these two axioms together render com- 
pleteness superfluous and compactness redundant. Thus we sec that 
cohesion is in almost all cases a condition distinct from compactness. 
Compactness is purely serial, while cohesion has essential reference to 
numbers or to the conditions of numerical measurement. Cohesion 
implies compactness, but compactness never implies cohesion, except 
in the sole case of the complete series of rationals or real numbers. 

273 . (2) To explain what is meant by a 'perfect serie.s is more 
difficult. A series is perfect when it coincides with its first derivative*. 
To explain this definition, we must examine the notion of the derivatives 
of a series and this demands an explanation of a Umiting-pohit of a 
series. Speaking generally, the terms of a series are of two kinds, those 
which Cantor calls isolated points, and those which he calls limiting- 
points. A finite series has only isolated points ; an infinite series must 
define at least one limiting-point, though this need not belong to the 
series. A limiting-point of a series is defined by ("antor to be a term 
such that, in any interval containing the term, there are an infinite 
number of terms of the series (/ft. p. 343). The definition is given in 
terms of the points on a line, but it has no essential reference to space. 
The limiting-point may or may not be a term of the original series. 
The assemblage of all limiting-points is called the flrst derivative of the 
series. Tlie first derivative of the first derivative is called the second 
derivative, and so on. Peano gives the definition of the firet derivative 
of a class of real numbei’s as follows : Let m be a class of real numbers, 
and let a: be a real number (which may or may not be a u) such that the 
lower limit of the absolute values of the differences of x from terms of u 
other than x is zero ; then the class of terms x satisfying this condition 
is the first derivative of mJ. This definition is virtuaDy identical with 
that of Cantor, but it brings out more explicitly the connection of the 
derivative with limits. A series, then, is perfect, when it consists of 

* Acta Math, ii, p. 405. t lb. pp. 341-4. 

J Formulaire, Vol. ii. No. 3 (1899), § 71, 4*0. 
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exactly the same terms as its first derivative ; i.e. when all its points are 
limiting-points, and all its limiting-points belong to it. 

274 . But with regard to the latter point, namely, that all limiting- 
points of the series must belong to it, some explanation is necessaiy. 
Take, for example, the series of rational numbers. Every rational 
number is the limit of some series of rational numbers, and thus the 
rationals are contained in their first derivative. But as regards those 
series of rationals which do not have a rational limit, we agreed in the 
preceding chapter that they do not have a limit at all. Hence all series 
of rationals which have a limit have a rational limit, and therefore, by 
the letter of the definition, the rationals should form a perfect series. 
But this is not the case. Cantor, as we saw in connection with irrationals, 
believes, what we were compelled to regard as erroneous, that every series 
fulfilling certain conditions, which may he called the conditions of con- 
vergency, must have a limit. Hence he regards those series of rationals 
which have no rational limit as having an irrational limit, and as therefore 
having a limit not belonging to the series of rationals ; and therefore the 
series of rationals does not contain all the terms of its first derivative. 
In fact, the first derivative of the rational numbers is held to be the real 
numbers. But when we regard the real numbers as segments of rationals, 
it is impossible to take this view; and when we deny the existence- 
theorem for limits, it is necessary to modify Cantor’s definition of 
perfection*. This modification we must now examine. 

What we must say is, that a series is perfect when all its points are 
limiting-points, and when further, any series being chosen out of oui 
first series, if this new series is of the sort which is usually regarded as 
defining a limit, then it actually has a limit belonging to our first series. 
To make this statement precise, we must examine what are the condi- 
tions usually considered as defining a limit. In the case of denumerable 
series, they are simple, and have already been set forth. They come to 
this, that, given any distance e, however small, all the terms of our series 
after some definite term, say the 7ath, are such that any two of them 
have a difference whose absolute value is less than e. This statement, 
it will be seen, involves either number or quantity, i.e. it is not purely 
ordinal. It is a curious fact that, though the supposed condition for 
the existence of a limit cannot, by our present method, be stated in 
purely ordinal terms, the limit of a denumerable series, if there be one, 
can always be defined in purely ordinal terms. I shall distinguish 
Cantor’s fundamental series in a compact series into progressions and 
regi'essions, according as earlier terms have to later ones always the 

I'elation P, or always the relation P (where P is the generating relation 
of the compact series in which the said progressions and regressions are 

* This point is ably discussed by Couturat, Revue de Met. et de Morale, March, 
1900, p. 167. 
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contained). The compact series is further assumed to be complete. A 
term x is then the limit of a progression, if every term of the progression 
has to X the relation P, while every term which has to x the relation P 
also has this relation to some term of the progression. This definition, 
it will be seen, is purely ordinal ; and a similar definition will apply to a 
regression. 

Let us examine next what are the usual conditions for the existence 
of a limit to a non-denumerable series. When we come to examine 
non-numerical series, we shall find it inconvenient to be restricted to 
denumerable series, and therefore it will be well to consider other series 
at once. Here, of course, if any denumerable series contained in our 
laiger series fulfils the conditions for a limit, there will be a corresponding 
definition of a limiting-point in our larger series. And the upper or 
lower limit of the whole or part of our larger series, if there is one, may 
be defined exactly as in the case of a progression or a regression. But 
general conditions for the existence of a limit cannot be laid down, 
except by reference to denumerable series contained in our larger series. 
And it will be observed that Cantor\s definition of a limiting-point 
assumes the existence of such a point, and cannot be turned into a 
definition of the conditions under which there are such points. This 
illustrates the great importance of Cantor’s fundamental series. 

The method of segments will, however, throw some light on this 
matter. We saw in Chapter xxxiii that any class of terms in a series 
defines a segment, and that this segment sometimes can, but sometimes 
cannot, be defined by a single term. When it can be so defined, this term 
is its upper limit ; and if this term does not belong to the class by which 
the segment was defined, then it is also the upper limit of that class. 
But when the segment has no upper limit, then the class by which the 
segment was defined also has no upper limit. In all cases, however — 
and this is one of the chief virtues of segments — the segment defined by 
an infinite class which has no upper limit is the upper limit of the 
segments defined by the several members of the class. Thus, whether 
or not the class has an upper limit, the segments which its various 
terms define always have one — provided, that is, that the compact series 
in which the class is contained has terms coming after all terms of 
the class. 

We can now express, without assuming the existence of limits in 
cases where this is not demonstrable, what is meant by a series containing 
its first derivative. When any class of terms is contained in a compact 
series, the conditions which are commonly said to insure the existence 
of an upper limit to the class, though they do not insure this, do invsure 
an upper limit to the class of segments defined by the several members 
of the class. And as regards lower limits, the same proposition holds 
^concerning what we called upper segments. Hence we may define : A 
class u of terms forming the whole or part of a series is perfect when 
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each of the terms of u is the upper or lower limit of some class contained 
in and when, if n be any class contained in u, and the lower segments 
defined by the several members of v have an upper limit, or the upper 
segments have a lower limit, this limiting segment is one of those that 
can be defined by a single term of «, i.e, have a term of u for their 
upper or lower limit respectively. This definition, it must be admitted, 
is more complicated than Cantor^ but it is free from the unjustifiable 
CLssuniption of the existence of limits. 

We may repeat the definition of perfection in what is perhaps less 
difficult language. Given any series, and any class of terms u contained 
in this series, therc are an upper and a lower segment corresponding to 
every term of u. Any infinite set of terms v l)eing chosen out of w, 
there are certain conditions which are commonly said to insure that v 
has an upper limit, which, it is admitted, may belong neither to ti, nor 
to the series in which w is contained. What these conditions do insure, 
however, is that the class of low^er segments corresponding to v has an 
upper limit. If tht' series is perfect, r will have an upper limit whenever 
the corresponding class of segments has one, and this upper limit of v 
will l)e a term of i/. The definition of perfection requires that this 
should hold both for upper and lower limits, and for any class v con- 
tained in u. 

278^ As the question concerning the existence of limits, which has 
necessitated the above complication, is one of some philosophical im- 
portance, I shall repeat the arguments against assuming the existence 
of limits in the class of series to which the rational numbers lielong. 
Where a series is imperfect, while its first derivative is perfect, there 
the first derivative is logically prior to its own formation. That is to 
say, it is only by presupposing the perfect series that it can be shown 
to be the derivative of the im|)erfect series. We have already seen that 
this is the case with individual iiTational numbers; it is easy to see 
that the principle is general. Wherever the derivative contains a term 
not belonging to the original series, that term is the limit of some 
denumerable series forming an integral part of the fii’st series. If this 
series with a limit have the general term then — wording the defi- 

nition so as not to apply only to series of numbers — there is always a 
definite number m, for any specified distance e, however small, such 
that, if n is greater than w, the distance between an^p and «,» is less 
than 6, whatever positive integer ]) may be. From this it is inferred 
that the series («„) has a limit, and it is shown that, in many cases, 
this limit cannot belong to the series out of which the series {«„) was 
chosen. But the inference that there is a limit is precarious. It may 
be supported either by previous knowledge of the term which is the 
limit, or by some axiom necessitating the existence of such a term. 
When the term which is the limit is independently known, it may be 
easily shown to be the limit. But when it is not known, it cannot be 
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proved to exist at all, unless we introduce some axiom of continuity. 
Such an axiom is introduced by Dedekind, byt we saw that his axiom 
is unsatisfactory. The principle of abstraction, which shows that two 
coherent series have something in common, is fully satisfied by segments. 
And in some cases, among which is that of the rationals, it seems that 
the constitutive relation of the imperfect series cannot hold between any 
terms not belonging to this series, so that the existence of limits not 
belonging to the series is wholly impossible. For a limit must have 
a certain position in a series of which the series which it limits forms 
part, and this requires some constitutive relation of which the limit, as 
well as the terras limited, must be capable. An independent complete 
series, such ^ the rationals, cannot, in fact, have any limiting-points 
not belonging to it. For, if H be the constitutive relation, and two 
terms a, &, have the relation /{, any third term c, which has this relation 
or its converse to either, and therefore both, of the terms «, 6 , belongs 
to the same series as a and A. But the limit, if it exists, must have the 
constitutive relation to the terms which it limits ; hence it must belong 
to the complete series to which they belong. Hence any series which 
has actual limiting-points not belonging to it is only part of some 
complete series; and a complete series which is not perfect is one in 
which the limits defined in the usual way, but not belonging to the 
series, do not exist at all. Hence, in any complete series, either some 
definable limits do not exist, or the series contains its first derivative. 

In order to render the arbitrariness of assuming the existence of 
limits still more evident, let us endeavour to set up an axiom of con- 
tinuity more irreproachable than Dedekind’s. We shall find that it can 
still be denied with perfect impunity. 

When a numl>er of positions in a series continually differ less and 
less from each other, and are knowm to be all on one side of some given 
position, there must exist (so our axiom might run) ,some position to 
which they appioximate indefinitely, so that no distance can be specified 
so small that they will not approach nearer than by this distance. If 
this axiom be admitted, it will follow that all imperfect series, whose 
first derivatives are perfect, presuppose these first derivatives, and are to 
be regarded as selections from them. Let us examine the consequences 
of denying our axiom in the case of a series of numbers. In this 
case, the unwary might suppose, the position next to all the terms 
0,19 but not belonging to them, would be (say) p, where p~~a^ is 
greatei’ than e, for a suitable value of e, whatever n may be. But 
if our series is compact, there is a term between p and ^ — e, say p\ 
Thus p' — CLn is less than p — Un^ whatever n may be. Thus p* is 
nearer all the ah than p is, contrary to the hypothesis. But the 
above denial was not direct, and the fact that it seemed correct 
illustrates the fallacies which in this subject are hard to avoid. The 
axiom is : There is a term to which the ah approach as near as we like. 
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The denial was: There is a term nearest to the a^s, but at a finite 
distance. The denial should have been: There is no term to which 
the a’s approach as near as we like. In other words, whatever term we 
specify, say p, there is some finite distance e, such that p — greater 
than €, whatever On may be. This is true in the case of series of rational 
numbers which have no rational limit. In this case, there is no term 
nearest to the a'^s, but at a finite distance, while also, whatever term 
beyond all the a\ we specify (except where our series has a rational 
limit), none of the a's approach nearer to this term than by a certain 
finite distance e. Every term beyond the a\s is at more than some 
finite distance from all of them, but there is no finite distance which 
every term beyond the a’s exceeds. The introduction of irrationals 
introduces symmetry into this odd state of things, so that there is a 
term to which the a’s approach indefinitely, as well as a series of terms 
indefinitely approaching the «'’s. When irrationals are not admitted, 
if we have a term p after all the a’s, and a small distance e, then, if e 
be specified, p can be chosen so that p — An is less than e, whatever n 
may be ; but if p be sjjecified, an e can ahvays be found (except when 
the limit is rational) so that p — Un is greater than 6, whatever n may be. 
Tliis state of things, though curious, is not self-contradictory. The 
admission of irrationals, as opposed to segments, is thus logically iin- 
nece.ssary ; as it is also mathematically superfluous, and fatal to the 
theory of rationals, there are no reasons in its favour, and strong reasons 
against it. Hence, finally, any axiom designed to show the existence 
of limits in cases where they cannot otherwise be shown to exist, is 
to be rejected ; and Cantor’s definition of ptu-fection must be modified 
as above. This conclusion will, in future, be regarded as established. 

Having now analyzed Cantor’s earlier definition of c:ontinuity, I shall 
proceed to examine his later ordinal definition, and tlie application of 
its various portions to series more general than those of numbers, 
showing, if possible, the exact points in which these various portions 
are required. 



CHAPTER XXXVI. 


ORDINAL CONTINUITY*. 

276 . The definition of continuity which we examined in the pre- 
ceding chapt^ w'as, as we saw, not purely ordinal ; it demanded, in at 
least two points, some reference to either numbers, or numerically 
measurable magnitudes. Nevertheless continuity seems like a purely 
ordinal notion ; and this has led Cantor to construct a definition which 
is free from all elements extraneous to order"!". I shall now examine 
this definition, as well as othci's which may be suggested. We shall find 
that, so long as all references to number and quantity are excluded, there 
are theorems of great importance, especially as regai-ds fundamental 
series, which, with any suggested ordinal definition except that of 
Cantor, remain indemonstrable, and are presumably sometimes falsej — 
a fact from which the merits of Cantor’s definition, now to be given, are 
apparent. 

277 . Cantor’s definition of the continuum in his later article§ is as 
follows. We start (§ 9) from the type of series presented by the rational 
numbers greater than 0 and less than 1, in their order of magnitude. 
This type we call rj, A series of this type we define by the following 
marks. (1) It is denumerable, that is, by taking its terms in a suitable 
oixler (which, however, must be different from that in which they are 
given), we can give them a one-one correspondence with the finite 
integers. (2) The series has no first or last term. (3) There is a term 
between any two, i.e. the series is compact (iiherall dicht). It is then 
proved that these three characteristics completely define the type of 
order presented by the rationals, that is to say, there is a one-one 
coiTespondence, Ixitween any two series having these three properties, in 
which earlier terms coiTespond to earlier terms, and later ones to later 
ones. This is established by the use of mathematical induction, which 
is applicable in virtue of the fact that series of this type are denumer- 

* ITie present chapter deals with the same subject as M. Couturat's article, “Sur 
la dehiiitioii du Coiitiiiu,” Herne de Midaphyeiqne et de Moratey March, 1900. 1 agree 
ill the main with this article, in which much of what 1 said in the preceding chapter, 
and shall say in this, will be found. 

f Math. Annaleiiy xi.vi. 

I Mathematical proofs of such theorems as are not already well known will be 
found in IldM, vii, 3. 

§ Math, Annaiw, xcvi, § 11. 
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able. Thus all series which are denumerable, endless*, and compact, 
are ordinally similar. We now proceed (§ 10) to the consideration of 
fundamental series contained in any one-dimensional series M. We 
show (as has been already explained) what is meant by calling two 
fundamental series coherent^ and we give an ordinal definition of the 
limit of a fundamental series, namely, in the case of a progression, the 
limit comes after the whole progression, but every term before the limit 
comes before some tenn of the progi-ession ; with a corresponding 
definition for the limit of a regi'ession. We prove that no fundamental 
series can have more than one limit, and that, if a fundamental series 
has a limit, this is also the limit of all coherent series; also that two 
fundamental series, of which one is part of the other, are coherent. Any 
term of M which is the limit of some fundamental series in M is called 
a principal term of M. If all the terms of M are principal terms, M is 
called condejuted in itself If every fundamental series in M 

has a limit in J/, M is called closed (abgeschlossen)f. If M is both 
closed and condensed in itself, it is perfect. All these properties, if they 
belong to JIf, belong to any series which is ordinally similar to M. 
With these preparations, we advance at last to the definition of the 
continuum (§11). Let 0 be the type of the series to which belong the 
real numbers from 0 to 1, both inclusive. Then 6^ as we know, is a 
perfect type. But this alone does not characterize 0. It has further 
the property of containing within itself a series of the type 17, to which 
the rationals belong, in such a way that between any two terms 
of the ^-series there are terms of the 77-series. Hence the following 
definition of the continuum : 

A one-dimensional continuum M is a series which (1) is perfect, 
(2) contains within itself a denumerable series S of which there are 
terms between any two terms of M. 

In this definition, it is not necessary to add the other properties 
which are required to show that S is of the type 77. For if S had a first 
or last term, this would be also the first or last term of J/; hence we 
could take it away from and the remaining series would still satisfy 
the condition (2), but would have no first or last term; and the 
condition (2) together with (1) insures that S is a. compact series. 
Cantor proves that any series M satisfying the above conditions is ordi- 
nally similar to the number-continuum, i,e. the real numbers from 0 to 1, 
both inclusive; and hence it follows that the above definition includes 
precisely the same class of series as those that were included in his 
former definition. He does not assert that his new definition is purely 
ordinal, and it might be doubted, at first sight, w^hether it is so. Let 
us see for ourselves whether any extra-ordinal notions are contained in it. 

* Lb, having neither a beginning nor an end. 

t Not to be confounded with the elementary sense of a closed series discussed in 
Part IV, 
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278. The only point as to which any doubt could arise is with 
regard to the condition of being denumerable. To be a denumerable 
collection is to be a collection whose terms are all the terms of some 
progression. This notion, so far, is purely ordinal. But in the case 
supposed, that of the rationals or of any ordinally similar series, the 
terms forming the series must be capable of two orders, in one of which 
they form a compact series, while in the other they form a progression. 
To discover whether or not a given set of terms is capable of these two 
orders, will in general demand other than ordinal conditions; never- 
theless, the notion itself is purely ordinal. Now we know, from the 
similarity of all such series to the series of rationals (which involves only 
ordinal ideas),' that no such series is perfect. But it remains to be seen 
whether we can prove this without appealing to the special properties 
of the rationals which result from there being a series in which there is 
distance. We know, as a matter of fact, that no denumerable series can 
be perfect*, but we want here a purely ordinal proof of this theorem. 
Such a proof, however, is easily given. For take the terms of our 
denumerable compact series S in the order in which they form a 
progression, and in this oirier call them w. Starting with the first in 
this order, which we will call there must be one which, in the other 
order follows this term. Take the first such term, x ^ , as the second 
in a fundamental series r. This term has a finite number of predecessoi-s 
in the progression Uy and therefore has successors in S which are also 
successors in m; for the number of successors in S is always infinite. 
Take the first of these common successors, say jto, as the third term of 
our fundamental series v. Proceeding in this way, we can construct an 
ascending fundamental series in Sy the terms of which have the same 
order in u as in S. This series cannot have a limit in *S’, for each term Xn 
succeeds, in jS, every term which precedes it in u. Hence any term of S 
will be surpassed by some term x^ of our fundamental series Vy and 
hence this fundamental series has no limit in S. ITie theorem that a 
denumerable endless series cannot be perfect is, therefore, purely ordinal. 
From this point onwards there is no difficulty, and our former theory of 
segments enables us to state the matter simply. Given a denumerable, 
endless, compact series Sy construct all the segments defined by funda- 
mental series in S, These form a perfect series, and between any two 
terms of the series of segments there is a segment whose upper (or 
lower) limit is a term of S. Segments of this kind, which may be called 
rational segments, are a series of the same type as Sy and are contained 
in the whole series of segments in the required manner. Hence the 
ordinal definition of the continuum is complete. 

279. It must not be supposed that continuity as above defined can 
only be exemplified, in Arithmetic, by the devious course from integers 
to rationals, and thence to real numbers. On the contrary, the integers 

* Acta Mathematica, n, p. 409. 
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themselves can be made to illustrate continuity. Consider all possible 
infinite classes of integers, and let them be arranged on the following 
plan. Of two classes m, v, of which the smallest number in u is less than 
the smallest in r, u comes firat. If the first n terms of u and v are 
identical, but the (w + 1)^^ terms are diffei'ent, that which has the 
smaller term is to come firet. This series has a first term, 

namely, the whole class of the integers, but no last term. Any completed 
segment of the series, however, is a continuous series, as the reader can 
easily see for himself. The denumerable compact series contained in it 
is composed of those infinite classes which contain all numbers greater 
than some number, i.e, those containing all but a finite number of 
numbers. Thus classes of finite integei’s alone suffice to generate con- 
tinuous series. 

280. The above definition, it will be observed, depends upon pro- 
gressions. As progressions are the very essence of discreteness, it seems 
paradoxical that we should require them in defining continuity*. And, 
after all, as it is certain that people have not in the past associated any 
precise idea with the word contimnty^ the definition we adopt is, in some 
degree, arbitrary. Series having the properties enumerated in Cantoris 
definition would generally be called continuous, but so would many others 
which his definition excludes. In any case it will be a valuable inquiry 
to ask what can be done by compact series without progressions. 

Let u be any endless compact series, whose generating relation is P, 
and concerning w hich nothing further is known. Then, by means of any 
term or any class of terms in we can define a segment of ti. Let us 
denote by U the class of all lower segments of u. A lower segment, it 
may be well to repeat, is a class i* of terms contained in w, not null, 
and not coextensive with and such that v has no last term, and 
every term preceding a r is a v. In the converse case, when v has 
no first term, and every term following a v is a u, v is called an 
upper segment. It is then easy to prove that every segment consists 
of all the terms preceding (or following) either some single term of w, or 
a variable term of some class of terms of u ; and that every single term, 
and every class of terms, defines an upper and a lower segment in this 
manner. Then, if V denote the class of upper segments, it is easy to 
prove that both U and V are again endless compact series, whose 
generating relation is that of whole or part ; while if u has one or two 
ends, so have U and T, though the end-terms are not segments according 
to the definition. If we now proceed to the consideration of segments 

* Mr Whitehead has shown that the following simpler definition is equivalent 
to Cantor’s. A series is continuous when (1) every segment, upper or lower, has a 
limit, and the series has a first and a last term ; (2) a denumerable compact series is 
contained in it in such a way that there are terms of this latter series between any 
two terms of our original series. In this definition, progressions are relevant only 
in defining a denumerable series. 
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in (7 or r(f7 say), we shall find that the segment of fTs defined by any 
class whatever of fTs can always be defined by a single which, if the 
class is infinite and has no l8U5t term, is the upper limit of the class, and 
vjrhich, in all cases, is the logical sum of all the members of the class — 
members which, it must be I'einembered, are all themselves classes 
contained in m*. Hence all classes contained in U and having no last 
term have an upper limit in U \ and also (what is a distinct proposition) 
all classes contained in U and having no first term have a lower limit 
in f7, except in the case where the lower limit is the logical zero or 
null-class ; and the lower limit is always the logical product of all the 
classes composing the class which it limits. Thus by adding to U the 
null-class, we Insure that U shall be a closed series. There is a sense 
in which U is condensed in itself, namely, this : every term of U is the 
upper limit of a suitably chosen class contained in for every term is 
the upper limit of the segment of which it defines ; and every term 
of C7 is a lower limit of the class of those IPh of which it is a proper 
part. But there is absolutely no proof, so far at least as I have beer 
able to discover, that every term of U is the upper or lower limit of a 
fundamental series. '^There is no a priori reason why, in any series, the 
limit of any class should always be also the limit of a fundamental 
series ; this seems, in fact, to be a prerogative of series of the types to 
which rationals and real numbers respectively belong. In our present 
case, at least, though our series is, in the above general sense, condensed 
in itself, there seems no reason for supposing its terms to be all of them 
limits of fundamental series, and in this special sense the series may not 
be condensed in itself. 

281 . It is instructive to examine the result of confining the terms 
of U to such segments as can be defined by fundamental series. In this 
case it is well to consider, in addition to upper and lower segments, their 
supplements, as they may l)e called, of which I shall shorily give the 
definition. Let a compact series i* be given, generated by a transitive 
asymmetrical relation and let u be any fundamental series in v. If 
earlier terms of u have to later ones the relation P, I shall call n a 
progression ; if the relation P^ I shall call ii a regression. If now w be 
any class whatever contained in i’, w defines, as we have already seen, 
four other classes in namely (I) the class of terms before every 
which I shall call wir ; (2) the class of terms after every which I shall 
call rwr; (3) the class of terms before some which I shall call 
(4) the class of terms after some which I shall call ww. The classes 
(3) and (4) are lower and upper segments respectively ; the classes (1) and 

^ Hie definition of the logical sum of the members of a class of classes, in a form 
not involving finitude, is, I believe, due to Peaiio. It is as follows ; Let w be a class 
of classes ; then the logical sum of the members of w is the class of terms x such that 
there is some class belonging to tr, to which x belongs. See Formulaire, Vol. ii. 
Part 1 (1897), No. 4G1. 
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(2) are supplements to (4) and (S) respectively, and I shall call them 
supplement^ segments. When w has an upper limit, this is the first term 
of irir, and thus is not a segment, since no upper segment has a first 
term. But when vs has no upper limit, then, whether vs be finite or 
infinite, awr is a segment. Similar remarks apply to lower limits. If vs 
has a last term, this belongs neither to irio nor to zrfr, but all other terms 
of xt belong to one or other class ; if w has no last term, all terms of v 
belong to ttw or rctr. Similar rem€U*ks apply to wir and ww] Applying 
these general definitions to the casc^ of progressions and regressions, 
we shall find that, for a progression, only the classes (2) and (3) are 
important; for a regression, only the classes (1) and (4). The question 
where a progression begins or a regression ends is quite unimportant. 
Since a progi'ession has no last term, and a regression no first term, 
the segment defined by either, together with its supplement, contains 
every term of v. Whether progi-essions and regressions in v have limits 
always, sometimes, or never, there seems no way of deciding from the 
given premisses. I have not been able to discover an instance of a 
compact series where they never have limits, but I cannot find any proof 
that such an instance is impossible. 

Proceeding now to classes of segments, as we proceeded before to our 
class f/, we have here four such classes to consider, namely : (1) The class 
i^TT, each of whose terras is the class i/tt defined by some regression m, 
i.^., the terms of v which come before all the terms of some regression in 
r ; (2) the class consisting of all the classes w?r defined by pro- 
gressions u ; (3) the class 7rr, whose terms are tt?/, where u is some 
progression \ (4) the class vtt, whose terms are wtt, where u is some 
regression. Each of these four classes is a class of classes, for its terms 
are clcuises contained in xk Each of the four is itself a compact series. 
There is no way of proving, so far os I know, that (1) and (3), or (2) 
and (4), have any common terms. Each pair would have a common 
term if v contained a progression and a regression which were coherent, 
and had no limit in v, but there is no way of discovering whether this 
case ever arises in the given series v. 

When we come to examine whether the four classes thus defined are 
condensed in themselves, we obtain the most curious results. Every 
fundamental series in any one of the four classes has a limit, but not 
necessarily in the series of which its terms are composed, and conversely, 
every term of each of our four classes is the limit of a fundamental 
series, but not necessarily of a series contained in the same class to which 
the limiting term belongs. The state of things, in fact, is as follows ; 

Every progression in vv or irv has a limit in irv. 

Every progression in vw or wv has a limit in ^v. 

Every regression in vtt or irv has a limit in vir. 

Every regression in vw or 5ri; has a limit in utt. 

Every term of vir is the limit of a regi'ession in vtt and of one in ttv. 
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Every term of r?? is the limit of a regression in and of one in ffi'. 
Every term of irv is the limit of a progression in vrr and of one 
in TTv. 

Every term of is the limit of a progression in and of one 
in TTi’. 

Hence vir is identical with the class of limits of regressions in vir or irv ; 
xm is identical with the class of limits of regressions in or m ; 
irv is. identical with the class of limits of progressions in vir or irv ; 
m is identical with the class of limits of progressions in ^v or v^. 
Thus each of our four classes has a kind of one-sided perfection; 
two of the four are perfect on one side, the other two on the other. 
But I cannot prove of any one of the four classes that it is wholly 
perfect. We might attempt the combination of vir and irv^ and also of 
and ttt;. For vir and iri^ together form one series, whose generating 
relation is still whole and part. This series will be perfect, and will 
contain the limits alike of progressions and of regi*essions in itself. But 
this series may not be compact ; for if there be any progression u and 
regression i/' in u, which both have the same limit in v (a case which, as 
we know, occurs in some compact series), then iru and u'lr will be 
consecutive terms of the series formed of irv and vir together, for uir 
will contain the common limit, while iru will not contain it, but 
all other terms of v will belong to both or to neither. Hence when our 
series is compact, we cannot show that it is perfect ; and when we have 
made it perfect, we can show that it may not be compact. And a 
series which is not compact can hardly be called continuous. 

Although we can prove that, in our original compact series v^ there 
are an infinite number of progressions coherent with a given progression 
and having no term in common with it, we cannot prove that there is 
even one regression coherent with a given progression ; nor can we 
prove that any progression or regression in v has a limit, or that 
any term of v is a limit of a progression or regression. We cannot 
prove that any progression u and regression u are such that iru = wV, 
nor yet that iru and uir may differ by only a single term of v. Nor, 
finally, can we prove that any single progression in vir has a limit in vir^ 
with similar propositions concerning the other three classes i;??, irVy tti*. 
At least, I am unable to discover any way of proving any of these 
theorems, though in the absence of instances of the fklsity of some 
of them it seems not improbable that these may be demonstrable. 

If it is the fact — as it seems to be — that, starting only from a 
compact series, so many of the usual theorems are indemonstrable, 
we see how fundamental is the dependence of Cantor’s ordinal theory 
upon the condition that the compact series from which we start is to be 
denumerable. As soon as this assumption is made, it becomes easy 
to prove all those of the above propositions which hold concerning the 
types 71 and 0 respectively. This is a fact which is obviously of con- 
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siderable philosophical importance ; and it is with a view of bringing it 
out clearly that I have dwelt so long upon compact series which 
are not assumed to be denumerable. 

282. The remark which we made just now, that two compact 
series may be combined to fonn one which sometimes has consecutive 
terms, is rather curious, and applies equally to continuity as defined by 
Cantor. Segments of rationals form a continuous series, and so do 
completed segments {i,e. segments together with their limits); but the 
two together form a series which is not compact, and therefore not 
continuous. It is certainly contrary to the usual idea of continuity 
that a continuous series should cease to be so merely by the interpolation 
of new terms between the old ones. This should, according to the usual 
notions, make our series still more continuous. It might be suggested 
that, philosophically speaking, a series cannot be called continuous unless 
it is complete^ i.e. contains a certain term together with all the terms 
having to the given term a specified asymmetrical transitive relation or its 
converse. If we add this condition, the series of segments of rationals is 
not complete with regard to the relation by which we have hitherto 
regarded it as generated, since it does not consist of all classes of 
rationals to whiih a given segment has the relation of whole and part, 
and each of which contains all terms less than any one of its terms — 
this condition is also satisfied by completed segments. But every series 
is complete with regard to some relation, simple or complex. This is 
the reason why completeness need not, from a mathematical standpoint, 
be mentioned in the definition of continuity, since it can always be 
insurc^l by a suitable choice of the generating relation. 

We have now seen in what Cantors definition of continuity consists, 
and we have seen that, while instances fulfilling the definition may 
be found in Arithmetic, the definition itself is purely ordinal — the only 
datum required is a denumerable compact series. Whether or not the 
kind of series which Cantor defines as continuous is thought to be the 
most similar to what has hitherto been vaguely denoted by the word, 
the definition itself, and the steps leading to it, must be acknowledged 
to be a triumph of analysis and generalization. 

Before entering upon the philosophical (juestions raised by the 
continuum, it will be well to continue our review of Cantor’s most 
remarkable theorems, by examining next his transfinite cardinal and 
ordinal numbei's. Of the two problems with which this Part is 
concerned, we have hitherto considered only continuity ; it is now time 
to c'onsider what* mathematics has to say concerning infinity. Only 
'When this has been ac'complished, shall we be in a position adequately 
to discuss the closely allied philosophical problems of infinity and 
continuity. 



CHAPTER XXXVIL 

. TRANSFINITE CARDINALS. 

283. The mathematical theory of infinity may almost be said 
to begin with Cantor. The Infinitesimal Calculus, though it cannot 
wholly dispense with infinity, has as few dealings with it as possible, 
and contrives to hide it away before facing the world. Cantor has 
abandoned this cowardly policy, and has brought the skeleton out of its 
cupboard. He has been emboldened in this course by denying that it 
is a skeleton. Indeed, like many other skeletons, it was wholly 
dependent on its cupboard, and vanished in the light of day. Speaking 
without metaphor, Cantor has established a new branch of Mathematics, 
in which, by mere correctness of deduction, it is shown that the 
supposed contradictions of infinity all depend upon extending, to the 
infinite, results which, while they can be proved concerning finite 
numbers, are in no sense necessarily true of all numbers. In this theory, 
it is necessary to treat separately of cardinals and ordinals, which are 
far more diverse in their properties when they are transfinite than when 
they are finite. Following the same order as previously — the order 
which seems to me to be alone philosophically correct — I shall begin 
with transfinite cardinals*. 

284. The transfinite cardinals, which ai*e also called powers^ may be 
defined in the first place so as to include the finite cardinals, leaving it 
to be investigated in what respects the finite and the transfinite are 
distinguished. Thus Cantor gives the following definition^. 

We call the power or cardinal number of M that general idea 
which, by means of our active faculty of thought, is deduced from the 
collection Jf, by abstracting from the nature of its diverse elements and 
from the order in which they are given.’’ 

This, it will be seen, is merely a phrase indicating what is to be 
spoken of, not a true definition. It presupposes that eveiy collection 

* This is the order followed in Math, Anmilen^ xlvi, but not in the Mannich- 
JiUtigkeitslehre. 

t Math. Annalen, xlvi, ^ 1. 
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has some such property as that indicated — a property, that is to 
say, independent of the nature of its terms and of their order ; depend- 
ing, we might feel tempted to add, only upon their number. In fact, 
number is taken by Cantor to be a primitive idea, and it is, in his theory, 
a primitive proposition that every collection has a number. He is 
therefore consistent in giving a specification of number which is not a 
formal definition. 

By means, however, of the principle of abstraction, we can give, as 
we saw in Part II, a formal definition of cardinal numbers. This 
method, in essentials, is given by Cantor immediately after the above 
informal definition. We have already seen that, if two classes be called 
mmilar when there is a one-one relation which couples every term of 
either with one and only one term of the other, then similarity is sym- 
metrical and transitive, and is reflexive for all classes. A one-one relation, 
it should be observed, can be defined without any reference to number, 
as follows ; A relation is one-one when, if x has the relation to 3/, and x 
differs from x^ y* from y^ then it follows that x^ does not have the 
relation to y^ nor x to y. In this there is no reference to number ; and 
the definition of similarity also is therefore free from such reference. 
Since similarity if* reflexive, transitive, and symmetrical, it can be 
analyzed into the product of a many-one relation and its converse, and 
indicates at least one common property of similar classes. This property, 
or, if there be several, a certain one of these properties, we may call the 
cardinal number of similar classes, and the many-one relation is that of 
a class to the number of its terms. In order to fix upon one definite 
entity as the cardinal number of a given class, we decide to identify the 
number of a class with the whole class of classes similar to the given 
class. This class, taken as a single entity, has, as the proof of the 
principle of abstraction shows, all the properties required of a cardinal 
number. The method, however, is philosophically subject to the doubt 
resulting from the contradiction set forth in Part I, Chapter x.* 

In this way we obtain a definition of the cardinal number of a class. 
Sinct‘ similarity is reflexive for classes, every class has a cardinal number. 
It might be thought that this definition would onlj apply to finite 
classes, since, to prove that all terms of one class are correlated with all 
of another, complete enumeration might be thought necessary. This, 
however, is not the case, as may be seen at once by substituting any for 
aU — a word which is generally preferable where infinite classes are 
concerned. Two classes m, v are similar when there is some one-one 
relation R such that, if x be any m, there is some term y of v such that 
xRy ; and if y be any !», there is some term x' of u such that xRy\ 
Here there is no need whatever of complete enumeration, but only of 
propositions concerning any u and any v. For example, the points on 
a given line ore similar to the lines through a given point and meeting 

* See Appendix. 
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the given line ; for cmy point on the given line determines one and only 
one line through the given point, and any line through the given point 
meeting the given line determines one and only one point on the given 
line. Thus where our classcis are infinite, wc need some general 
proposition about any term of either class to establish similarity, but 
we do not need enumeration. And in order to prove that every (or any) 
class has a cardinal number, we need only the observation that any term 
of any class is identical with itself. No other general proposition about 
the tenns of a class is requisite for the reflexive property of similarity. 

286 . Let as now examine the chief properties of cardinal numbers. 
I shall not give proofs of any of these properties, since I should merely 
repeat what Has been said by Cantor. Considering first their relations 
to classes, we may observe that, if there be two sets of classes which are 
similar in pairs, and no two of the one set have any common part, nor 
yet any two of the other set, then the logical sum of all the classes of 
one set is similar to the logical sum of all the classes of the other set. 
This proposition, familiar in the case of finite classes, holds also of 
infinite classes. Again, the cardinal number of a class u is said to be 
greater than that of a class when no part of d is similar to Uy but 
there is a part of u which is similar to v. In this case, also, the number 
of V is said to be less than that of u. It can be proved that, if there 
is a part of u which is similar to Vy and a part of v which is similar 
to ?/, then u and v are similar*. Thus equal, greater, and less are all 
incompatible with each other, all transitive, and the last two asym- 
metrical. We cannot prove at all simply — and it seems more or less 
doubtful whether we can prove at all — that of two different cardinal 
numbers one must he greater and the other lessf. It is to be observed 
that the definition of greater contains a condition not recjuir d in the 
case of finite cardinals. If the number of v be finite, it i^ .ufficient 
that a proper part of u should be similar to v. But among transfinite 
c:ardinals this is not sufficient. For the general definition of greater^ 
therefore, both parts are necessary. This difference between finite 
and transfinite cardinals results from the defining difference of finite 
and infinite, namely that when the number of a class is not finite, 
it always has a proper part which is similar to the whole; that is, 
every infinite class contains a part (and therefore an infinite number 
of parts) having the same number as itself. Certain particular cases of 
this proposition have long been known, and have been regarded as con- 
stituting a contradiction in the notion of infinite number. Leibniz, for 
example, points outj that, since every number can be doubled, the 

* Bernstein and Schroder’s theorem ; for proofs see Borel, Le^onn mr la theorie 
dea fonctionsy Paris, 1898, Note I, and Zermelo, Gbttinger Nachrichten, 1901, 
pp. 34 — 38. 

t Cantor's grounds for holding that this is so are vague, and do not appear to 
me to be valid. They depend upon the postulate tliat every class is the field of some 
well-ordered relation. See Cantor, Math, Annalen, xlvi, note to § 2. 

} Gerhardt'e ed, 1, p. 338. 
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number of numbers is the same as the number of even numbers, whence 
he deduces that there is no such thing as infinite number. iTie first to 
generalize this property of infinite collections, and to treat it as not 
contradictory, was, so far as I know, Bolzano*. But the strict proof 
of the proposition, when the finite cardinals are defined by means of 
mathematical induction, as well as the demonstration that it is not 
contradictory, are due to Oantor and Dedekind. ITie pn)position itself 
may be taken as the definition of the transfinite among cardinal numbers, 
for it is a property belonging to all of them, and to none of the finite 
cardinals f. Before examining this property further, however, we must 
acquire a more intimate acquaintance with the other properties of 
caixliual numbers. 

286. I come now to the strictly arithmetical properties of cardinals, 

their addition, multiplication, etc.J. The addition of numbers is 
defined, when they are transfinite, exactly as it was defined in the case 
of finite numbers, namely by means of logical addition. The number 
of the logical sum of two classes which have no common term is the 
sum of the numbers of the two classes. This can be extended by suc- 
cessive steps to any finite number of classes; for an infinite number of 
classes, forming a class of classes, the sum of their numbers, if no two 
have any common term, is still the number of their logical sum — and 
the logical sum of any class of classes, finite or infinite, is logically 
definable. For sums of two or three numbers, so defined, the com- 
mutative and associative laws still hold, i.e, we still have 
a -f 6 = 6 + a and a + (6 + c) = (a 4- ft) -|- r. 

The mvltijdication of two numbers is thus defined by Cantor: If M 
and N be two classes, we can combine any element of M with any 
element of N to form a couple (m, n) ; the number of all such couples 
is the product of the numbers of M and N, If we wish to avoid the 
notion of a couple in the definition, we may substitute tlie following § : 
I^t u be a class of classes, a in number ; let each of these cia.sses be- 
longing to a contain ft terms ; and let no two of these classes have any 
common term ; then ab is the number of the logical sum of all these 
classes. This definition is still purely logical, and avoids the notion of 
a couple. Multiplication so defined obeys the commutative, associative, 
and distributive laws, i.e, we have 

ah = ba^ a (be) = (aft) c, a (b -he) = ab 4- ac. 

Hence addition and multiplication of cardinals, even when these are 
transfinite, satisfy all the elementary rules of Arithmetic. 

* Paradoxien des Unendlwhen, § 21. 

f See Dedekind, Wa» sind und wm pollen die Zahkn ? No. 04. 

I Cantor, Math, AnnaleUy xlvi , § 3 ; Whitehead, American Journal of Math, 
Vol. XXIV, No. 4. 

§ Vivanti, Theorie dee Eneemblee, Formulaire de Mathematiques, Vol. i, Part vi, 
§ 2, No. 4. 
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The definition of powers of a number (a*) is also effected logically 
(i&. § 4). For this purpose, Cantor first defines what he calls a covering 
{Belegung) of one class N by another M. This is a law by which, to 
every element n of iNT is joined one and only one element m of ilf, but 
the same element m may be joined to many elements of N. That is, 
a Belegung is a many-one relation, whose domain includes and 
which correlates with the terms of N always terms of M. If a be the 
number of terms in Af, b the number in JV, then the number of all such 
many-oiie relations is defined to be It is easy to see that, for finite 
numbers, this definition agrees with the usual one. For transfinite 
numbers, indices have still the usual properties, ie. 

aV = = {aby, {a^y = a^. 

In the case where a = 2, is capable of a simpler definition, deduced 
from the above. If a = 2 , 2 ^ will be the number of ways in which 
b terms can be related each to one of two terms. Now when those 
which are related to one of the two ai*e given, the rest are related to 
the other. Hence it is enough, in each case, to specify the class of 
terms related to one of the two. Hence w^e get in each case a class 
chosen out of the b terms, and in all cases we get all such classes. 
Hence 2* is the number of classes that can be formed out of b terms, 
or the number of combinations of b things any number at a time — a 
familiar theorem when b is finite, but still true when b is transfinite. 
Cantor has a proof that 2* is always greater than b — a proof which, 
however, leads to difficulties when b is the number of all classes, or, 
more generally, when there is some collection of b terms in which all the 
sets chosen out of the b terms are themselves single terms of 6 *. 

The definitions of multiplication given by Cantor and Vivanti re- 
quire that the number of factors in a product should be finite; and 
this makes it necessary to give a new and independent definition of 
powers, if the exponent is allowed to be infinite. Mr A. N. AXliiteheadf 
has given a definition of multiplication which is free from this restriction, 
and therefore allows powers to be defined in the ordinary w^ay as pro- 
ducts. He has also found proofs of the formal laws when the number 
of summands, brackets, or factors is infinite. The definition of a product 
is as follows : Let A; be a class of classes, no two of which have any terms 
in common. Choose out, in every possible way, one term and only one 
from each of the classes composing k. By doing this in all possible 
ways, we get a class of classes, called the multiplicative class of k. The 
number of terms in this class is defined to be the product of the numbers 
of terms in the various classes which are members of k. Where k has 
a finite number of members, it is easy to see that this agrees with the 
usual definition. Let w he the members of A:, and let them have 
respectively a, / 8 , 7 terms. Then one term can be chosen out of u in 


^ See Chapter xuii, infra. 


t American Jaumai of MathemaUce^ loc. cif. 
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a ways : for every way there are /3 ways of choosing one term out of v , 
and for every way of choosing one term out of u and one out of r», there 
are 7 ways of choosing one out of w. Hence there are a /9 7 ways of 
choosing one term out of each, when multiplication is understood in its 
usual sense. The multiplicative class is an important notion, by means of 
which transiinite cardinal Arithmetic can be carried a good deal further 
than Cantor has carried it. 

287. All the above definitions apply to finite and transfinite integers 
alike, and, as we see, the formal laws of Arithmetic still hold. Trans- 
finite integers differ from finite ones, however, both in the properties of 
their relation to the cla^sscs of which they are the numbers, and also in 
regard to the properties of classes of the integers themselves. Classes of 
numbers have, in fact, very different properties according as the numbers 
are all finite or are in paii: at least transfinite. 

Among transfinite cardinals, some are particularly important, 
especially the number of finite numbers, and the number of the con- 
tinuum. The number of finite numbers, it is plain, is not ttseif a 
finite number; for the class finite number is similar to the class even 
Jimte number^ which is a paii: of itself. Or again the same conclusion 
may be proved hy mathematical induction — a principle which also 
serves to define finite numbers, but which, l)eing of a more ordinal 
nature, I shall not consider until the next chapter. The number of 
finite numbers, then, is transfinite. This number Cantor denotes by 
the Hebrew Aleph with the suffix 0; for us it will be more convenient 
to denote it by ao. C'antor proves that this is the least of all the 
transfinite cardinals. This results from the follow^ing theorems {loc, 
cit. § 6) : 

(A) Every transfinite collection contains others as parts whose 
number is ao. 

(B) Every transfinite collection which is part of one whose 
number is ao, also has the number 

(C) No finite collection is similar to any proper part of itself. 

(/)) Every transfinite collection is similar to some proper part of 

itself*. 

From these theorems it follows that no transfinite number is less than 
the number of finite numbers. Collections which have this number are 
said to be denumerable, because it is always possible to count such 
collections, in the sense that, given any term of such a collection, there 
is some finite number n such that the given term is the 7tih. This 
is merely another way of saying that all the terms of a denumerable 
collection have a one-one correlation with the finite numbere, which again 
is equivalent to saying- that the number of the collection is the same 
as that of the finite numbei's. It is easy to see that the even numbers, 
the primes, the jierfect squares, or any other class of finite numbers 

* Theorems C and D require that the finite should be defined by mathematical 
induction, or else they become tautologous. 
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having no maximum, will form a denumerable .series. For, arranging 
any such class in order of magnitude, there will be a finite number of 
terms, say w, before any given term, which will thus be the (n + l)th 
term. What is more remarkable is, that all the rationals, and even 
all real roots of equations of a finite degree and with rational co- 
efficients {i,e. all algebraic numbers), form a denumerable series. And 
even an /^-dimensional series of such terms, where n is a finite number, 
or the smallest transfinite ordinal, is still denumerable*. That the 
rational numbers are denumerable can be easily seen, by arranging them 
in the order in which those >vith smaller sum of numerator and denomi- ^ 
nator precede^ those w^th larger sum, and of those w^ith equal sums, those ' 
with the smaller numerators precede those with larger ones. Thus we , 
get the series ' 

1 , 1 / 2 , 2 , 1 / 3 . 3 , 1 / 4 , 2 / 3 , 3 / 2 , 4 , 1/5 ... 

This is a discrete series, with a beginning and no end ; er;e/y/ rational 
number will occur in this series, and will have a finite number of pre- ' 
decessors. In the other cases the proof is rather more difficult. 

All denumerable series have the same cardinal number ap, howevier 
different they may appear. But it must not be supposed that there is 
no number greater than ap. On the contrary, there is an infinite series 
of such numbersf. The transfinite cardinals are asserted by Cantor to 
be well-ordered, that is, such that every one of them except the last of 
all (if there be a last) has an immediate successor, and so has every 
class of them which has any niimbci*s at all after it. But they do not 
all have an immediate pi'edecessor ; for example, ap itself has no imme- 
diate predecessor. For if it had one, this would have to be the last of 
the finite numbers; but we know that there is no last finite number. But 
CantoFs grounds for his assertion that the caixlinals are well-oiTlered seem ^ 
insufficient, so that for the present this must remain an open question. 

288. Of the transfinite numbers other than a^, the most important 
is the number of the continuum. Cantor has proved that this number ' 
is not Mo+, and hopes to prove that it is — a hope which, though 

he has long cherished it, remains unfulfilled. He has shown that the ■ 
number of the continuum is 2“»|| — a most curious theorem ; but it 
must still lemain doubtful whether this number is a,, though there 
are rea.sons which rendered this pmbable^. As to the definition of 

i>ee Acta Mathematwa, ii, pp. 

t See Jahrenficrirht dcr deatxvhvn Malhematiker-Vt^rehnijaug I, 1RU2 ; Jtimufa di^ 
Mnteawtica, II, pp. Cantor’s assertion that tliere is no greatest transfinitel 

cardinal is (»pen to question. See Chap, xuii, infra. M 

I Acta Math. Jl, p. .‘JOB. J lb. p. 404. aj is the number next after <iy. 

II Math. Aaaaieu^ xi.vi, § 4, note. 

IF See Couturat, l>e I'iafitn Mathniiatiqtie, Paris, 180C, p. 65o. The ground 
alleged by Cantor for identifying the second power with that of the continuum is, ; 
that every infinite linear collection of points has either the first power, or that of the | 
continuum, whence it would seem to hdlow* that the power of the continuum must | 
be the next after the first. (Math. Annalen^ 2B, p. 4BB ; see also Acta Math, vii.) But { 
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and of the whole succession of transfinite cardinals, this is a matter 
which is Ix^tter postponed until we have discussed the transfinite ordinals. 
It must not be supposed that we can obtain a new transfinite cardinal 
by merely adding one to it, or even by adding any finite number or oto- 
C)n the contrary, such puny weapons cannot disturb the transfinite 
cardinals. It is known that in the case of and a certain class of trans- 
finite cardinals, a number is equal to its double ; also that in the case of 
Oo and a presumably different class of transfinite cardinals, a number is 
i equal to its square. The sum of two numbers belonging to the former 
I of these classes is equal to the greater of the two numbei-s. It is not 
I known whether all transfinite cardinals belong to one or both of these 
I classes*. 

I 289. It may be asked : In what respect do the finite and transfinite 
Icardinals together form a single series? Is not the series of finite 
Iniinibers complete in itself, without the possibility of extending its 
Igenerating i-clation ? If we define the series of integere by means of 
Sthe generating relation of differing by one — the method which is 
most natural when the series is to be considered as a progression — 
then, it must be confessed, the finite integers form a complete series, 
and there is no possibility of adding terms to them. But if, as is 
^vappropriate in the theory of cardinals, we consider the series as arising 
?by correlation with that of whole and part among classes of which the 
integers can lie asserted, then we see that this relation does extend 
beyond finite numbers. There arc an infinite numlx;r of infinite classes 
in which any given finite class is contained; and thus, by correlation 
(with these, the number of the given finite class precedes that of any one 
fof the infinite classes. Whether there is any other sense in which all 
^ntegers, finite and transfinite, form a single scTies, I leave undecided ; 
fehe above sense would be sufficient to show that there is no logical 
f error in regarding them as a single series, if it were known that of 
|any two cardinals one must be the greater. But it is now time to turn 
four attention to the transfinite ordinals, 

itlie inferenoc seems somewhat precarious. Consider, for example, the following 
^ aTialo)(y : in a rompiuit series, the stretch determined by two terms consists either of 
I an infinite iniinher of terms, or, when the two terms coincide, of one term only, and 
I never of a finite number of terms other than one. Hut finite stretches are presented 
I by other typos of series, e.g. progressions. 

'llie theorem that the number of the continuum is 2*0 results very simply friim the 
pniposition of ('hapter xxxvi, that infinite classes of finite integers form a continuous 
cries. 'Fhe niimher of all classes of finite integers is 2*0 {ivde itupra)^ and the number of 
jliiite cliisses is oq. Bence the number of all infinite classes of finite integers is 2“« for 
bie subtraction of d<»cs not diminish any number greater than a^; 2*« is therefore 
he numbt^r f>f the continuum. To prove that this number is oj it would therefore 
|be sufficient to show that the number of infinite classes of finite integers is the same 
! the number of types of series that can be formed of all the finite integers; for the 
attcr number, as we shall see in the next chapter, is a|. 

♦ (T. Whitehead, loc, cit, pp. .392-4. 
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290. The fcraiv^finite ordinals are, if possible, even more interesting 
and remarkable than the transfinite cardinals. Unlike the latter, they 
do not obey the commutative law, and their arithmetic is therefore quite 
different from elementary arithmetic. For every transfinite cardinal, or 
at any rate for any one of a certain class, there is an infinite collection 
of transfinite ordinals, although the cardinal number of all ordinals is 
the same as or less than that of all cardinals. The ordinals which 
belong to series whose cardinal number is o© are called the second class * 
of ordinals ; those corresponding to a, are called the third class, and 
so on. The ordinal numbers are essentially classes of series, or better 
still, classes of generating relations of series; they are defined, for the 
most part, by some relation to mathematical induction. The finite 
ordinals, also, may be conceived as types of scries : for example, the 
ordinal number n may be taken to mean ‘‘a serial relation of n terms;’’' 
or, in popular language, n terms in a row. This is an ordinal notion,] 
distinct from ‘‘ wth,” and logically prior to it*. In this sense, n is the 
name of a class of serial relations. It is this sense, not that expresseaVi 
by “wth,” which is generalized by Cantor so as to apply to infinite^, 
.series. 

291. Let us begin with Cantor’s definition of the second class of 
ordinal numbersf. 

“ It is now to be shown,” he says, “ how we are led to the definitions 
of the new numbers, and in what way are obtained the natural sections, 
which I call classes of numbers^ in the absolutely endless series of real 
integers.... The series (1) of positiye real whole numbers 1, 2, 3, ... Vj.., 
arises from repeated positing and combination of units which are pre-^^ 
supposed and regarded as equal ; the number v is the expression both for i 
certain finite amount (Anzahl) of such successive positings,and for the con 
bination of the units posited into a whole. Thus the formation of finit 


* Cf. supra Part IV, Chap, xxix, §§ 231, 232. 
t Mannichfattigkeitslehre, § 11, pp. 32, 33. 
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real whole numbers rests on the addition of a unit to a number which 
has already been formed ; I call this moment, which, as we shall see 
immediately, also plays an essential part in the formation of the higher 
integers, the first principle of formation. The amount {AnzaM) of 
possible numbers v of the class (1) is infinite, and there is no greatest 
among them. Thus however contradictory it would be to speak of 
a greatest number of the class (1), there is yet nothing objectionable 
in imagining a new number, w^hich we will call cw, which is to express 
j^that the whole collection (1) is given by its law' in its natural order 
(faf succession. (In the same way as v expresses the combination of a 
iiertaiii finite amount of units into a whole.) It is even permissible to 
;think of the new'ly created number o) as a limit, towards which the 
^humbei's v tend, if by this nothing else is understood but that to is’* 
[the first integer which follows all the numbers i,c. is to be called 
^eater than each of the numbers v. By allowing further additions 
fof units to follow' the positing of the number on we obtain, by the help 
,<)f \\\Q first principle of formation, the further numbers 

Cl) + 1 , Cl) 4" 2, Ck) -f" 

Since here again we come to no gi'eatest number, we imagine a new one, 
w'hieh w'c may call 52ci), and which is to be the fiist after all previous 
numbers > and cd + r. 

‘‘ The logical function which ha> given us the two numbers to and 2(o 
is evidently different from the first principle of formation ; I call it the 
second principle (f finmation of real integers, and define it more exactly 
*8 follow s : If w e have any determinate succession of defined real integers, 
iinong which there is no greatest number, bv means of this second 
)rinciple of formation a new number is ci*eated, which is regarded as 
, he limit of those iiuiiiIkts, i,e, is defined as the next number greater 
than all of them.” 

The two principles of formation will be made clearer by considering 
that an ordinal number is merely a type or class of series, or rather 
of their generating relations. Thus if we have any series which has 
no last term, every pait of such a series w'hich can be defined as all 
the terms up to and including a certain term of the series will have 
la last term. But since the series itself has no last term, it is of a 
(diff'erent type from any such part or segment of itself. Hence the 
iprdinal numljer representing the series as a whole must be different 
p*om that representing any such segment of itself, and must be a 
llumbcr having no immediate predecessor, since the series has no last 
Plenn. Thus to is simply the name of the class progi'ession^ or of the 
generating relations of series of this class. The second principle of 
formation, in short, is that by which we define a cei tain type of series 
pia ing no last term. Considering the ordinals preceding any ordinal 
lie which is obtained by the second principle as representing segments 
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of a series represented by a, the ordinal a itself represents the limit 
of such segments; and as we saw before, the segments always have a 
limit (provided they have no maximum), even when the original series 
has none*. 

In order to define a class among transfinite ordinals (of which, as 
is evident, the succession is infinite), Cantor introduces what he calls 
a principle of limitation According to this 

principle, the ftecond dastn of ordinals is to consist only of those whose 
predecessors, from 1 upwards, form a series of the first power, i.e, a series 
whose canlinal number is «<>, or one whose terms, in a suitable oRler, 
have a one-one' relation to the finite integers. It is then shown that 
the power, or cardinal number, of the second class of ordinals as a 
whole, is different from Oo (p. 35), and is further the very next cardinal 
number after (p. 37). What is meant by the next cardinal nunil)er 
to tto results clearly from the following proposition (p. 38): “ If M be any 
well-defined collection of the power of the second class of niimlxTs, 
and if any infinite portion M of M be taken, then either the collection 
M* can be considered as a simply infinite series, or it is possible to 
establish a uni(|uc and reciprocal correspondence Ijetween M and J/'.’’ 
That is to say, any part of a collection of the second power is either 
finite, or of the first power, or of the second ; and hence there is no 
power between the first and second. 

292. Kefore procewling to the addition, multiplication, c<c., of 
ordinals, it will l>e well to take the above propositions, as far as possible, 
out of their mathematical dress, and to state, in onlinary language, 
exactly what it is they mean. As for the ordinal «, this is biniply the 
name for the class of generating relations of progressions. We have 
seen how a progression is defined ; it is a series w hich has a first term, 
and a term next after each term, and which obeys mathematical induc- 
tion. Hy mathematical induc'tioii itself we can show that every part 
of a progression, if it has a last term. Inis some finite oidinal number a, 
where n denotes the class of series consisting of n terms in oixler ; w hile 
every part which has no last term is itself a pn)gression ; also we can 
show (what is indeed obvious) that no finite ordinal will re[)resent a 
progixjssion. Now progressions ai^e a perfectly definite chuss of series, 
and the [irinciple of abstraction show's that tliere is some entity to 
which all of them have a relation which they have to nothing else — 
for nil progressions are onlinally similar (f.e. have a one-one I'elatioii - 

* On the segments of well-<inlcred series see Oantor’s article in AfM. 
xLix, § 13. It is imporbint to oliserve tliat the ordinals above explained are?* 
aijalogoiiH, in their genesis, t«» the rcfil iiuinhers considered as segments {ttide ( liap. 
xxxiii, ftupra). Here, as there, the existence of <■> is not oi>eii to question w'hcn 
the segment-theory is ado]>t.ed, whereas ini any other theory the existence-theorem ' 
is indemonstrable and utiplausiblo. \ 

t Maunichfalt^yiceitx/ehre, p. 34. 
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such that earlier terms are correlated with earlier ones, and later with 
later), and ordinal similarity is symmetrical, transitive, and (among 
series) reflexive. This entity, to which the principle of abstraction 
points, may be taken to be the type or class of serial relations, since 
no series can belong to more than one type of series. The type to 
which progressions belong, then, is what Cantor calls w. Mathematical 
induction, starting from any finite ordinal, can never reach co, since 
Q) is not a member of the class of finite ordinals. Indeed, we may define 
the finite ordinals or cardinals — and where series are concerned, this 
seems the best definition — as those which, starting from 0 or 1, can be 
reached by mathematical induction. This principle, therefore, is not to 
be taken as an axiom or postulate, but as the definition of finitude. It 
is to be observed that, in virtue of the principle that every number has 
an immediate successor, we can prove that any assigned number, say, 
10,937, is finite — provided, of course, that the number assigned is a 
finite number. That is to say, every proposition concerning 10,937 
can be proved without the use of mathematical induction, which, as 
most of us can remember, was not mentioned in the Arithmetic of our 
childhood. There is therefore no kind of logical error in using the 
principle as a definition of the class of finite numbers, nor is there a 
shadow of a reason for supposing that the principle applies to all 
ordinal or all cardinal numbei's. 

At this point, a word to the philosophers may be in season. Most 
of them seem to suppose that the distinction between the finite and 
the infinite is one whose meaning is immediately evident, and they 
reason on the subject as though no precise definitions were needed. 
But the fact is, that the distinction of the finite from the infinite is 
by no means easy, and has only been brought to light by modern 
mathematicians. The numbers 0 and 1 are capable of logical definition, 
and it can lx; shown logically that every number has a successor. We 
can now define finite numbers either bv the fact that mathematical 
induction can reach them, starting from 0 or 1 — in Dedekind\s langucige, 
that they form the chain of 0 or 1 — or by the fact that they are the 
numlx;rs of collections such that no proper part of them has the same 
number as the whole. These tw^o conditions may be easily shown to lx; 
equivalent. But they alone precisely distinguish the finite from the 
infinite, and any discussion of infinity which neglects them must be more 
or less frivolous. 

293. With regard to numbers of the second class other than cd, 
we may make the following remark. A collection of two or more 
terms is always, except possibly for some very large infinite collections, 
the field of more than one serial relation. Men may be arranged by 
their rank, age, wealth, or in alphabetical order: all these relations 
among men generate series, and each places mankind in a different 
order. But when a collection is finite, all possible orders give one and 
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the same ordinal number, namely that corresponding to the cardinal 
number of the collection. That is to say, all series which can be formed 
of a certain finite number of terms are ordinally similar. With infinite 
series, this is quite different. An infinite collection of terms which is 
capable of different orders may belong, in its various orders, to quite 
different types. We have already seen that the rationals, in one order, 
form a compact series with no beginning or end, while in another order 
they form a progression. These are series of entirely different types; 
and the same possibility extends to all infinite series. The ordinal type 
of a sf^ries is not changed by the interchange of two consecutive terms, 
nor, consequently, in virtue of mathematical induction, by any finite 
number of such interchanges. Tlie general principle is, that the type 
of a series is not changed by what may be called a prrmutation. That 
is, if /* be a serial relation by which the terms of it are ordei ed, N a 
one-one relation whose domain and whose converse domain are both w, 

then JKPH is a serial relation of the same type as P ; and all serial 
relations whose field is w, and which are of the same tyj)e as P, are of 
the above form RPR. But by a rearrangement not reducible to a 
permutation, the type, in general, is changed. Consider, for example, 
the natural numbers, first in their natural oixier, and then in the order 
in which 2 comes first, then all the higher numbers in their natural 
order, and last of all 1. In the first order, the natural numbers form 
a progrt'ssion ; in the second, they form a progression together with 
a last term. In the second form, matheniati(‘al induction no longer 
applies; thei*e are pi-opositions which hold of 2, and of (»very subsequent 
finite numl>er, but not of 1. The first form is the type of any funda- 
mental series of the kind we considered in ('hapter xxxvi ; the sec'ond is 
the type of any such series together with its limit, ('antor has shown 
that every denumerable collection can be given an order which corre- 
sponds to any assigned ordinal mnnlK'r of the second class*. Hence 
the second class of ordinal numbei-s m.av be defined as all the types 
of well-ordered series in which any one given denumerable collection can 
be arranged by means of different generating relations. I'he possibility 
of such different types depends upon the fundamental property of infinite 
collections, that an infinite part of an infinite collection can always 
be found, which will have a one-one correlation with the whole. If 
the original collection was a series, the part, by this correlation, becomes 
a series ordinally similar to the whole; the remaining terms, if added 
after all the terms of the infinite part, will then make the whole 
ordinally different from what it wasf. 

* Acta Math, ii, p. 304. 

t The remainini^ terms, if they be finite in number, will often not alter the type 
if added at the beginning; but if they be infinite, they will in general alter it even 
then. This will soon be more fully explained. 
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We ]iiay assimilate the theory of ordinals to that of cardinals as 
follows. Two relations will be said to be like when there is a one-one 
relation w'hose domain is the field of one of them (P), and which 
is such that the other relation is SPS. If P be a well-ordered relation, 
i,e. one which gimerates a well-ordered series, the class of relations like 
P may be defined as the ordinal number of P. Thus ordinal numbers 
result from likeness among relations as cardinals from similarity among 
classes. 

294. We can now understand the rules for the addition and multi- 
plication of transfinite ordinals. Both operations obey the associative, 
but not the commutative law. The distributive law is true, in general, 
only in the form 7 (a + ^) = 7a 4 7/3, 

where a 4)8, or, )8 are multipliers*. That addition does not obey the 
commutative law may Ik* easily seen. Take for example cd + 1 and 
1 -I- a>. The first denotes a progression followed by a single term : 
this is the type presented by a progression and its limit, which is 
different from a simple progression. Hence o) 4 1 is a different ordinal 
from 0 ). But 1 4 o) denob\s a progression preceded by a single term, 
and this is again a progression. Hence 1 4 o) = «, but 1 4 w does not 
equal 6 ) 4 1 f. The nuinbei's of the second class are, in fact, of two 
kinds, ( 1 ) those which have an immediate predecessor, ( 2 ) those which 
have none. Numbers such as w, eo.S, have no 

immediate predecessor. If any of these numbers be added to a finite 
number, the same transfinite numl)er reappears ; but if a finite number 
be added to any of these numbers, we get a new' number. The numbers 
with no predecessor repn^sent series which have no end, while those 
which have a predecessor represent series which have an end. It is 
plain that terms added at the beginning of a series with no end leave it 
endless; but the sulditioii of a terminating series after an endless one pro- 
duces a terminating series, and therefore a new^ fype of order. Thus there 
is nothing mysterious about these rules of addition, which simply express 
the type of series resulting from the combination of two given series. 

Hence it is easy to obtain the rules of subtraction J. If a is less than 
/S, the equation a 4 f = )8 

has always one and only one solution in which we may represent by 
^ — a. This gives the type of series that must be added after a to 
produce ) 8 . But the equation 

? 4 a = )8 

* MannichfaldgkeiUlehre, p. 39; a+/3 will be the type of a series consisting of 
two parts, namely a part of the type a followed by a part of the type $ ; ya will be 
the type of a series consisting of a series of the type a of series of the type y. 'fhus 
a series composed of two progressions is of the type a> . 2. 

t Math. Annalen, xlvi, § 8. 

MannichfaltigkeitHlehrey p. 39. 



818 


Infinity and Continuity [chap, xxxvill 

will sometimes have no solution, and at other times an infinite number 
of solutions. Thus the equation 

^ + fi> = O) -f 1 

has no solution at all : no number of terms added at the beginning of 
a progression will produce a progression together with a last term. In 
fact, in the equation f + a = /8, if a represents an endless type, while /8 
represents a terminating type, it is sufficiently evident that terms added 
before a can never produce a terminating type, and therefore can never 
produce the type On the other hand, if we consider the eej nation 

' ^ + <o = (0.2 

this will be satisfied by f = « + m, where n is zero or any finite number. 
For n before the second to will coalesce with this to form w, and thus 
o) + w + o) = o). 2. In this c;ase, therefore, f has an infinite number of 
values. In all such cases, however, the possible values of f have a 
minimum, which is a sort of principal value of the difference between 
and a. Thus subtraction is of two kinds, according as we seek a 
number which, added to a, will give 0^ or a number to which a may be 
added so as to give 0. In the first case, provided a is less than there 
is always a unique solution ; in the second case, there may be no 
solution, and there may be an infinite number of solutions. 

295. The multiplication of ordinals is defined as follows*. Let 
M and N be two series of the types a and 0. In N, in place of each 
element w, substitute a series Mn of the type a ; and let S be the series 
formed of all the terms of all series Mny taken in the following order : 
(1) any two elements of S which belong to the same series Mn are to 
preserve the order they had in Mn; two elements which belong to 
different series Mn, Mn> are to have the order which n and n have in N. 
Then the type of S depends only upon a and /8, and is defined to be 
their product a0y where a is the multiplicand, and 0 the multi plicator. 
It is easy to see that products do not always obey the commutative law. 
For example, 2 . co is the type of series presented by 

^19 f\\ fi; ^2^ fi\ ••• 

which is a progression, so that 2 . o) = But to. 2 is the type 

^25 ^8 ••• ^¥9 •••\ fiv, 

which is a combination of two progressions, but not a single progression. 
In the former series, there is only one term, which has no immediate 
predecessor ; in the latter there are two, and fi. 

Of division, as of subtraction, two kinds must be distinguished*]-. If 
there are three ordinals at, 0y y, such that 0 = ay, then the equation 
)8 = fltf has no other solution than f = y, and we may therefore denote 

* Math. Annalen, xlvi, § 8. 
t Mannic/^aitigkeitslehre, p. 40. 
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7 by i 8 /a* * * § . But the equation = fa, if soluble at all, may have several 
or even an infinity of roots ; of which, however, one is always the 
smallest. This smallest root is denoted by 

Multiplication of oi-dinals is the process of representing a series of 
series as a single series, each series being taken as a whole, and preserving 
its place in the series of series. Division, on the other hand, is the 
process of splitting up a single series into a series of series, without 
altering the order of its terms. Both these processes have some im- 
portance in connection with dimensions. Division, as is plain, is only 
possible with some types of series; those with which it is not possible 
may be called primes. The theory of primes is interesting, but it is 
not necessary for us to go into itf. 

296. Every rational integral or exponential function of co is a 
number of the second class, even when such numbers as w", etc.^ 
occur;^. But it must not be supposed that all types of denumerable 
series are capable of such a form. For example, the type 77 , which 
repi’esents the rationals in order of mag!iitude§, is wholly incapable of 
expression in terms of o). Such a type is not called by Cantor an 
ordinal number. The term ordinal number is reserved for well-ordered 
series, ?.c. such as have the following two propeiiicsH : 

I. There is in the series F a first term. 

II. If F' is a part of F^ and if F possesses one or more terms which 

come after all the terms of F\ then there is a term f' of 
F which immediately follows F\ so that there is no term of 
F before y*' and after all terms of F', 

All possible functions of to and finite ordinals only, to the exclusion of 
other types such as that of the rationals, represent well-ordered series, 
though the converse does not hold. In every well-oidered series, there 
is a term next after any given term, except the last term if there be 
one ; and provided the series is infinite, it always contains parts which 
are progressions. A term which conies next after a progression has 
no immediate predecessor, and the type of the segment formed of its 
predecessors is of what is called the second species. The other terms 
have imnudiate predecessors, and the types of the segments fonned of 
their predecessors are said to be of the first species. 

* Cantor lias changed his notation in regard to multiplication: formerly, in a ./3, 
a was the multiplicator, and the multiplicand; now, the opposite order is 
adopted. In following older works, except in actual quotations, 1 have altered the 
order to that now adopted. 

t See MannichfaltigkeAifikhre, p. 40. 

I On the exponential function, see Math. Annalen, xlix, §§ 18-20. 

§ Math. Annalm, xlvi, § 9. 

II Math. AnjialeUy xux, § 12. The definition may be replaced by the following, 
which is equivalent to it: a series is well-ordered if every class contained in the 
series (except of course the null-class) has a first term. 
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297. The consideration of series which are not well-ordered is im- 
portJint, though the results have far less affinity to Arithmetic than in 
the case of well-ordeix'd series. Thus the type ?; is not expressible as a 
function of co, since all functions of a> represent series with a fii’st term, 
whereas rf has no first term, and all functions of a> represent series in 
which every term has an immediate successor, which again is not the 
case with 7f. Even the series of negative and positive integers and zero 
cannot be expressed in terms of o), since this series has no beginning. 
Cantor defines for this purpose a serial type which may lx; taken as 
the type of a regression (ib. § 7). The definition of a progi'ession, as 

we have seen, -is relative to some one-one aliorelative Pf. When P 

generates a progression, this progression with respect to P is a regression 
with respect to P, and its type, considered as generated by P, is denoted 
by Thus the whole series of negative and positive integers is 

of the type + Such a series can be divided anywhere into two 
progressions, generated by converse relations ; but in regai*d to one 
relation, it is not reducible to any combination of progressions. Such a 
series is completely defined, by the methods of Part IV, as follows : P is 

a one-one aliorelative; the field of P is identical with that of P; the 
disjunctive relation “some finite positive power of P"’ is transitive and 
asymmetrical ; and the series consists of all terms having this relation 
or its converse to a given term together with the given term. The class 
of series corresponding to any transfinite ordinal type may always be 
thus defined by the methods of Part IV ; but where a type cannot be 
expressed as a function of cd or ^co or both, it will usually be necessary, 
if we are to define our type completely, either to bring in a reference to 
some other relation, in regard to which the terms of our series form a pro- 
gression, or to specify the behaviour of our series with respect to limits. 
Thus the type of the series of rationals is not defined by specifying that 
it is compact, and has no beginning or end ; this definition applies also, 
for example, to what Cantor calls the semi-continuum, i,e. the continuum 
with its ends cut off*. AV e must add that the rationals are denumerable, 
i,e. that, with respect to another relation, they form a progression. 
I doubt whether, in this c^e, the behaviour of the rationals with 
regard to limits can be used for definition. Their chief characteristics 
in this respect are : (1) that they are condensed in themselves, i.e. every 
term of them is the limit of cei-tain progressions and regressions ; 
(2) in any interval, a progression or a regression which has no limit is 
contained. But both these characteristics belong to the series of 
irrational numbers, i.e. to the series obtained by omitting all rationals 
from the series of real numbers; yet this series is not denumerable. 

t An aliorelative is a relation which no term can have to itself. This term is due 
to Pierce. See Schroder, Algebra u. Logik der Relative, p. 131. 
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Thus it would seem that we cannot define the type rj, to which the 
rationals belong, without reference to two generating relations. The 
type 7) is that of endless compact series w’hose terms, with reference to 
another relation, form a progression. 

From the last remark, we see clearly the importance of the correlation 
of series, with which we began the discussions of Part V. For it is only 
by means of correlation that the type of the rationals, and hence the 
continuum, can be defined. Until we bring in some other relation than 
that by which the order of magnitude among rationals arises, there 
is nothing to distinguish the type of the rationals from that of the 
irrationals. 

298. The consideration of ordinals not expressible as functions of 
o) shows clearly that ordinals in general are to be considered — as I 
suggested at the beginning of this chapter — as classes or types of 
serial i*elations, and to this view Cantor himstJf now apparently adheres; 
for in the article in the Mathemaivtche Annalen^ Vol. xlvi, he speaks of 
them always as types of order, not as numbers, and in the following 
article {Math, A tuicdea^ xi.ix, §12), he definitely restricts ordinal numbers 
to well-ordered series. In his earlier writings, he confine<l himself 
more to functions <^f co, which bear many analogies to more familiar 
kinds of numbers. These are, in fact, types of order which may be 
presen t(^(i by series of finite and transfinite caixlinals which begin with 
some cardinal. But other types of order, as w^e have now seen, have 
very little resemblance to numbei>. 

299. It is worth w’hile to repeat the definitions of general notions 
involved in terms of what may be called relation -arithmetic*. If P, Ql)e 
two relations such that there is a one-one relation S whose domain is the 

field of P and w hich is such that — SPS^ then P and Q are said to be 
like. The class of relations like P, which I denote by XP, is called 
P’s relntion-numlyer. If the fields of P and Q have no common terms, 
P Q is defined to lx; P or Q or the relation which holds between any 
term of the field of P and any term of the field of Q, and betw'een no 
other terms. Thus P-hQ is not equal to Q-fP. Again \P-\-\Q is 
defined as X (P + Q). For the summation of an infinite numl>er of 
relations, >ve require an aliorelative whose field is composed of relations 
whose fields are mutually exclusive. Let P be such a relation, p its 
field, so that p is a class of relations. Then is to denote either one 
of the i-elations of the class p or the relation of any term belonging 
to the field of some relation of the class to a term belonging to the 
field of another relation R ( of the class p) to which Q has the relation P. 
(If P be a serial relation, and p a class of serial relations, Spjo will be the 
generating relation of the sum of the various series generated by terms 
of p taken in the oixler generated by P.) We may define the sum 


* ( f. Part IV, C:hap. xxix, §231. 
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of the relation-numbers of the various terms of p as the relation-number 
of If all the terms of p have the same relation-number, say a, 

and if ^ be the relation-number of P, a x )8 will be defined to be the 
relation-number of %pp. Proceeding in this way, it is easy to prove 
generally the three formal laws which hold of well-ordered series, 
namely : 

+ 7=a-|-(;8-h7) 

« (/9 + 7) = + a7 

(a/8)7 = a(/37). 

The proofs are very closely analogous to those discovered by Mr White- 
head for cardinal numbers {Amer. Journal of Math. ^ Vol. xxiv); but 
they differ by the fact that no method has yet been discovered for 
defining an infinite product of relation -numbers, or even of oidinaJ 
numbers. 

300. It is to be observed that the merit of the above method is 
that it allows no doubt as to existence-theorems — a point in which 
Cantor’s work leaves something to be desired. As this is an impoitant 
matter, and one in which philosophers are apt to be sceptical, I shall 
here repeat the argument in outline. It may be shown, to begin with, 
that no finite class embraces all terms : this results, with a little care, 
from the fact that, since 0 is a cardinal number, the numl)er of numbers 
up to and including a finite number w is n -\-l. Further, if /t be a 
finite number, 71 + 1 is a new finite number different from all its prede- 
cessors. Hence finite cardinals form a progression, and therefore the 
ordinal number co and the cardinal number Oo exist (in the mathematical 
sense). Hence, by mere rearrangements of the series of finite cardinals, 
we obtain all ordinals of Cantor’s second class. We may now^ define the 
ordinal number cdi as the class of serial relations such that, if w be a class 
contained in the field of one of them, to say that u has successors implies 
and is implied by saying that u has a© terms or a finite number of terms ; 
and it is easy to show that the series of ordinals of the first and second 
classas in order of magnitude is of this type. Hence the existence of oi, 
is proved; and cTi is defined to be the number of terms in a series 
whose generating relation is of the type Wj. Hence we can advance to 
o), and fla and so on, and even to and a„, whose existence can be 
similarly proved : will be the type of generating relation of a series 

such that, if be a class contained in the series, to say that n has 
successors is equivalent to saying that u is finite or has, for a suitable 
finite value of w, terms. This process gives us a one-one correlation 
of ordinals with cardinals : it is evident that, by extending the process, 
we can make each cardinal which can belong to a well-oixiered series 
correspond to one and only one ordinal. Cantor assumes as an axiom that 
every class is the field of some well-ordered series, and deduces that all 
cardinals can be correlated with ordinals by the above method. This 



299 - 302 ] Transjimte Ordinals 323 

assumption seems to me unwarranted, especially in view of the fact that 
no one has yet succeeded in arranging a class of 2** terms in a well- 
oixlered series. We do not know that of any two different cardinal 
numbers one must be the greater, and it may be that S*# is neither 
greater nor less than «! and ota and their successors, which may be called 
well-ordered cardinals because they apply to well-ordered classes. 

301. There is a difficulty as regards the type of the whole series of 
ordinal numl)ers. It is easy to prove that every segment of this series 
is well-ordered, and it is natural to suppose that the whole series is also 
well-ordered. If so, its type would have to be the greatest of all ordinal 
numbers, for the ordinals less than a given ordinal form, in order of 
magnitude, a series whose type is the given ordinal. But there cannot be 
a greatest ordinal number, because every ordinal is increased by the 
addition of 1. From this contradiction, M. Burali-Forti, who dis- 
covered it*, infers that of two different ordinals, as of two different 
cardinals, it is not necessary that one should be greater and the 
other less. In this, however, he consciously contradicts a theorem of 
Cantor’s which affirms the opposite f. I have examined this theorem 
with all possiWe care, and have failed to find any flaw in the proof J. 
But there is another premiss in M. Burali-Forti’s argument, which 
appears to me moi'e capable of denial, and that is, that the series of all 
ordinal numbers is well-ordered. This dcies not follow from the fact 
that all its segments are well-ordered, and must, I think, be rejected, 
since, so far as I know, it is incapable of proof. In this way, it would 
seem, the contradiction in question can be avoided. 

302. We may now return to the subject of the suc^cessive derivatives 
of a series, already briefly discussed in Chapter xxxvi. This forms one of 
the most interesting applications of those ordinals which are functions 
of 0 ), and may even be used as an inde|)endent method of defining them. 
We have already seen how, from a series P, its first derivati\e is 
obtaincd§. The first derivative of P, which is denoted by P\ is the 
class of its limiting points. P", the second derivative of P', consists of 
the limiting-points of P', and so on. Every infinite collection has 
at least one limiting-point : for example, « is the limit of the finite 
ordinals. By induction we can define any derivative of finite oixler P^ 
If P^ consists of a finite number of points, P*'"^* vanishes ; if this happens 
for any finite number P is said to be of the 1st genus and the rth 

* (|Uestione sui iiumeri traiisfiiiiti,” Uendicouti d^l virvolo Mntematwo di 

Palenuo, Vol. xi (1897). 

t ITieorem n of § 18 of (’aiitor’a article in Math. Auna/eit, Vol. xmx. 

I I have reproduced the proof in symbolic form, in wliicdi errors are more easily 
detected, in UdM, Vol. an, Prop. 5.47 of my article. 

§ What follov^’S is extracted from Math, ii, pp. 841-880. I shall assume for 
simplicity that all definable limits exist, i.e. that a serie.s Inis a limit whenever the 
corresponding segments have one. 1 have shown in ( 'hapter xxxvi how to state results 
•90 as to avoid this assumption ; but the necessary circumlocution is tiresome. 
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species. But it may happen that no P*' vanishes, and in this case 
all finite derivatives may have common points. The points which all 
have in coininon form a collection which is defined as P". It is to he 
observed that P^ is thus defined without recjuiring the definition of 
A tenn x belongs to P" if, whatever finite integer v may l>e, x belongs 
to P^. It is to be observed that, though P' may contain points not 
belonging to P, yet subsequent derivatives introduce no new jjoints. 
This illustrates the creative nature of the method of limits, or rather of 
segments : when it is first applied, it may yield new terms, but later 
applications give no further terms. That is, there is an intrinsic differ- 
ence between a series which has been, or may have been, obtained as the 
derivative of some other series, and one not so obtainable. Every series 
which contains its first derivative is itself the derivative of an infinite 
number of other series*. The successive derivatives, like the segments 
determined by the various terms of a regression, form a series in which 
each term is part of each of its predecessors ; hence P“, if it exists, is the 
low’er limit of all the derivatives of finite order. From P" it is easy to go 
on to P" + P“- 2, etc. Series can be actually constructed in which any 

assigned derivative, finite or transfinite of the second class, is the first to 
vanish. When none of the finite derivatives vanishes, P is said to be of 
the second genus. It must not be inferred, however, that P is not 
denumerable. On the contrary, the first derivative of the rationals is 
the number-continuum, which is perfect, so that all its derivatives ai*e 
identical with itself ; yet the rationals, as we know, are denumerable. 
But when P*' vanishes, P is always denumerable, if v be finite or of 
the second class. 

The theory of derivatives is of great importance to the theory of 
real functions f, where it practically enables us to extend mathematical 
induction to any ordinal of the second class. But for philosophy, it 
seems unnecessary to say more of it than is contained in the above 
remarks and in those of Chapter xxxvi. Popularly speaking, the first 
derivative consists of all points in whose neighbourhood an infinite 
number of terms of the collection are heaped up ; and subsequent deriva- 
tives give, as it were, diffei’ent degrees of concentration in any neigh- 
bourhood. Thus it is easy to see why derivatives are relevant to 
continuity : to be continuous, a collection must be as concentrated as 
possible in every neighbourhood c*ontaining any terms of the collection. 
But such popular modes of expression are incapable of the precision 
which belongs to Cantor’s terminology. 

* Fomiulaire de Mathematigues, Vol. ii. Part iii, § 71, 4-8. 

t See Dini, Theorie der Functionen, Leipzig, 1892; esp. Chap, xiii and 
Iraislator’s preface. 



CHAPTER XXXIX. 


THE INFINITESIMAL CALCT'LUS. 

303. The Infinitesimal Calculus is the traditional name for the 
differential and integral calculus together, and as such I have retained 
it ; although, as we shall shortly see, there is no allusion to, or implica- 
tion of, the infinitesimal in any part of this branch of mathematics. 

The philosophical theory of the C’alculus has been, ever since the 
subject was invented, in a somewhat disgraceful condition. Leibniz 
himself — who, one would have supposed, should have been competent 
to give a coiTect account of his own invention — hod ideas, upon this 
topic, which can only be described as extremely crude. He appears 
to have held that, if metaphysical subtleties are left aside, the 
Calculus is only approximate, but is justified practically by the fact 
that the errors to which it gives rise are less than those of observa- 
tion* * * § . When he was thinking of Dynamics, his belief in the actual 
infinitesimal hindered him from discovering that the ("alculus rests 
on the doctrine of limits, and made him regard his (Lr and th/ as 
neithei- zero, nor finite, nor mathematical fictions, but as really 
representing the units to uhich, in his philosophy, infinite division 
was supposed to leadt- And in his mathematical expositions of the 
subject, he avoided giving aireful proofs, contentiiig himself with 
the enumeration of riiles^. At other times, it is true, he definitely 
rejects infinitesimals as philosophically valid§; but he failed to show 
how, witliout the use of infinitesimals, the results obtained by means 
of the Calculus could yet be exact, and not approximate. In this 
res|K;ct, Newton is {)referable to I^ibniz : his Ixmimas || give the true 
founJaLion of the ('alculus in the doctrine of limits, and, assuming the 
continuity of space and time in ('antor’s sense, they give valid proofs 

* Cf. MaihemUiml Workti^ (Ferliai*tlt*s ed. iv, pp. 1)1 -0^3; Phif. Workny 
(ierhardt’s ed. n, p. 282. 

t See Math. \Vork;<, tjerhardt’s ed. vi, pp. 28o, 247, 2o2. 

J See Math. Worku, (ierbardfa ed., Vol. pp. 220 ff. 

§ E.g. Phil. Works ^ (verliardt’s ed., ii, p. 805. Cf. Cassirer, Ltihniz Sgstem 
(Marburg, 1002), pp. 206-7. 

II Prhicipia, Part 1, Section i. 
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= a. The precise condition for a determinate finite limit may be thus 
stated* : 

“ In order that the values of y to the right or left of a finite number 
a (for instance to the right) should have a determinate and finite limit, 
it is necessary and sufficient that, for every arbitrarily small positive 
number <r, there should be a positive number 6, such that the difference 
^a+f — ya +5 between the value ya-^t of y for .r = rt + €, and the value 
which corresponds to the value a + S of a*, should be numerically 
less than cr, for every S which is greater than 0 and less than e.” 

It is possible, instead of thus defining the limit of a function, and 
then discussing whether it exists, to define generally a Avhole class of 
limitsf. In this method, a number z belongs to the class of limits of y 
for X = a, if, within any interval containing /i, however small, y will 
approach nearer to z than by any given difference. Thus, for example, 
sin l/x^ as X approaches zero, will take every value from — 1 to + 1 (both 
inclusive) in every finite interval containing zero, however small. Thus 
the interval from — 1 to +1 forms, in this case, the class of limits 
for x=0. This method has the advantage that the claM of limits always 
exists. It is then easy to define the limit as the only member of the 
class of limits, in case this class should happen to have only one member. 
This methexi seems at once simpler and more general. 

306. Being now agreed as to the meaning of a continuous function, 
and of the limit of a function, we can attack the cjuestion of the 
derivative of a function, or differential coefficient. It was formerly 
supposed that all continuous functions could he differentiated, but this 
is now known to be erroneous. Some can l)e differentiated cveiww here, 
others everywhere except in one point, others have eveiTwhere a differen- 
tial on the right, but sometimes none on the left, others contain an 
infinite number of points, in any finite interval, in which they cannot 
be differentiated, though in an infinitely greater number of points they 
can be differentiated, others lastly — and these are properly the most 
general class — cannot be differentiated anywhere at allj. But the 
conditions under which a function may be differentiated, though they 
are of some importanc*c to the philosophy of space and of motion, need 
not greatly concern us here ; and in any case, we must first know what a 
differential is. 

If fi{x) be a function which is finite and continuous at the point -r, 
then it may happen that the fraction 

hits a definifje limit as S approaches to zero. If this does hap]>en, the 

* Dini, op, cit. p. 

t See Peano, lUmnia di Mtiteiuntira, ii, pp. 77 -7S); Formninire, Part in, § 7.‘t, 1.0. 

J See Diiii, op. at. ('haps, x, xi, xn; Envtfkhpndk der math. Wh-Henjiahaftat , 
Band ii, Heft i (Leipzig, esp. pp. 20-22. 
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limit is denoted by f\T\ and is called the derivative or differential of 
J\x) in the point jc. If, that is to say, there be some number z such 
that, given any number € however small, if S be any number less than 
some number 77 , but positive, then [/{oc ± S) — f{x)]l ± S differs from 
z by less than e, then z is the derivative of f{x) in the point x. If the 
limit in question doas not exist, then has no derivative at the point 
If be not continuous at this point, the limit does not exist ; 
if /*(.r) be continuous, the limit may or may not exist. 

306. The only point which it is important to notice at present is, 

that there is no implication of the infinitesimal in this definition. The 
number S is always finite, and in the definition of the limit there is 
nothing to imply the contrary. In fact, — f{x)]jB^ regarded 

as a function of 8 , is wholly indeterminate when S = 0. The limit of a 
function for a given value of the independent variable is, as we have 
seen, an entirely different notion from its value for the said value of the 
independent variable, and the two may or may not be the same number. 
In the present case, the limit may be definite, but the value for 8 = 0 can 
have no meaning. Thus it is the doctrine of limits that underlies the 
Calculus, and not any pretended use of the infinitesimal. This is the 
only point of philosophic importance in the present subjet^t. and it is 
only to elicit this point that I have dragged the reader through so much 
mathematics. 

307. " Before examining the infinitesimal on its own account, it 
remains to define the definite integral, and to show that this, too, does 
not involve the infinitesimal. The indefinite integi’al, which is the 
mere converse of the differential, is of no importance to us ; but the 
definite integral has an independent definition, which must be briefly 
examined. 

Just as the derivative of a function is the limit of a fraction, so the 
definite integral is the limit of a sum*. The definite integral mav be 
defined as follows : I^t f(ir) be a function which is one-valued and 
finite in the interval a to (both inclusive). Divide this inter\al into 
any n portions by means of the (w — 1 ) points ... J’n-i? and denote 

by Sj, 8 y, ... 8 n the n intervals a’j — a, J'l — .I’n, ... fi — Xn-\- In each of 
these intervals, 8 *, take any one of the values, say which f{a') 

assumes in this interval, and multiply this value by the interval 8 *. 

n 

Now form the sum 2 /*(?«) 8 ,. This sum will always be finite. If 
1 

now', as a increases, this sum tends to one definite limit, however 

* ITie definition of the dehnJte integral differs little in different modern works. 
Cp. Dini, o/>. nt. §§ 17B-181 ; Jordan, OourM d*Aiwiyitt!, Vol. i (Paris, 18S)B), (!hap. i, 
§§ 41-58; Emrykhpiidi*^ dttr nuitheiiMtiftchen Wij/MeuwhnJlteHj ii, A. 2, § 81. The 
definition as the limit of a sum is more consonant with Leibniz s view's than that as 
the inverse of a derivative, but was banished by Bernoulli and Buler, and only 
brought back by Cauchy. See references in the last-mentioned place. 
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may be chosen in its interval, and however the intervals be chosen (pro- 
vided only that all are less than any assigned number for sufficiently 
great values of /*) — then this one limit is called the definite integral 
from a to If there is no such limit, y*(j’) is not integrable 
from a to 

308. As in the case of the derivative, there is only one important 
remark to make about this definition. The definite integral involves 
neither the infinite nor the infinitesimal, and is itself not a sum, but 
only and strictly the limit of a sum. All the terms which occur in the 
sum whose limit is the definite integi'al are finite, and the sum itself 
is finite. If we were to suppose the limit actually attained, it is true, 
the number of intervals would he infinite, and the magnitude of each 
would be infinitesimal ; but in this case, the sum becomes meaningless. 
Thus the sum must not be regaixled as actually attaining its limit. But 
this is a respect in which series in general agree. Any series whicli 
always ascends or always descends and has no last term cannot reach its 
limit ; other infinite series may have a term equal to their limit, but if 
so, this is a mere accident. The general rule is, that the limit does not 
belong to the series whivch it limits ; and in the definition of the deriva- 
tive and the definite integral w^e have merely another instance of this fat:t. 
The so-called infinitesimal calculus, therefore, has nothing to do with 
the infinitesimal, and has only indirectly to do with the infinite — its 
connection with the infinite being, that it involves limits, and only 
infinite series have limits. 

The above definitions, since they involve multiplication and division, 
are essentially arithmetical. Unlike the definitions of limits and con- 
tinuity, they cannot be rendered purely ordinal. But it is evident tliat 
they may be at once extended to any numerically measurable magnitudes, 
and therefore to all series in which stretches or distances can be measured. 
Since spaces, times, and motions are included under this head, the ('^d- 
culus is applicable to Geometry and Dynamics. As to the axioms 
involved in the assumption that geometrical and dynamical functions 
can be differentiated and integrated, I shall have something to say at a 
later stage. P\)r the present, it is time to make a critical examination of 
the infinitesimal on its own aix*ount. 



CHAPTER XL. 


THE INFINITESIMAL AND THE IMPROPER INFINITE. 

309. U XTiL I’ecent times, it was universally believed that continiiitv, 
the derivative, and the definite integral, all involved actual infinitesimals, 
i.e. that even if the definitions of these notions could be formally freed 
from explicit mention of the infinitesimal, yet, whei’e the definitions 
applied, the actual infinitesimal must always be found. This belief is 
now generally abandoned. The definitions which have been given in 
previous chapters do not in any way imply the infinitesimal, and this 
notion appears to have become mathematically useless. In the present 
chapter, I shall first give a definition of the infinitesimal, and then 
examine the cases wheix? this notion arises. I shall end by a critical 
discussion of the belief that continuity implies the infinitesimal. 

The infinitesimal has, in general, been very vaguely defined. It has 
been regarded as a number or magnitude which, though not zero, is less 
than any finite number or magnitude. It has been the da' or dy of the 
Calculus, the time during which a ball thrown vertically upwards is at 
rest at the highest point of its course, the distance between a point on 
a line and the next point, etc., etc. But none of these notions are at 
all precise. ITie d,r and as we saw in the last chapter, are nothing 
at all : dyjda' is the limit of a fraction whose numerator and denominator 
are finite, but is not itself a fraction at all. The time during which a 
ball is at rest at its highest point is a very complex notion, involving 
the whole philosophic theory of motion ; in l^art VII we shall find, 
w'hen this theory has been developed, that there is no such time. The 
distance between consecutive points presupposes that there are con- 
secutive points — a view w'hich there is every reason to deny. And so 
with most instances — they afford no precise definition of what is meant 
by the infinitesimal. 

310. There is, so far as I know, only one precise definition, which 
renders the infinitesimal a purely relative notion, correlative to some- 
thing arbitrarily assumed to be finite*. When, instead, we regard what 
had been taken to be infinitesimal as finite, the correlative notion is 
what Cantor calls the improper infinite {[Jneigeutlich-lTneiidliche/t). The 
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definition of the relation in question is obtained by denying the axiom 
of Archimedes, just as the transfinite was obtained by denying mathe- 
matical induction. If P, Q be any two numbers, or any two measurable 
magnitudes, they are said to be finite with respect to each other when, 
if P be the lesser, there exists a finite integer n such that nP is greater 
than Q. The existence of such an integer constitutes the axiom of 
Archimedes and the definition of relative finitude. It will be observed 
that it presupposes the definition of absolute finitude among numbers — 
a definition which, as we have seen, depends upon two points, (1) the 
connection of 1 with the logical notion of simplicity, or of 0 with 
the logical notion of the null-class; (2) the principle of mathematical 
induction. The notion of relative finitude is plainly distinct from that 
of absolute finitude. The latter applies only to numbers, classes and 
divisibilities, whereas the former applies to any kind of measurable 
magnitude. Any two numbers, classes, or divisibilities, which are both 
absolutely finite are also relatively finite; but the converse does not 
hold. For example, &> and o) . 2, an inch and a foot, a day and a year, 
are relatively finite pairs, though all three consist of terms which are 
absolutely infinite. 

The definition of the infinitesimal and the improper infinite is then 
as follows. If P, Q be two numbers, or two measurable magnitudes of 
the same kind, and if, n being any finite integer whatever, nP is always 
less than Q, then P is infinitesimal with respect to Q, and Q is infinite 
with resjject to P. With regard to numbers, these relative terms are 
not required ; for if, in the case supposed, P is absolutely finite, then Q 
is absolutely infinite ; while if it were possible for ^ to be absolutely 
finite, P would be absolutely infinitesimal — a case, however, which we 
shall see reason to regard as impossible. Hence I shall assume in future 
that P and Q are not numbers, but are magnitudes of a kind of which 
some, at least, arc numerically measurable. It should be observed that, 
as regards magnitudes, the axiom of Archimedes is the only way of 
defining, not only the infinitesimal, but the infinite also. Of a magni- 
tude not numerically measurable, there is nothing to lie said except that 
it is greater than some of its kind, and less than others ; but from such 
propositions infinity cannot be obtained. Even if therc l>e a magnitude 
greater than all others of its kind, there is no reason for regarding it as 
in^nite. Finitude and infinity are essentially numerical notions, and 
it is only by relation to numbei's that these terms can be applied to 
other entities. 

311. The next question to be discussed is, What instances of in- 
finitesimals are to be found Although there are far fewer instances 
than was formerly supposed, there are yet some that are impoii;ant. To 
begin with, if we have been right in regaixling divisibility as a magni- 
tude, it is plain that the divisibility of any whole containing a finite 
luuiiber of simple parts is infinitesimal as compared with one containing 
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an infinite number. The number of parts being taken as the measure, 
every infinite whole will be greater than n times every finite whole, 
whatever finite number n may be. This is therefore a perfectly clear 
instance. But it must not be supposed that the ratio of the divisibilities 
of two wholes, of which one at least is transfinite, can be measured by 
the ratio of the cardinal numbers of their simple parts. There are two 
reasons why this cannot be done. The first is, that two transfinite 
cardinals do not have any relation strictly analogous to ratio ; indeed, 
the definition of ratio is effet^ted by means of mathematical induction, 
^rhe relation of two transfinite cardinals a, 7 expressed by the equation 
a/8 = 7 bears a certain resemblance to integral ratios, and a)9 = 78 may 
be used to define other ratios. But ratios so defined are not very similar 
to finite ratios. The other reason why infinite divisibilities must not be 
measured by transfinite numbers is, that the whole must always have 
more divisibility than the part (provided the remaining part is not 
relatively infinitesimal), though it may have the same transfinite number. 
In short, divisibilities, like ordinals, are equal, so long as the wholes are 
finite, when and only when the cardinal numbers of the wholes are the 
same ; but the notion of magnitude of divisibility is distinct from that 
of cardinal number, and separates itself visibly as soon as we come to 
infinite wholes. 

Two infinite wholes may be such that one is infinitely less divisible 
than the other. Consider, for example, the length of a finite straight 
line and the area of the square upon that straight line ; or the length 
of a finite straight line and the length of the whole straight line of 
which it forms part (except in finite spaces) ; or an area and a volume ; 
or the rational numbers and the real numbers; or the collection of 
points on a finite part of a line obtainable by von Staudt s quadrilateral 
construction, and the total collection of points on the said finite part*. 
All these are magnitudes of one and the same kind, namely divisibilities, 
and all are infinite divisibilities; but they are of many different orders. 
The points on a limited portion of a line obtainable by the quadrilateral 
construction form a collection which is infinitesimal with respect to the 
said portion; this portion is ordinally infinitesimal f with respect to any 
bounded area ; any bounded area is ordinally infinitesimal with respect to 
any bounded volume ; and any bounded volume (except in finite spaces) is 
ordinally infinitesimal with respect to all space. In all these cases, the 
word infinitesimal is used strictly according to the above df^hnition, 
obtained from the axiom of Archimedes. What makes these various 
infinitesimals somewhat unimportant, from a mathematical standpoint, is, 
that measurement essentially depends upon the axiom of Archimedes, and 
cannot, in general, be extended by means of transfinite numbers, for the 
reasons which have just been explained. Hence two divisibilities, of 


♦ See Part VI, Chap. xlv. 


t See Part VI, Chap, xlvii, 397* 
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which one is infinitesimal with respect to the other, are regarded usually 
as different kinds of magnitude ; and to regard them as of the same kind 
gives no advantage save philosophic correctness. All of them, however, 
are strictly instances of infinitesimals, and the series of them well illus- 
trates the relativity of the term hifiniiesimal. 

An interesting method of comparing certain magnitudes, analogous 
to the divisibilities of any inKnite collections of points, with those of 
continuous stretches is given by Stolz*, and a very similar but more 
general method is given by Cantorf. These methods are too mathe- 
matical to be fully explained here, but the gist of Stolz’s method may 
be briefly explained. Let a collection of points j*' be contained in some 
finite interval a to b. Divide the interval into any number n of parts, 
and divide each of these parts again into any number of parts, and so 
on ; and let the successive divisions be so efTecrted that all parts become 
in time less than any assigned number S. At each stage, add together 
all the parts that contain points of At the mth stage, let the 
resulting sum be Then subsequent divisions may diminish this sum, 
but cannot increase it. Hence as the number of divisions increases, 
Sm must approach a limit L. If x is compact throughout the interval, 
we shall have L = b—a\ if any finite derivative of x vanishes, Z. = 0. 
L obviously bears an analogy to a definite integi’al ; but no conditions 
are re(|uir^ for the existence of L, But L cannot be identified with 
the divisibility ; for some compact series, i\g. that of rationals, are 
less divisible than others, e.g, the continuum, but give the same value 
of L, 

312. The case in w'hich infinitesimals were formerly supposed to be 
peculiarly evident is that of compact series. In this case, however, it is 
possible to prove that there can be no infinitesimal segmentsj, provided 
numerical measurement be possible at all — and if it be not possible, the 
infinitesimal, as we have seen, is not definable. In the first place, it is 
evident that the segment contained between two different terms is always 
infinitely divisible ; for since there is a term c between any two a and ft, 
there is another d between a and c, and so on. Thus no terminated 
segment can contain a finite number of terms. But segments defined by 
a class of terms may (as we saw in Chapter xxxiv) have no limiting term. 
In this case, however, provided the segment does not consist of a single 
term a, it w^ill contain some other tenn ft, and therefore an infinite 
number of terms. Thus all segments are infinitely divisible. The next 
point is to define multiples of segments. Two terminated segments can 
l)e added by placing a segment equal to the one at th^ end of the other 
to form a new segment ; and if the two were equal, the new one is said 

* Math. Annukn^ 2Sy ^^Ueber eiiieii zu eiiier uiieiidlichen Punktmeiige gehori^en 
<ireiizwerth.*’ 

+ I/f. ‘^Ueher uneiidliche liiiejire Puiiktmaiinigfaltigkeiteii/’ No. (5. 

J See Peano, Itiin^tta di Mateiiiatim, Vol. ii, pp. 
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to be double of each of them. But if the two segments are not termi- 
nated, this process cannot be employed. Their sum, in this case, is 
defined by Professor Peano as the logical sum of all the segments obtained 
by adding two terminated segments contained respectively in the two 
segments to be added*. Having defined this sum, we can define any 
finite multiple of a segment. Hence we can define the class of terms 
contained in some finite multiple of our segment, ix. the logical sum of 
all its finite multiples. If, with respect to all greater segments, our 
segment obeys the axiom of Archimedes, then this new class will contain 
all terms that t‘ome after the origin of our segment. But if our segment 
be infinitesimal with respect to any other segment, then the class in 
question will fail to contain some points of this other segment. In this 
case, it is shown that all transfinite multiples of our segment are equal 
to each other. Hence it follows that the class formed by the logical 
sum of all finite multiples of our segment, which may be called the 
infinite multiple of our segment, must be a non -terminated segment, 
for a terminated segment is always increased by being doubled. “ Each 
of these results,^ so Professor Peano concludes, “ is in contradiction with 
the usual notion of a segment. And from the fact that the infinitesimal 
segment cannot bt‘ rendered finite by means of any actually infinite 
multiplication, I conclude, with Cantor, that it cannot be an element 
in finite magnitudes ” (p. 62). But I think an even stronger conclusion 
is warranted. For we have seen that, in compact series, there is, cor- 
responding to every segment, a segment of segments, and that this is 
always terminated by its defining segment ; further that the numerical 
measurement of segments of segments is exactly the same as that of 
simple segments ; whence, by applying the above result to segments of 
segments, we obtain a definite contradiction, since none of them can be 
unterrainated, and an infinitesimal one cannot be terminated. 

In the case of the rational or the real numbers, the complete know- 
ledge which we possess concerning them renders the non-existence of 
infinitesimals demonstrable. A rational number is the ratio of two 
finite integers, and any such ratio is finite. A real number other than 
zero is a segment of the series of rationals ; hence \{'x be a real number 
other than zero, there is a class m, not null, of rationals such that, 
if y is a w, and z is less than ?/, z is an x, i.e. belongs tg the segment 
which is X, Hence every real number other than zero is a class con- 
taining rationals, and all rationals are finite; consequently every real 
number ii'. finite. Consequently if it were possible, in any sense, to 
speak of infinitesimal numbers, it would have to be in some radically 
new sense. 

313. I come now^ to a very difficult question, on which I would 
gladly say nothing — I mean, the question of the orders of infinity and 
infinitesimality of functions. On this (]uestion the greatest authorities 

* Loc. cit. p. Ul, No. !>. 
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divided : Du Bois Heymond, Stolz, and many others, maintaining 
that these form a special class of magnitudes, in which actual infi- 
nitesimals occur, while Cantor holds strongly that the whole theory 
is eiToneous*. To put the matter as simply as possible, consider a 
function /{x) whose limit, as x approaches zero, is zero. It may happen 
that, for some finite real number a, the reXio f(x)jx^ has a finite limit 
as X approaches zero. There can be only one such number, but thei*e 
may be none. Then oe, if there is such a number, may be called the 
order to which becomes infinitesimal, or the order of smallness of 
f(x) ns X approaches zero. But for some functions, e,g. 1/log j:’, there 
is no such number a. If a be any finite real number, the limit of 
I/j?*logj7, as X approaches zero, is infinite. That is, w^hen x is suffi- 
ciently small, \jaf^\ogx is very large, and may be made larger than any 
assigned number by making x sufficiently small — and this whatever 
finite number a may be. Hence, to express the order of smallness of 
1/log it is necessary to invent a new infinitesimal number, which may 
be denoted by l/g*. Similarly we shall need infinitely great numbers to 
express the order of smallness of (say) as x approaches zero. And 
there is no end to the succession of these orders of smallness : that of 
1/log (log x\ for example, is infinitely smaller than that of l/logj:, 
and so on. Thus we have a whole hierarchy of magnitudes, of which 
all in any one class are infinitesimal with respect to all in any higher 
class, and of which one class only is formed of all the finite real 
numbers. 

In this development. Cantor finds a vicious circle ; and though the 
(|uestion is difficult, it would seem that Cantor is in the right. He 
objects (2oc. cit.) that such magnitudes cannot be introduced unless we 
have reason to think that there are such magnitudes. The point is 
similar to that concerning limits; and Cantor maintains that, in the 
present case, definite contradictions may be proved concerning the 
supposed infinitesimals. If there were infinitesimal numbers then 
even for them we should have 

Linix-o 1/ (log x,a^) = 0 

since x^ must ultimately exceed J. And he shows that even continuous, 
differentiable, and unifoniily growing functions may have an entirely 
ambiguous order of smallness or infinity : that, in fact, for some such 
functions, this order oscillates l>etween infinite and infinitesimal values, 
accoi'ding to the manner in which the limit is approached. Hence we 
may, I think, conclude that these infinitesimals are mathematical fictions. 
And this may be reinforced by the consideration that, if there were 
infinitesimal numbers, there would be infinitesimal segments of the 
number-continuum, which we have just seen to be impossible. 

* See Du Uois Ileymond, A/igemeim Functionentfieorie (Hi82), p. 279 if. ; Stolz, 
Allgt:nieffie Arithrnetik, Part i (Leipzig, 1885), Section ix, Aiihang; C^aiitor, Rivintu 
ili Matnmtiva, v^, pp. 104-^5. 
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314. Thus to sum up what has been said concerning the in- 
finitesimal, we see, to begin with, that it is a relative term, and that, 
as regards magnitudes other than divisibilities, or divisibilities of wholes 
which are infinite in the absolute sense, it is not capable of being other 
than a relative term. But where it has an absolute meaning, there this 
meaning is indistinguishable from finitude. We saw that the infini- 
tesimal, though completely useless in mathematics, does occur in certain 
instances— for example, lengths of bounded straight lines are infinitesimal 
as compared to areas of polygons, and these again as compared to volumes 
of polyhedra. But such genuine cases of infinitesimals, as we saw, are 
always regarded by mathematics as magnitudes of another kind, because 
no numerical comparison is possible, even by means of transfinite numbers, 
between an area and a length, or a volume and an area. Numerical 
measurement, in fact, is wholly dependent upon the axiom of Archimedes, 
and cannot be extended as Cantor has extended numbers. And finally 
we saw that there are no infinitesimal segments in compact series, and — 
what is closely connected — that orders of smallness of functions are not 
to be regarded as genuine infinitesimals. The infinitesimal, therefore 
— so we may conclude — is a very restricted and mathematically very 
unimportant conception, of which infinity and continuity are alike 
independent. 



CHAPTER XLL 

PHILOSOPHICAL ARGUMENTS CONCERNING 
THE INFINITESIMAL. 

315. Wk have now completed our summary review of what mathe- 
matics has to say concerning the continuous, the infinite, and the 
infinitesimal. And here, if no previous philosophers had treated of 
these topics, we might leave the discussion, and apply our doctrines 
to space and time. For I hold the paradoxical opinion that what 
can be mathematically demonstrated is true. As, however, almost all 
philosophers disagree with this opinion, and as many have written 
elaborate arguments in favour of views different from those above 
expounded, it will be necessary to examine controversially the principal 
types of opposing theories, and to defend, as far as possible, the points 
in which I differ from standard writers. For this purpose, the work of 
Cohen already referred to will be specially useful, not only bec-ause it deals 
explicitly with our present theme, but also because, largely owing to 
its historical excellence, certain very important mathematical errore, 
which it appears to me to contain, have led astray other philosophers 
who have not an acquaintance with modern mathematics at first hand*. 

316. In the above exposition, the differential appeared as a philo- 
sophically unimpoi'tant application of the doctrine of limits. Indeed, 
but for its traditional importance, it would scarcely have deserved even 
mention. And we saw that its definition nowhere involves the in- 
finitesimal. The dx and dy of a differential are nothing in themselves, 
and dyidx is not a fraction. Hence, in modern works on the Calculus, 
the iu)tation f' (x) has replaced dyjdxy since the latter form suggests 
eiToneous notions. The notation (^), it may be observed, is more 
similar to Newton’s and its similarity is due to the fact that, on 
this point, modern mathematics is more in harmony with Newton than 
with Leibniz. I^ibniz employed the form dyjdx because he believed 
in infinitesimals ; Newton, on the other hand, definitely asserts that 
his fluxion is not a fraction. “ Those ultimate ratios,” he says, “ with 

* For example, Mr Latta, in his article the Relations of the Philosophy of 
Spinoza and that of Leibniz," Mind, N. S. No •'^1 
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which quantities vanish are not truly the ratios of ultimate quantities, 
but limits towards which the ratios of quantities decreasing without 
limit do always converge, and to which they approach nearer than by 
any given difference*.*^ 

But when we turn to such works as Cohen'’s, we find the dx and 
the dy treated as separate entities, as real infinitesimals, as the intensively 
real elements of which the continuum is composed (pp. 14, 28, 144, 147). 
The view that the Calculus requires infinitesimals is apparently not 
thought open to question ; at any rate, no arguments whatever are 
brought up to support it. This view is certainly assumed as self-evident 
by most philosophers who discuss the Calculus. Let us see for ourselves 
what kind of grounds can be urged in its favour. 

317. Many arguments in favour of the view in question are 
derived by most writei*s from space and motion — arguments which 
Cohen to some extent cx>unteiiances (pp. 34, 37), though he admits 
that the differential can be obtained from numbers alone, which however, 
following Kant, he regards as implying time (pp. 20, 21). Since the 
analysis of space and motion is still to come, I shall confine myself for 
the present to such arguments as can be derived from purely numerical 
instances. For the sake of definiteness, I shall as far as possible extracit 
the opinions to be controverted from Cohen. 

318. Cohen begins (p. 1) by asserting that the problem of the 

infinitesfmal is not purely logical : it belongs rather to Epistemology, 
which is distinguished, I imagine, by the fact that it depends upon the 
pure intuitions as well as the categories. This Kantian opinion is wholly 
opposed to the philosophy which underlies the present work ; but it 
would take us too far from our theme to discuss it here, and I mention 
it chiefly to explain the phraseology of the work we are examining. 
Cohen proceeds at once to reject the view' that the infinitesimal calculus 
can be independently derived by mathematics from the method of limits. 
This method, he says (p. 1), “consists in the notion that the elementary 
conception of equality mu.st be completed by the exact notion of the 
limit. Thus in the first place the conc^eption of equality is presup- 
posed Again, in the second place, the method of limits presupposes 

the conception of magnitude.... But in the presupposed conception of 
magnitude the limiting magnitude is at the same time presupposed. 
The equality which is defined in the elementary doctrine of magnitude 
pays no attention to these limiting magnitudes. For it, magnitudes 
count as equal if and although their difference consists in a limiting 
magnitude. Hence the elementary conception of equality must* be — 
this is the nijtion of the method of limits — not so much completed as 


* Prineipia, Bk j, Section i. Lemma xi, Scholium. The whole Scholium is 
highly important, though portions of it are less free from error than the passage 
quoted in the text. 
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corrected by the exact conception of the limit. Equality is to be 
regarded as an earlier stage of the limiting relation*.*^ 

319. I have quoted this passage in full, because its errors are 
typical of those to which non-mathematicians are liable in this question. 
In the first place, equality has no relevance to limits. I imagine that 
Cohen has in mind such cases as a cin'le and the inscribed polygon, 
where we cannot say that the circle is ecjual to any of the polygons, 
but only that it is their limit ; or, to take an arithmetical instance, 
a convergent series whose sum is tt or \/2. But in all such instances 
there is much that is irrelevant and adventitious, and there are many 
unnecessary complications. The absolutely simplest instance of a limit 
is fo considered as the limit of the ordinal numbers. There is here 
certainly no kind of equality. Yet in all eases where limits are defined 
by progressions — and these are the usual cases — we have a series of the 
type presented by the finite ordinals together with g). Consider, for 

example, the series 2 — ^ together with 2, the it being capable of all 

positive integral finite values. Here the series is of the same type as 
before, and here, as before, 2 is the limit of the series. But here — and 
this is what has misled Cohen — the difference between 2 and the 
successive terms of the series becomes less than any assigned magnitude, 
and thus we seem to have a sort of extended quality between 2 and the 

late terms of the series 2 — - . But let us examine this. In the first 

n 

place, it depends upon the fact that rationals are a series in which 
we have distances which are again rationals. But we know that distances 
ai’e unnecessary to limits, and that stretches are equally effective. Now 

considering stretches, 2 is the limit of 2 — ^ because no rational comes 
between 2 and all terms of the series 2 — ^ — precisely the sense in which 

w is the limit of the finite integers. And it is only because 2 - ~ forms 

a progression, i.e. is similar to the series of finite integers, that we know 
its limit to be 2. The fact that the terms, as we advance, differ little 
from 2, depends either upon our having a series in which there is 
distance, which is a fortuitous and irrelevant circumstance, or upon the 
fact that the successive stretches up to 2 may be made less than any 
assigned stretch up to 2, which follows from the notion of a limit, 
but has nothing to do with ecjuality. And whenever our series which 
is to have a limit is part of a series which is a function of g), the stretch 
from any term to the limit is always infinite in the only sense in which 
such series have infinite streterhes ; and in a very real sense the stretch 


* Or ratio; the German h GrenzverhaHnUs, 
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grows no smaller as we approach the limit, for both the ordinal and 
the cardinal number of its terms remain constant. 

We have seen so fully already in what sense, and how far, magnitude 
is involved in limits, that it seems unnec^essary to say much on this 
subject her^. Magnitude is certainly not involved in the sense, which 
is undoubtedly that intended by Cohen, that the limit and the terms 
limited must be magnitudes. Every progression which forms part of 
a series which is a function of o), and in which there are terms after 
the progression, has a limit, whatever may be the nature of the terms. 
Every endless series of segments of a compact series has a limit, what- 
ever may be the nature of the compact series. Now of course in all 
series we have magnitudes, namely the divisibilities of stretches; but 
it is not of these that we find the limit. Even in the case of segments, 
the limit is an actual segment, not the magnitude of a segment; and 
what is relevant is only that the segments are classes, not that they 
are quantities. But the distinction of quantities and magnitudes is, of 
course, wholly foreign to Cohen’s order of ideas. 

320. But wc now come to a greater error. The conception of 
magnitude, (\>hen says, which is presupposed in limits, in turn pre- 
supposes limiting magnitudes. By limiting magnitudes, as appears 
from the context, he means infinitesimals, the ultimate differences, 
I suppose*, between the terms of a series and its limit. What he means 
seems to be, that the kinds of magnitude which lead to limits are 
compact series, and that, in compact series, we must have infinitesimals. 
Every point in this opinion is mistaken. Limits, we have just seen, 
need not be limits of magnitudes ; segments of a compact series, as we 
saw in the preceding chaj)ter, cannot be infinitesimal ; and limits do not 
in any way imply that the series in which they occur arc compact. 
These points have been so fully proved alrefidy that it is unnecessary 
to dwell upon them. 

321. But the crowding mistake is the supposition that limits intro- 
duce a new meaning of e(|uality. Among magnitudes, equality, as we 
saw in Part III, has an absolutely rigid and unique meaning : it applies 
only to quantities, and means that they have the mme magnitude. 
There is no question of approximation here: what is meant is simply 
absolute logical identity of magnitude. Among numbers (which (’ohen 
probably regards as magnitudes), there is no such thing as equality. 
There is identity, and there is the relation which is usually expressed by 
the sign of equality, as in the equation 2x3 = 6. This relation 
had puzzled those who endeavoured to philosophize about Arithmetic, 
until it was explained by Professor Peano*. When one term of the 
equation is a single number, while the other is an expression composed 
of two or more numbers, the equation expresses the fact that the clas.s 


* See e.g. liiv, di Mat vii, p. 35. 
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defined by the expression contains only one term, which is the single 
number on the other side of the equation. This definition again is 
absolutely rigid : there is nothing whatever approximate in it, and it is 
incapable of any modification by infinitesimals. I imagine that what 
Cohen means may be expressed as follows. In forming a differential 
coefficient, we consider two numbers x and x + dx^ and two others y and 
y + dy. In elementary Arithmetic, x and x + dx would count as equal, 
but not in the Calculus. There are, in fact, two ways of defining 
equality. Two terms may be said to be equal when their ratio is unity, 
or when their difference is zero. But when we allow real infinitesimals 
do?, X and x + dx will have the ratio unity, but will not have zero for 
their difference, since dx is different from absolute zero. This view, 
which I suggest as equivalent to Cohen's, de{>ends upon a misunder- 
standing of limits and the Calculus. There are in the Calculus no such 
magnitudes as dx and dy. There are finite differences Ax and A?/, but 
no view, however elementary, will make x equal to x -J- Ar. There are 
ratios of finite differences, Lyj^x^ and in cases where the derivative of 
y exists, there is one real number to which Ay/Ar can be made to 
approach as near as we like by diminishing Ax and A^. This single 
real number we choose to denote by dyjdx ; but it is not a fraction, and 
dx and dy are nothing but typographical parts of one symbol. There is 
no corix'ction whatever of the notion of ecjuality by the doctrine of 
limits; the only new clement introduced is the consideration of infinite 
classes of terms chosen out of a series. 

322. As regards the nature of the infinitesimal, we are told (p. 15) 
that the differential, or the inextensive, is to be identified with the 
intensive, and the differential is regarded as the embodiment of KanCs 
category of reality. This vieM' (in so far as it is independent of Kant) 
is quoted with approval from Leibniz ; but to me, I must confess, it 
seems destitute of all justification. It is to be observed that dx and rfy, 
if we allow that they are entities at all, are not to be identified with 
single terms of our series, nor yet with differences between consecutive 
terms, but must be always stretches containing an infinite niimlxir 
of terms, or distances corresponding to such stretches. Here a dis- 
tinction must be made lietween series of numbei's and series in which we 
have only measurable distances or stretches. The latter is the case of 
space and time. Here dx and dy are not points or instants, which alone 
would be truly inextensive; they are primarily numbers, and hence 
must correspond to infinitesimal stretches or distance.^ — for it would be 
preposterouii to assign a numerical ratio to two points, or — as in the 
case of velocity — to a point and an instant. But dx and dy cannot 
represent the distances of consecutive points, nor yet the stretch formed 
by two consecutive points. Against this we have, in the first place, the 
general ground that our series must be regarded as compact, which 
precludes the idea of consecutive terms. To evade this, if we are 
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dealing with a series in which there are only stretches, not distances, would 
be impossible : for to say that there are always an infinite number of 
intermediate points except when the stretch consists of a finite number 
of terms would be a mere tautology. But when there is distance, it 
might be said that the distance of two terms may be finite or in- 
finitesimal, and that, as regards infinitesimal distances, the stretch is not 
compact, but consists of a finite number of terms. This being allowed 
for the moment, our dx and dy may be made to be the distances of 
consecutive points, or else the stretches composed of consecutive points. 
But now the distance of consecutive points, supposing for example that 
both are on one straight line, would seem to be a constant, which would 
give dyjdx= ±1. We cannot suppose, in cases where ^rand are both 
continuous, and the function y is one-valued, as the Calculus requires, 
that X and x -\‘dx are consecutive, but not y and y-^dy \ for every 
value of y will be correlated with one and only one value of x^ and idee 
versa ; thus y cannot skip any supposed intermediate values between 
y and y -f dy. Hence, given the values of x and even supposing the 
distances of consecutive terms to diff*er from place to place, the value 
of dyjdx will be determinate; and any other function y which, for 
some value of a’, is equal to y, will, for that value, have an equal 
derivative, which is an absurd conclusion. And leaving these mathe- 
matical arguments, it is evident, from the fact that dy and dx are to 
have a numerical ratio, that if they be intensive magnitudes, os is 
suggested, they must be numerically measurable ones: but how this 
measurement is effected, it is certainly not easy to see. This point may 
be made clearer by confining ourselves to the fundamental case in which 
both X and y are numbers. If we regard x and -f £/j7 as consecutive, 
we must suppose either that y and y •\'dy are consecutive, or that 
they are identical, or that there are a finite number of terms between 
them, or that there are an infinite number. If we take stretches to 
measure dx and dy^ it will follow that dyjd.v must l)e always zero, or 
integral, or infinite, which is absurd. It will even follow that, if 
y is not constant, dyjdx must be + 1. Take for example y =x\ where 
X and y are positive real numbers. As x passes from one number to the 
next, y must do so likewise; for to every value of y corresponds one 
of x^ and y grows as x grows. Hence if y skipped the number next to 
any one of its values, it could never come back to pick it up ; but 
we know that every real number is among the values of y. Hence y 
and y-^-dy must be consecutive, and dyjdx If we measure by 

distances, not stretches, the distance dy must be fixed when y is given, 
and the distance dx when x is given. Now' if a: — 1, = 1, dyjdx = 2 ; 

but, since x and y are the same number, dx and dy must be equal, since 
each is the distance to the next number : therefore dyjdx = 1, which 
is absurd. Similarly, if we take for y a decreasing function, we shall find 
dyjdx Hence the admission of consecutive numbers is fatal to the 
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Calculus; and since the Calculus must be maintained, the Calculus is 
fatal to consecutive numbers. 

323. The notion that there must be consecutive numbers is rein- 
forced by the idea of continuous change, which is embodied in calling 
X and y “variables.'^ Change in time is a topic which w^e shall have to 
discuss at a later stage, but which has, undoubtedly, greatly influenced 
the philosophy of the Calculus. People picture a variable to them- 
selves — often unconsciously — as successively assuming a series of values, 
as might happen in a dynamical problem. Thus they might say : 
How can x pass from x^ to without passing through all intermediate 
vtJues.^ And in this passage, must there not be a next value, which it 
assumes on first leaving the value x^^ Everything is conceived on the 
analogy of motion, in which a point is supposed to pass through all 
intermediate positions in its path. Whether or not this view of motion 
is correct, I do not now decide: at any rate it is irrelevant where a 
fundamental point in the theory of continuous series is concerned, since 
time and the path of motion must both be continuous series, and the 
properties of such .series must be decided before appealing to motion to 
confirm our views. For n^y part, to return to Cohen, I must confe.ss, it 
seems evident that intensiie magnitude is something wholly different 
from infinitesimal extensive magnitude: for the latter must always be 
smaller than finite extensive magnitudes, and must therefore be of the 
same kind with them ; while intensive magnitudes seem never in any 
sense smaller than any extensive magnitudes. Thus the metaphysical 
theory by which infinitesimals are to be rescued seems, both mathe- 
matically and philosophically, destitute of grounds in its favour. 

324. We cannot, then, agree with the following summary of 

Cohen’s theory (p. 28) : “ That I may be able to posit an element in 

and for itself is the desideratum^ to which coiTesponds the hustrument of 
thought reality. This instrument of thought must first be set up, in order 
to be able to enter into that combination with intuition, with the con- 
scicnisness of being given, which is completed in the principle of intensive 
magnitude. This presupposition of intensive reality is latent in all prin- 
ciples, and must therefore be made independent. This 2 >resupposition is 
the meaning of reality and the seiret of the concept if the differential!^ 
What we can agi’ee to, and what, I believe, confusedly underlies the 
above statement, is, that every continuum must consist of elements 
or terms ; but these, as we have just seen, w ill not fulfil the function of 
the dx and dy which occur in old-fashioned accounts of the Calculus. 
Nor can we agree that “this finite” (i.c. that which is the object of 
physical science) “can be thought as a sum of those infinitesimal inten- 
sive realities, as- a definite integral^ (p. 144). The definite integral is 
not a sum of elements of a continuum, although there are such elements : 
for example, the length of a curve, as obtained by integration, is not the 
sum of its points, but strictly and only the limit of the lengths of 
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inscribed polygons. The only sense which can be given to the sum of 
the points of the curve is the logical class to which they all belong, i,e. 
the curve itself, not its length. All lengths are magnitudes of divisi- 
bility of stretches, and all stretches consist of an infinite number of 
points; and any two terminated stretches have a finite ratio to each 
other. There is no such thing as an infinitesimal stretch ; if there 
were, it would not be an element of the continuum ; the Calculus does 
not I'equire it, and to suppose its existence leads to contradictions. And 
os for the notion that in every series there must be consecutive tenns, 
that was shown, in the last Chapter of Part III, to involve an illegiti- 
mate use of mathematical induction. Hence infinitesimals as explaining 
continuity must be regaixlcd as unnecessary, em)neous, and self-c6n- 
tradictory. 



CHAPTER XLII. 

THE PHILOSOPHY OF THE CONTINUUM. 

326. The woixl continuity has home among philosophers, especially 
since the time of Hegel, a meaning totally unlike that given to it by 
Cantor. Thus Hegel says*: ‘‘Quantity, as we saw, has two sources: 
the exclusive unit, and the identification or equalization of these units. 
When we look, therefoie, at its immediate relation to self, or at the 
characteristic of selfsameness made explicit by abstraction, quantity is 
Continuous magnitude; but when we look at the other characteristic, 
the One implied in it, it is Discrete magnitude.'” When we remember 
that quantity and magnitude, in Hegel, both mean “ cardinal number,"'* 
we may conjecture that this assertion amounts to the following : “ Many 
terms, considered as having a cardinal number, must all be membei-s 
of one class; in so far as they are each merely an instance of the 
class-concept, they are indistinguishable one from another, and in this 
aspect the whole which they compose is called continuous ; but in order 
to their maniness, they must be different instances of the class-concept, 
and in this aspect the w'hole which they compose is called discrete!^ 
Now I am far from denying — indeed I strongly hold — that this opposi- 
tion of identity and diversity in a collection constitutes a fundamental 
problem of Logic — perhaps even the fundamental problem of philosophy. 
And being fundamental, it is certainly relevant to the study of the 
mathematical continuum as to everything else. But beyond this general 
connection, it has no special relation to the mathematical meaning of 
continuity, as may be seen at once from the fact that it has no reference 
whatever to order. In this chapter, it is the mathematical meaning that 
is to be discussed. I have quoted the philosophic meaning only in 
order to state definitely that this is iwt here in question ; and since 
disputes about words are futile, I must ask philosophers to divest 
themselves, for the time, of their habitual associations with the word, 
and allow it no signification but that obtained from Cantor’s definition. 

326. In confining ourselves to the arithmetical continuum, we conflict 
in another way with common preconceptions. Of the arithmetical con- 

^ Smaller Logic, § 100, Wallace’s Translation, p. 188. 
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tinuum, M. Poincare justly remarks “The continuum thus conceived 
is nothing but a collection of individuals arranged in a certain order, 
infinite in number, it is true, but external to each other. This is not 
the ordinary conception, in which there is supposed to be, between the 
elements of the continuum, a sort of intimate bond which makes a whole 
of them, in which the point is not prior to the line, but the line to the 
point. Of the famous formula, the continuum is unity in multiplicity, 
the multiplicity alone subsists, the unity has disappeared.'*'* 

It has always been held to be an open question whether the 
continuum is composed of elements ; and even when it has been allowed 
to contain elements, it has been often alleged to be not cmnposed of 
these. This latter view was maintained even by so stout a supporter 
of elements in everything as Leibniz f. But all these views are only 
possible in regard to such continua as those of space and time. The 
arithmetical continuum is an object selected by definition, consisting of 
elements in virtue of the definition, and known to l>e embodied in 
at least one instance, namely the segments of the rational numbers. 
I shall maintain in l^art VI that spaces afford other instances of the 
arithmetical continuum. The chief reason for the elaborate and para- 
doxical theories ol' space and time and their continuity^ wiiich have 
been constructed by philosophers, has been the supposed contradictions 
in a cbiitinuum composed of elements. The thesis of the present 
chapter is, that Cantor''s continuum is free from contradictions. This 
thesis, as is evident, must be firm!}' established, before we can allow 
the possibility that spatio-temporal continuity may be of (Cantor’s kind. 
In this argument, I shall assume as proved the thesis of the preceding 
chapter, that the continuity to be discussed does not involve the 
admission of actual infinitesimals. 

327. In this capricious world, nothing is more capricious than 
posthumous fame. One of the most notable victims of posterity'^s lack 
of judgment is the Eleatic Zeno. Having invented four arguments, 
all immeasurably subtle and profound, the grossness of subsequent 
philosophers pronounced him to be a mere ingenious juggler, and his 
arguments to be one and all sophisms. After two thousand years of 
continual refutation, these sophisms were reinstated, and made the 
foundation of a mathematical renaissance, by a German professor, who 
probably never dreamed of any connection between himself and Zeno. 
Weierstrass, by strictly banishing all infinitesimals, has at last shown 
that we live in an unchanging world, and that the arrow, at every 
moment of its flight, is truly at rest. The only point where Zeno 
probably eired was in inferring (if he did infer) that, because there 
is no change, therefore the world must be in the same state at one 
time as at another. This consequence by no means follows, and in 

* Revue de MtHaphyeique et de Morule^ Vol. i, p. 20. 

t See The Philoeophy of Leibniz, by the present author^ Chap. ix. 
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this point the German professor is more constructive than ,the ingenious 
Greek. Weierstrass, being able to embody his opinions in mathematics, 
where familiarity with truth eliminates the vulgar prejudices of common 
sense, has been able to give to his propositions the respectable air of 
platitudes; and if the result is less delightful to the lover of reason 
than Zeno's bold defiance, it is at any rate more calculated to appease 
the mass of academic mankind. 

Zeno's arguments are specially concerned with motion, and are not 
therefore, as they stand, relevant to our present purpose. But it is 
instructive to tmnslate them, so far as possible, into arithmetical 
language*. 

328. The first argument, that of dichotomy, asserts: “There is 
no motion, for what moves must reach the middle of its course before 
it reaches the end." That is to say, whatever motion we assume to 
have taken place, this presupposes another motion, and this in turn 
another, and so on ad infinitum. Hence there is an endless regress 
in the mere idea of any assigned motion. This argument can be put 
into an arithmetical form, but it apj)ears then far less plausible. 
Consider a variable x which is capable of all real (or rational) values 
between two assigned limits, say 0 and 1. The class of its values is 
an infinite whole, whose parts are logically prior to it : for it has parts, 
and it cannot subsist if any of the parts are lacking. Thus the numbers 
from 0 to 1 presuppose those from 0 to 1/2, these presuppose the numlxirs 
from 0 to 1/4, and so on. Hence, it would seem, there is an infinite 
regress in the notion of any infinite whole; but without such infinite 
wholes, real numbers canilot be defined, and arithmetical continuity, 
which applies to an infinite series, breaks down. 

This argument may be met in two ways, either of which, at first 
sight, might seem sufficient, but both of which are really nec^essary. 
First, we may distinguish two kinds of infinite regresses, of which one 
is harmless. Secondly, we may distinguish two kinds of whole, the 
collective and the distributive, and assert that, in the latter kind, 
parts of e(]ual complexity with the whole are not logically prior to 
it. These two points must be separately explained. 

329. An infinite regress may be of two kinds. In the objectionable 
kind, tw'o or more propositions join to constitute the meaning of some 
proposition ; of these constituents, there is one at least whose meaning 
is similarly compounded ; and so on ad injinduvi. This form of regress 
commonly resultil from circular definitions. Such definitions may be 

* Not being a Greek scholar, 1 pretend to no first-hand autliority as to what Zeno 
really did say or mean, llie form of his four arguments which I shall employ is 
derived from the interesting article of M. Noel, Le mouvement et les arguments de 
Zeuon d'Klee,” ifecue de MHaphyttiqm et de Morale, Vol. i, pp. 107-125. ITiese 
arguments are in any case well worthy of consideration, and as they are, to me, 
merely a text for discussion, their historical correctness is of little importance. 
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expanded in a manner analogous to that in which continued fractions 
are developed from quadratic equations. But at every stage the term 
to be defined will reappear, and no definition will result. Take for 
example the following: *‘Two people are said to have the mme idea 
when they have ideas which are similar; and ideas are similar when 
they contain an identical part."” If an idea may have a part which 
is not an idea, such a definition is not logically objectionable; but if 
part of an idea is an idea, then, in the second place where identity 
of ideas occurs, the definition must be substituted ; and so on. Thus 
wherever the meaning of a proposition is in question, an infinite regress 
is objectionable, since we never reach a proposition which has a definite 
meaning. But many infinite regresses are not of this form. If be 
a proposition whose meaning is perfectly definite, and A implies B, 
B implies C, and so on, we have an infinite regress of a quite un- 
objectionable kind. This depends upon the fact that implication is 
a synthetic relation, and that, although, if -4 be an aggregate of 
propositions, A implies any proposition w'hich is part of it by no 
means follows that any proposition which A implies is part of A, Tims 
there is no logical necessity, as there was in the previous case, to 
complete the infinite regi*ess before A acquires a meaning. If, then, 
it can be shown that the implication of the parts in the w'hole, when 
the whole is an infinite class of numbers, is of this latter kind, the 
regress suggested by Zeno’s argument of dichotomy will have lost 
its sting. 

330. In order to show that this is the case, we must distinguish 
wholes which are defined extensionally^ i.c. by enumerating their terms, 
from such as are defined intensionally, i.c. as the class of terms having 
some given relation to some given term, or, more simply, as a class 
of terms. (For a class of terms, when it forms a whole, is merely all 
terms having the class-relation to a class-concept*.) Now an extensional 
whole — at least so far as human powers extend — is necessarily finite: 
we cannot enumerate more than a finite number of parts belonging 
to a whole, and if the number of parts be infinite, this must be known 
otherwise than by enumeration. But this is precisely what a class- 
concept effects : a whole whose parts are the terms of a class is completely 
defined when the class-concept is specified ; and any definite individual 
either belongs, or docs not belong, to the class in question. An 
individual of the class is part of the whole extension of the class, and 
is logically prior to this extension taken collectively ; but tlie extension 
itself is definable without any reference to any specified individual, 
and subsists as a genuine entity even when the class contains no terms. 
And to say, of such a class, that it is infinite, is to say that, though 
it has terms, the number of these terms is not any finite number — 
a proposition which, again, may be established w ithout the impossible 

* For precise statements^ t>. mpra^ Part I, Cxhaps. vi and x. 
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process of enumerating all finite numbers. And this is precisely the 
case of the real numbers between 0 and 1. They form a definite class, 
whose meaning is known as soon as we know what is meant by real 
number j 0, 1, and between. The particular members of the class, and 
the smaller classes contained in it, arc not logically prior to the class. 
Thus the infinite regi*ess consists merely in the fact that every segment 
of real or rational numl)ers has parts which are again segments; but 
these parts are not logically prior to it, and the infinite regress is 
perfectly harmless. Thus the solution of the difficulty lies in the 
theory of denoting and the intensional definition of a class. With this 
an answer is made to Zeno’s first argument as it appears in Arithmetic. 

331 . The second of Zeno’s arguments is the most famous: it is 

the one which concerns Achilles and the tortoise. “The slower,” it 
says, “ will never be overtaken by the swifter, for the pursuer must 
first reach the point whence the fugitive is departed, so that the 
slower must always necessarily remain ahead.’** When this argument is 
translated into arithmetical language, it is seen to be concerned with 
the one-one correlation of two infinite classes. If Achilles were to 
overtake the tortoise, then the c:ourse of the tortoise would be part 
of that of Achilles; but, since each is at each moment at some point 
of his course, simultaneity establishes a one-one correlation between 
the positions of Achilles and those of the tortoise. Now it follows 
from this that the tortoise, in any given time, visits just as many 
places as Achilles does; hence — so it is hoped we shall conclude — 
it is impossible that the tortoise’s path should be part of that of 
Achilles. This point is purely ordinal, and may be illustrated by 
Arithmetic. Consider, for example, 1 -f 2.r and 2 -h a", and let x lie 
between 0 and 1, both inclusive. For each value of 1 -f 2.r there is 
one and only one value of and vice versa. Hence as x grows 

from 0 to 1, the number of values assumed by 1 + 2.r will be the same 
as the number assumed by 2 -h or. But 1 -h 2a? started from 1 and ends 
at 3, while 2 -|- a* started from 2 and ends at 3. 'ITius there should be 
half as many values of 2-f as of 1 H-2a’. This very serious difficulty 
has been resolved, as we have seen, by Cantor ; but as it belongs rather 
to the philosophy of the infinite than to that of the continuum, I leave 
its further discussion to the next chapter. 

332 . The third argument is concerned with the arrow. “ If every- 
thing is in rest or in motion in a space equal to itself, and if what moves 
is always in the instant, the arrow in its flight is immovable.” This 
has usually been thought so monstrous a paradox as scarcely to 
deserve serious discussion. To my mind, I must confess, it seems a very 
plain statement of a very elementary fact, and its neglect has, I think, 
caused the quagmire in which the philosophy of change has long been 
immersed. In Part VII, I shall set forth a theory of change which may 
be called etaiic^ since it allows the justice of Zeno’s remark. For the 
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present^I wish to divest the remark of all reference to change. We shall 
then find that it is a very important and very widely applicable plati- 
tude, namely : “Every possible value of a variable is a constant.” If x 
be a variable which can take all values from 0 to 1, all the values it 
can take are definite numbers, such as 1/2 or 1/3, which arc all absolute 
constants. And here a few words may be inserted concerning variables. 
A variable is a fundamental concept of logic, as of daily life. Though 
it is always connected with some class, it is not the class, nor a particular 
member of the class, nor yet the whole class, but any member of the 
class. On the other hand, it is not the concept “ any member of the 
c^ass,” but it is that (or those) which this concept denotes. On the 
logical difficulties of this conception, I need not now enlarge; enough 
has been said on this subject in Part I. The usual x in Algebra, 
for example, does not stand for a particular number, nor for all numbers, 
nor yet for the class number. This may be easily seen by considering 
some identity, say 

(j7 + l)'* = ^ + ar + l. 

This certainly does not mean what it would become if, say, 391 were 
substituted for though it implies that the result of such a substitution 
would be a true proposition. Nor does it mean what results from 
substituting for x the class-concept nmnher^ for we cannot add 1 to this 
concept. ' For the same reason, x docs not denote the concept any 
number: to this, too, 1 cannot be added. It denotes the disjunction 
formed by the various numbers; or at least this view may be taken as 
roughly correct*. ITie values of x are then the tenns of the disjunction ; 
and each of these is a constant. This simple logical fact seems to 
constitute the essence of Zeno's contention that the arrow is always 
at rest. 

333. But Zeno's argument contains an element which is specially 
applicable to continua. In the case of motion, it denies that there 
is such a thing as a utate of motion. In the general case of a continuous 
"Variable, it may be taken as denying actual infinitesimals. For in- 
finitesimals are an attempt to extend to the values of a variable the 
variability which belongs to it alone. When once it is firmly realized 
that all the values of a variable are constants, it becomes easy to see, by 
taking any two such values, that their difference is always finite, and 
hence that there are no inflnitesimal differences. If /r be a variable 
which may take all real values from 0 to 1, then, taking any two of 
these values, we see that their difference is finite, although x is sl con- 
tinuous variable. It is true the difference might have been less than 
the one we chose ; but if it had been, it would still have been finite. 
The lower limit to possible differences is zero, but all possible differences 
are finite ; and in this there is no shadow of contradiction. This static 

* See Chap, viii, esp. § 93. 
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theory of the variable is due to the mathematicians, and its absence 
in Zeno's day led him to suppose that continuous change was impossible 
without a state of change, which involves ihfinit^imals and the contra- 
diction of a body's being where it is not. 

384. The last of Zeno's arguments is that of the nieasui'e. This is 
closely analogous to one which I employed in the preceding chapter, 
against those who regard dx and dy as distances of consecutive terms. 
It is only applicable, as M. Noel points out (/or. dt, p. 116), against 
those who hold to indivisibles among stretches, the previous arguments 
being held to have sufficiently refuted the partisans of infinite divisi- 
bility. We are now to suppose a set of discrete moments and discrete 
places, motion consisting in the fact that at one moment a body is in 
one of these discrete places, in another at another. 

Imagine three parallel lines composed of the 
points a, &, c, d; a\ l\ c\ fT; a!\ J" 

respectively. Suppose the second line, in one 
instant, to move all its points to the left by one 
place, while the thii'd moves them all one place 
to the right. Then although the instant is 
indivisible, c\ which was over c\ and is now 
over a", mu.st have passed 6"' during the in- 
stant; hence the instant is divisible, contra 
hyp. This argument is virtually that by which 
I proved, in the preceding chapter, that, if there 
are consecutive terms, then dyldx= ±1 always; 
or rather, it is this argument together with an 
instance in which dyjdx = 2. It may be put thus ; Let y, be two 


abed 
a! V c d! 
fl" y c" d" 

abed 
d y d d 

a" 6" d' d" 


d 


functions of x^ and let dy/dx = 1, dzjdx = —1. Then (y — 5;)=2, which 


contradicts the principle that the value of every derivative must be + 1. 
To the argument in Zeno's form, M. Evellin, who is an advocate of 
indivisible stretches, replies that d' and V do not cross each other 
at all*. For if instants are indivisible — and this is the hypothesis — all 
we can say is, that at one instant d is over d\ in the next, d is over d\ 
Nothing has happened between the instants, and to suppose that d' 
and V have cressed is to beg the question by a covert appeal to the 
continuity of motion*. This reply is valid, I think, in the case of 
motion; both time and space may, without positive contradiction, be 
held to be discrete, by adhering strictly to distances in addition to 
stretches. Geometry, Kinematics, and Dynamics become false ; but 
there is no veiy good reason to think them true. In the case of 
Arithmetic, the matter is otherwise, since no empirical question of 
existence is involved. And in this case, as we see from the above 


Bemjx dt M^taphyaique tt de Morale, Vol. i, p. 386. 
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argument concerning derivatives, Zeno's argument is absolutely sound. 
Numbers are entities ivhose nl,ture can be established beyond question ; 
and among numbers, the various forms of continuity which occur 
cannot be denied without positive contradiction. For this reason the 
problem of continuity is better discussed in connection with numbers 
than in connection with space, time, or motion. 

336. We have now seen that Zeno's arguments, though they prove 
a very great deal, do not prove that the continuum, as we have b^me 
acquainted with it, contains any contradictions whatever. Since his 
day the attacks on the continuum have not, so far as I know, been 
conducted with any new or more powerful weapons. It only remains, 
therefore, to make a few general remarks. 

The notion to which Cantor gives the name of continuum may, of 
course, be called by any other name in or out of the dictionary, and it 
is open to every one to assert that he himself means something quite 
different by the continuum. But these verbal questions are purely 
frivolous. Cantor’s merit lies, not in meaning what other people mean, 
but in telling us what he means himself — an almost unique merit, where 
continuity is concemed. He has defined, accurately and generally, a 
purely ordinal notion, free, as we now see, from contradictions, and 
sufficient for all Analysis, Geometry, and Dynamics. This notion was 
presupposed in existing mathematics, though it was not known exactly 
what it was that was presupposed. And Cantor, by his almost un- 
exampled lucidity, has successfully analyzed the extremely complex 
nature of spatial series, by which, as we /shall see in Part VI, he has 
rendered possible a revolution in the philosophy of space and motion. 
The salient points in the definition of the continuum are (1) the 
connection with the doctrine of limits, (2) the denial of infinitesimal 
segments. These two points being borne in mind, the whole philosophy 
of the subject bec^omes illuminated. 

336. The denial of infinitesimal segments resolves an antinomy 
which had long been an open scandal, I mean the antinomy that the 
continuum both does and does not consist of elements. We see now 
that both may be said, though in different senses. Every continuum 
is a series consisting of terms, and the terms, if not indivisible, at any 
rate are not divisible into new terms of the continuum. In this sense 
there are elements. But if we take consecutive terms together with 
their asymmetrical relation as constituting what may be called (though 
not in the sense of Part IV) an ordinal element, then, in this sense, our 
continuum has no elements. If we take a stretch to be essentially 
serial, so that it must consist of at least two terms, then there are no 
elementary stretches; and if our continuum be one in which there is 
distance, then, likewise there are no elementary distances. But in neither 
of these cases is there the slightest logical ground for elements. The 
demand for consecutive terms springs^ as we saw in Part III, from an 



354 


Infinity and Continuity [chap, xlii 

illegitimate use of mathematical induction. And as regards distance, 
small distances are no simpler than large^ ones, but all, as we saw in 
Part ni, are alike simple. And large distances do not presuppose small 
ones : being intensive magnitudes, they may exist where there are no 
smaller ones at all. Thus the infinite regress from greater to smaller 
distances or stretches is of the harmless kind, and the lack of elements 
need not cause any logical inconvenience. Hence the antinomy is re- 
solved, and the continuum, so far at least as I am able to discover, is 
wholly free from contradictions. 

It only remains to inquire whether the same conclusion holds 
concerning the infinite — an inquiiy with which this Fifth Part will 
come to a close. 



CHAPTER XLIII. 

THE PHILOSOPHY OF THE INFINITE. 

337. Ik our previous discussions of the infinite we have been 
compelled to go into so many mathematical points that there has 
been no adequate opportunity for purely philosophical treatment of 
the question. In the present chapter, I wish, leaving mathematics 
aside, to inquire whether any contradiction can be found in the notion 
of the infinite. 

Those who have objected to infinity have not, as a rule, thought 
it worth while to exhibit precise contradictions in it. To have done 
so is one of the great merits of Kant. Of the mathematical antinomies, 
the second, which is concerned, essentially, with the question whether or 
not the continuum has elements, was resolved in the preceding chapter, 
on the supposition that there may be an actual infinite — that is, it was 
reduced to the question of infinite number. The first antinomy is 
concerned with the infinite, but in an essentially temporal form ; for 
Arithmetic, therefore, this antinomy is irrelevant, except on the Kantian 
view that numbers must be schematized in time. This view is supported 
by the argument that it takes time to count, and therefore without 
time w'e could not know the number of anything. By this argument 
we can prove that battles always happen near telegraph wires, because 
if they did not we should not hear of them. In fact, we can prove 
generally that we know what we know. But it remains conceivable that 
we don’t know what we don’t know ; and hence the necessity of time 
remains unproved. 

Of other philosophei's, Zeno has already been examined in connection 
with the continuum ; and the paradox which underlies Achilles and the 
tortoise will be examined shortly. Plato’s Pajnmnides — w^hich is perhaps 
the best collection of antinomies ever made — is scarcely relevant here, 
being concerned with difficulties more fundamental than any that have 
to do with infinity. And as for Hegel, he cries ivolf so often that when 
he gives the alsurm of a contradiction we finally cease to be disturbed. 
Leibniz, as we have seen, gives as a contradiction the one-one correlation 
of whole and part, which underlies the Achilles. This is, in fact, the 
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only point on which most ai^uments against infinity tun:\. In what 
follows I shall put the arguments in a form adapt^ to our present 
mathematical knowledge ; and this will prevent me from quoting them 
from any classic opponents of infinity. 

338. I^t us first recapitulate briefly the positive theory of the in- 
finite to which we have been led. Accepting as indefinable the notion 
proposition and the notion constUnent qf a proposition^ we may denote 
by <f)(a) a proposition in which a is a constituent. We can then trans- 
form a into a variable Xy and consider where <^(^) is any proposition 
differing from <^(a), if at all, only by the fact that some other object 
appears in the place of a ; if>{x) is what we called a propositional function. 
It will happen, in general, that is true for some values of x and 
false for others. All the values of x^ for which is true, form what 
we called the doss defined by ; thus every propositional function 
defines a class, and the actual enumeration of the members of a class 
is not necessary for its definition. Again, without enumeration we can 
define the similarity of two classes : two classes ?/, r are similar when 
there is a one-one relation R such that ‘‘ x is a u ’’ always implies “ there 
is a z; to which x has the isolation and is a always implies 
“ there is a m which has the relation R to yT" Further, if is a one-one 
relation if xRy^ xRz together always imply that y is identical with 
and xRz^yRz together always imply that x is identical with y; and 
^‘07 is identical with y” is defined as meaning “every propositional 
function which holds of x also holds of y.” We now define the cardinal 
number of a class u as the class of all classes which are similar to u ; 
and every class has a cardinal number, since “ u is similar to z^ ^ is a 
propositional function of z;, if v be variable. Moreover u itself is 
a member of its cardinal number, since every class is similar to itself, 
'fhe above definition of a cardinal number, it should be observed, is 
based upon the notion of propositional functions, and nowhere involves 
enumeration ; consequently there is no reason to suppose that there 
will be any difficulty as regards the numbers of classes whose terms 
cannot be counted in the usual elementary fashion. Classes can be 
divided into two kinds, according as they are or are not similar to 
proper parts of themselves. In the former case they are called injlniie^ 
in the latter finite. Again, the number of a class defined by a pro- 
positional function which is always false is called 0; 1 is defined as 
the number of a class n such that there is a term Xy belonging to m, 
such that “ y is a u and y diffei>i from x ” is always false ; and if n 
be any number, w + 1 is defined as the number of a class u which has 
a member x. such that the propositional function “y is a u and y 
differs from a*'” defines a class whose number is n. If n is finite, 
w-hl differs from /? ; if not, not. In this way, starting from 0, we 
obtain a progression of numbers, since any number n leads to a new 
number n + 1. It is easily proved that all the numbers belonging to 
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the progression which starts from 1 and is generated in this way are 
different; that is to say, if n belongs to this progression, and m be 
any one of its predecessors, a class of n terms cannot have a one-one 
correlation with one of m terms. The progression so defined is the 
series of finite numbers. But there is no reason to think that all 
numbers can be so obtained ; indeed it is capable of formal proof 
that the number of the finite numbers themselves cannot be a term 
in the progression of finite numbers. A number not belonging to 
this progression is called infinite. The proof that n and n + 1 are 
different numbers proceeds from the fact that 0 and 1, or 1 and 2, 
are different numbers, by means of mathematical induction ; if n and 
n-\-\ be not terms of this progression, the proof fails; and what is 
moie, theie is direct proof of the contrary. But since the previous 
proof depended upon mathematical induction, there is not the slightest 
reason why the theorem should extend to infinite numbers. Infinite 
numbers cannot be expressed, like finite ones; by the decimal system 
of notation, but they can be distinguished by the classes to which they 
apply. The finite numbers being all defined by the above progression, 
if a class u has terms, but not any finite number of terms, then it has an 
infinite number. This is the positive theory of infinity. 

339. That there are infinite classes is so evident that it will scarcely 
be denied. Since, however, it is capable of fonnal proof, it may be as 
well to prove it. A very simple proof is that suggested in the Parmenides^ 
which is as follows. Let it be granted that thci-e is a number 1. Then 
1 is, or has Being, and therefore there is Being. But 1 and Being are 
two : hence there is a number 2 ; and so on. Formally, we have proved 
that 1 is not the number of numbers ; we prove that n is the number 
of numbers from 1 to w, and that these numbers together with Being 
form a class which has a new finite number, so that is not the number 
of finite numbers. Thus 1 is not the number of finite numbers; and 
if 71 — 1 is not the number of finite numbers, no more is n. Hence the 
finite numbers, by mathematical induction, are all contained in the class 
of things w'hich are not the number of finite numbers. Since the relation 
of similarity is reflexive for classes, every class has a number ; therefore 
the class of finite numbers has a number which, not being finite, is 
infinite. A better proof, analogous to the above, is derived from the 
fact that, if n be any finite number, the number of numbers from 0 up 
to and including n is n + 1, whence it follows that n is not the number 
of numbei-s. Again, it may be proved directly, by the correlation of whole 
and part, that the number of propositions or conc-epts is infinite*. For 
of every term or concept thei'e is an idea, different from that of which 
it is the idea, but again a term or concept. On the other hand, not 
every term or concept is an idea. There are tables, and ideas of tables ; 

* (yf. Bolzano, Paradorien de^ UnendHvheh, § 13; Dedekind, Wan nind und was 
sollen die Zahlen ? No. (Ht. 
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numbers, and ideas of numbers ; and so on. Thus there is a one-one 
relation between terms and ideas, but ideas are only some among terms. 
Hence there is an infinite number of terms and of ideas*. 

340. The possibility that whole and part may have the same 
number of terms is, it must be confessed, shocking to common -sense. 
Zeno's Achilles ingeniously shows that the opposite view also has 
shocking consequences; for if whole and part cannot be correlated 
term for term, it does strictly follow that, if two material points 
travel along the same path, the one following the other, the one 
which is behind can never catch up : if it did, we should have, cor- 
relating simultaneous positions, a unique and reciprocal correspondence 
of all the terms of a whole with all the terms of a part. Common- 
sense, therefore, is here in a very sorry plight ; it must choose between 
the paradox of Zeno and the |)aradox of Cantor. I do not propose to 
help it, since I consider that, in the face of proofs, it ought to commit 
suicide in despair. But I will give the paradox of Cantor a form re- 
sembling that of Zeno. Tristram Shandy, as we know, took two years 
writing the history of the first two days of his life, and lamented that, 
at this rate, material would accumulate faster than he could deal with 
it, so that he could never come to an end. Now I maintain that, if 
he had lived for ever, and not weai-ied of his task, then, even if his 
life had continued as eveiitfully as it began, no part of his biography 
would have remained unwritten. This paradox, which, as I shall show^, 
is strictly correlative to the Achilles, may be called for convenience the 
lYistram Shandy. 

In cases of this kind, no care is superfluous in rendering our arguments 
formal. I shall therefore set forth both the Achilles and the Tristram 
Shandy in strict logical shape. 

I. (1) For every position of the tortoise there is one and only one 
of Achilles ; for every position of Achilles there is one and only one of 
the tortoise. 

(2) Hence the series of positions occupied by Achilles has the 
same number of terms as the series of positions occupied by the tortoise. 

(3) A part has fewer terms than a whole in which it is contained 
and with which it is not coextensive. 

(4) Hence the series of positions occupied by the torioise is not 
a proper part of the series of positions occupied by Achilles. 

II. (1) Tristram Shandy writes in a year the events of a day. 

(2) The series of days and years has no last term. 

(3) The events of the nth day are written in the nth year. 

(4) Any assigned day is the nth, for a suitable value of «. 

(5) Hence any assigned day will be written about. 

* It ia not necessary to suppose that the ideas of all terms or form part of 
some mind ; it is enough that they are entities. 
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(6) Hence no part of the biography will remain unwritten. 

(7) Since there is a one-one correlation between the times of 
happening and the times of writing, and the former are part of the 
latter, the whole and the part have the same number of terms. 

Let us express both these paradoxes as abstractly as possible. For 
this purpose, let be a compact series of any kind, and let j: be a 
variable which can take all values in u after a certain value, which we 
will call 0. Let f{or) be a one- valued function of a:, and x a one- valued 
function of f{x) ; also let all the values of f{x) belong to m. Then the 
arguments are the following. 

I. Let /*(0) be a term preceding 0 ; let f{x) grow as x grows, i,e, if 
xPx' (where P is the generating relation), let J^{x) P f{x). Further 
\eij^{x) take all values in u intermediate between any two values of f(x). 
If, then, for some value a of such that 0 P a, we have f{a) = a, then 
the series of values of f{x) will be all terms from /*(0) to o, while that 
of X will be only the terms from 0 to a, which are a part of those from 
^(0) to a. Thus to supposey*(a) = a is to suppose a one-one correlation, 
term for term, of whole and part, which Zeno and comm on -sense pro- 
nounce impossible. 

II. I.x;t f(x) be a function which is 0 when x is 0, and which grows 
uniformly as x grows, our series l)eiug one in which there is measurement. 
Tlien if x takes all values after 0, so does f{x) ; and if f (j?) takes all 
mch values, so does x. The class of values of the one is therefore 
identical with that of the other. But if at any time the value of x 
is greater than that of f{x\ since f{x) grows at a uniform rate, x will 
ilways be greater than f (x). Hence for any assigned value of a:, the 
class of values of f(x) from 0 to f{x) is a proper part of the values 
uf X from 0 to x. Hence we might infer that all the values of f(x) 
were a proper part of all the values of x ; but this, as we have seen, is 
fallacious. 

These two paradoxes are coiTclative. Both, by reference to segments, 
may be stated in terms of limits. The Achilles proves that two variables 
in a continuous series, which approach equality from the same side, 
cannot ever have a common limit; the Tristi-am Shandy proves that 
two variables w'hich start from a common term, and proceed in the 
same direction, but diverge more and more, may yet determine the same 
limiting class (which, however, is not necessarily a segment, because 
segments were defined as having terms beyond them). The Achilles 
assumes that w'hole and part cannot be similar, and deduces a paradox ; 
the other, starting from a platitude, deduces that whole and part may 
be similar. For common-sense, it must be confessed, this is a most 
unfortunate state of things. 

341. There is no doubt which is the correct course. The Achilles 
must be rejected, being directly contradicted by Arithmetic. The 
Tristram Shandy must be accept^, since it does not involve the axiom 
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that the whole cannot be similar to the part. This axiom, as we ^ 
have seen, is essential to the proof of the Achilles ; and it is an axiom 
doubtless vei^r agreeable to common-sense. ^ But there is no evidence 
for the axiom except supposed self-evidence, and its admission leads to 
perfectly precise contradictions. The axiom is not only useless, but 
positively destructive, in mathematics, and against its rejection there 
is nothing to be set except prejudice. It is one of the chief merits of 
proofs that they instil a certain scepticism as to the result proved. As 
soon as it was found that the similarity of whole and part could be 
proved to be impossible for every jmde whole*, it became not unplausible 
to suppose that for infinite wholes, where the impossibility could not be 
proved, there was in fact no such impossibility. In fact, as regards 
the numbers dealt with in daily life — in engineering, astronomy, or 
accounts, even those of Rockefeller and the Chancellor of the Exchequer — 
the similarity of whole and part is impossible ; and hence the supposition 
that it is always impossible is easily explained. But the supposition rests 
on no better foundation than that formerly entertained by the inductive 
philosophers of Central Africa, that all men are black. 

342. It may be worth while, as helping to explain the difference 
between finite and infinite wholes, to point out that whole and part 
are terms capable of two definitions where the whole is finite, but of , 
only one of these, at least practically, where the whole is infinite f. 
A finite whole may be taken collectively, as such and such individuals, 

Bj C, D, E say. A part of this whole may be obtained by 
enumerating some, but not all, of the terms composing the whole ; | 
and in this way a single individual is part of the whole. Neither thel 
whole nor its parts need be taken as classes, but each may be define||[ 
by extension, Le, by enumeration of individuals. On the other hancfil 
the whole and the parts may be both defined by intension, Le. bW 
class-concepts. Thus we know without enumeration that Englishmen 
are part of Europeans ; for whoever is an Englishman is a Europeans 
but not vice versa. Though this might be established by enumeration,! 
it need not be so established. When we come to infinite wholes, this! 
twofold definition disappears, and we have only the definition by in-1 
tension. The whole and the part must both be classes, and the definition 1 
of whole and part is effected by means of the notions of a variable I 
and of logical implication. If a be a class-concept, an individual of a I 
is a term having to a that specific relation which we call the class- 1 
relation. If now b be another class such that, for all values of j?, 
is an a ^ implies “a? is a 6,’’ then the extension of a {i,e, the variable J’)J 
is said to be part of the extension of Here no enumeration ofl 
individuals is required, and the I'clation of whole and part has no longer 

* The finite being here defined by matliematical induction, to avoid tautology. 

t Cf. § 330, 

X See Peano, Rivinta di Matemutica^ vii, or Formulaire^ Vol. ii, Part 1. 
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that simple meaning which it had where finite parts were concerned. 
To say now that a and b are similar, is to say that there exists some 
one-one relation R fulfilling the following conditions: if j? be an a, 
there is a tenn y of the class h such that xRy ; if be a 6, there is 
a term x of the class a such that xRy. Although a is part of fr, 
such a state of things cannot be proved impossible, for the impossibility 
could only be proved by enumeration, and there is no reason to sup- 
pose enumeration possible. The definition of whole and part without 
enumeration is the key to the whole mystery. The above definition, 
which is due to Professor Peano, is that which is naturally and necessarily 
applied to infinite wholes. For example, the primes are a proper part 
of the integers, but this cannot be proved by enumeration. It is de- 
duced from “ if a: be a prime, jr is a number,” and ‘‘ if a: be a number, 
it does not follow that .r is a prime.” That the class of primes should 
be similar to the class of numbers only seems impossible because we 
imagine whole and part defined by enumeration. As soon as we rid 
ourselves of this idea the supposed contradiction vanishes. 

343. It is very important to realize, as regards or oto, that neither 
has a number immediately preceding it. This characteristic they share 
with all limits, for the limit of a series is never immediately preceded by 
any term of the series which it limits. But o) is in some sense logically 
prior to other limits, for the finite ordinal numbers together with w 
present the formal type of a progression together with its limit. When 
it is forgotten that has no immediate predecessor, all .sorts of contra- 
dictions emerge. For suppose n to be tlie last number before cd ; then 
w is a finite number, and the number of finite numbers is /i + 1. In fact, 
to say that oi has no predecessor is merely to say that the finite numbers 
have no last term. Though o) is preened by all finite numbers, it is 
not preceded immediately by any of them : there is none next to &>. 
Cantoris transfinite numbers have the peculiarity that, although there 
is one next after any assigned number, there is not always one next 
before. ITiiis there seem to be gaps in the series. We have the series 
1, 2, 3, ... I/, ... , which is infinite and has no last term. We have 
another series o), w + l, © + 2, ... ... which equally is infinite and 

has no last term. This second .series comes wholly after the first, though 
there is no one term of the first which a> immediately succeeds. Tins 
state of things may, however, be paralleled by very elementary .series, 
such as the series whose general terms are 1— l/i^ and 2 — l/i/, where 
V may be any finite integer. The second series comes wholly after the 
first, and has a definite first term, namely 1. But there is no tenn 
of the first series which immediately precedes 1. What is neces.sary, 
in order that the second series should come after the fii'st, is that there 
should be some series in which both are contained. If we call an ordinal 
part of a series any series which can be obtained by omitting some of 
the terms of our series without changing the order of the remaining 
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terms, then the finite and transfinite orfinals all form one series, whose 
generating relation is that of ordinal whole and part among the series 
to which the various oidinals apply. If i' be any finite ordinal, series of 
the type v are ordinal parts of progressions ; similarly every series of the 
type Q> + 1 contains a progression as an oixlinal part. The relation 
ordinal part is transitive and asymmetrical, and thus the finite and 
transfinite ordinals all belong to one series. The existence of to (in 
the mathematical sense of existence) is not open to question, since to 
is the type of order presented by the natural numbers themselves. To 
deny to would be to affirm that there is a last finite number — a view 
which, as we have seen, leads at once to definite contradictions. And 
when this is admitted, w + l is the type of the series of ordinals in- 
cluding Cl), i.e. of the series Avhose terms are all scries of integers from 1 
up to any finite number together wdih the whole series of integers. 
Hence all the infinite hierarchy of transfinite numbers easily follows. 

344. The usual objections to infinite numbers, and classes, and 
series, and the notion that the infinite as such is self-contradictory, 
may thus be dismissed as groundless. There remains, however, a very 
grave difficulty, connected with the conti*adiction discussed in ('hapter x. 
This difficulty does not concern the infinite as such, but only certain 
very large infinite classes. Briefly, the difficulty may be stated as 
follows. Cantor has given a proof* that there can be no greatest 
cardinal number, and when this proof is examined, it is found to state 
that, if u be a class, the number of classes contained in u is greater than 
the number of terms of ?/, or (what is equivalent), if a be any number, 
2* is greater than a. But there are certain classes concerning w hich it 
is easy to give an apparently valid proof that they have as many terms 
as possible. Such arc the class of all terms, the class of all classes, or 
the class of all propositions. Thus it would set^m as though Cantor’s 
proof must contain some assumption which is not verified in the case 
of such classes. But when we apply the reasoning of his proof to the 
cases in (juestion, we find ourselves met by definite contradictions, of 
which the one discussed in Chapter x is an examplef. The difficulty 
arises whenever we try to deal with the class of all entities absolutely, 
or with any equally numerous class; but for the difficulty of such a 
view, one would be tempted to say that the conception of the totality 
of things, or of the whole universe of entities and existents, is in some 
way illegitimate and inherently contrary to logic. But it is undesirable 
to adopt so desperate a measure as long as hope remains of some less 
heroic solution. 

It may be observed, to begin with, that the class of numbers is not, 

* He has, as a matter of fact, offered two proofs, but we shall find that one of 
them is not cogent. 

t It was in this way that 1 discovered this contradiction ; a similar one is given 
at the end of Appendix B. 
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as might be supposed, one of those in regard to which difficulties occur. 
Among finite numbers, if n were the number of numbers, we should 
have to infer that w — 1 was the greatest of numbers, so that there 
would be no number n at all. But this is a peculiarity of finite numbers. 
The number of numbers up to and including is Oo, but this is also 
the number of numbers up to and including where /8 is any finite 
ordinal or any ordinal applicable to a denumerable well-ordered series. 
Thus the number of numbers up to and including or, w^here a is infinite, 
is usually less than a, and there is no reason to suppose that the number 
of all numbers is the greatest number. The number of numbers may be 
less than the greatest number, and no contradiction arises from the fact 
(if it be a fact) that the number of individuals is greater than the number 
of numbers. 

But although the class of numbers causes no difficulty, there are 
other classes with which it is very hard to deal. Let us first examine 
Cantor’s proofs that there is no greatest cardinal number, and then 
discuss the cases in w'hich contradictions arise. 

346. In the fii-st of Cantor’s proofs*, the argument depends upon 
the supposed fact that there is a one-one correspondence between the 
ordinals and the caidinalsf. We saw that, when we consider the car- 
dinal number of the series of the type represented by any ordinal, an 
infinite number of ordinals correspond to one cardinal — for example, all 
ordinals of the second class, which form a non -denumerable collection, 
correspond to the single cardinal ag. But there is another method of 
correlation, in which only one ordinal ftorresponds to each cardinal. 
This method results from considering the series of cardinals itself. In 
this series, corresponds to a>, aci to oj-f 1, and so on : there is always 
one and only one ordinal to describe the type of series presented by the 
cai*dinaLs from 0 up to any one of them. It seems to be assumed that 
there is a cardinal for every ordinal, and that no class can have so 
many terms that no well-ortlered series can have a greater number of 
terms. For my j)art I do not see any grounds for either supposition, 
and I do see definite grounds against the latter. For every term of 
a series must be an individual, and must be a different individual (a 
point often overlooked) from every other term of the series. It must 
be different, because there are no instances of an individual : each 
individual is absolutely unique, and in the nature of the case only 
one. But two terms in a series are two, and are therefore not one 
and the sanie individual. This most important point is obscured by 
the fact that we do not, as a rule, fully descril>e the terms of our series. 
When we say : Consider a scries a, 6, c, d, 6, d, c, a, . . . , where terms 
are repeated at intervals — such a series, for example, as is presented by 
the digits in a decimal — we forget the theorem that where there is 
repetition our series is only obtainable by correlation ; that is, the 

* Mannichfaltigkeitftlehre, p. 44. 

+ Cf. mpra. Chap, xicxviii, § 300. 
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terms do not themselves have an order, but they have a one-many 
(not one-one) relation to terms which have an order*. Hence if we 
wish for a genuine series we must either go back to the series with 
which our terms are correlated, or we must form the complex terms 
compounded of those of the original series and those of the correlated 
series in pairs. But in either of these series there is no repetition. 
Hence every ordinal number must correspond to a series of individuals, 
each of which differs from each other. Now it may be doubted whether 
all individuals form a series at all : for my part I cannot discover any 
transitive asymmetrical relation which holds Ixitween every pair of terms. 
Cantor, it is true, regards it as a law of thought tliat every definite 
aggregate can be well-ordered ; but I see no ground for this opinion. 
But allowing this view, the ordinals will have a perf*ectly definite 
maximum, namely that ordinal which repi-esents the type of series 
formed by all terms without exception t- If the collection of all 
terms does not form a series it is impossible to prove that there 
must be a maximum ordinal, which in any case there are reasons for 
denying J. But in this case we may legitimately doubt whether there 
are as many ordinals as there are cartlinals. Of course, if all cardinals 
form a well-onlered series, then there must be an ordinal for each airdinal. 
But although Cantor professes that he has a proof that of two different 
cardinals one must be the greater {Math. Annakn^ xi.vi, § 2), I cannot 
pei'suade myself that he does more than prove that there is a scries, 
whose terms are cardinals of which any one is greater or less than any 
other. That all cardinals are in this series I see no reason to think. 
There may be two classes such that it is not possible to correlate either 
with a part of the other ; in this case the cardinal number of the one 
will be neither equal to, greater than, nor less than, that of the other. 
If all terms belong to a single well-ortlered series, this is impossible; 
but if not, I cannot see any way of showing that such a case cannot 
arise. Thus the first proof that there is no cardinal which cannot be 
increased seems to break down. 

346. The second of the proofs above referred to§ is quite different, 
and is far more definite. The proof is interesting and important on its 
own account, and will be produced in outline, llic article in which 
it occurs consists of three points : (1) a simple proof that there arc 
powers higher than the first, (2) the remark that this methcxl of proof 
can he applied to any power, (3) the application of the method to prove 
that there are powers higher than that of the continuum ||. Let us 

* See ('hap. xxxii, tsupru. 

+ On the nriaximuni ordinal, see Burali-Forti, ‘^Una questinne sui numeri 
traiisfiniti,” Jimduvjtti dH rircolo matenuitico di Palemto, 181^7. Also my article in 
lidM, Vol. VIII, p. 48 note. 

('f. ('hap. xxxviii, § .‘K>1. 

§ Jahretdterivht der deulttt'hen Mathemafiker-Veremigunyy i. (lfK)2), p. 77. 

II Power is synonymous with airdinal mtmberi the first power is that of the finite 
integers, i.e. a^. 
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examine the first of the above points, and then see whether the method 
is really general. 

Let m and a?, Cantor says, be two mutually exclusive characters, and 
consider a collection M of elements £, whei’e each element JEJ is a 
denumerable collection, and each x is cither an tti ora w, 

(The two characters m and w may be considered respectively as greater 
and less than some fixed term. Thus the may be rational numlx^rs, 
each of which is an m when it is greater than 1, and a w when it is less 
than 1. ITiese remarks are logically irrelevant, but they make the 
argument easier to follow.) The collection M is to consist of all possible 
elements E of the above description. Then M is not denumerable, i.c. 
is of a power higher than the first. For let us take any denumerable 
collection of ATs, which are defined as follows : 


E ,= 

(^11 > 




E ,= 

(^21 » 

• - 


...) 







where the dr> are each an in or a in some determinate manner. (For 
example, the first p terms of Ep might be w’s, the rest all ay’s. Or any 
other law might be suggested, which insures that the ETs of our series 
are all difterent.) Then however our series of -fTs be chosen, we can 
always find a term Eo>, belonging to the collection A/, but not to the 
denumerable series of ZTs. For let E^ 1x5 the series (6j, 
where, for every a, is different from if is an m, bn is a r<y, 

and vke versa. Then every one of our denumerable series of jETs 
contains at least one term not identical with the con’esponding temi 
of Eoy and hence Eq is not any one of the terms of oui denumerable 
series of E\ Hence no such series can contain all the iTs, and 
therefore the -ETs are not denumerable, i.e. M has a power higher than 
the first. 

We need not stop to examine the proof that there is a power higher 
than that of the continuum, w^hich is easily obtained from the above 
proof. We may proceed at once to the general proof that, given any 
collection w'hatever, there is a collection of a higher power. This proof 
is quite as simple as the proof of the particular case. It proceeds 
as follows. Let u be any class, and consider the class K of relations 
such that, if /? be a relation of the class, every term of the class u 

has the relation B either to 0 or to 1. (Any other pair of terms 

will do as Avcll as 0 and 1.) Then the class X ha.s a higher power 

than the class u. To prove this, observe in the first place that X 

has certainly not a lower power; for, if x be any ?/, there will be a 
relation B of the class X such that every u except x has the relation 
B to 0, but X has this relation to 1. Relations of this kind, for the 
various values of x^ form a class having a one-one correlation with 
the terms of and contained in the class X. Hence X has at least 
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the same power as u. To prove that K has a greater power, consider 
any class contained in K and having a one-one comlatioji with t/. 
Then any relation of this class may be called where x is some u — the 
suffix X denoting correlation with x. Let us now define a relation R 
by the following conditions : For every term x of u for which x has 
the relation Rx to 0, let x have the relation to 1 ; and for every term 
y of u for which y has the relation Afy to 1, let y have the relation 
R to 0. Then R is defined for all terms of i/, and is a relation of the 
class K ; but it is not any one of the relations Hence, whatever 
class contained in K and of the same power as u we may take, there 
is always a term* of K not belonging to this class ; and therefore K has 
a higher power than m. 

347. We may, to begin with, somewhat simplify this argument, 
by eliminating the mention of 0 and 1 and relations to them. Each 
of the relations of the class K is defined when we know which of the 
terms of u have this relation to 0, that is, it is defined by means of 
a class contained in u (including the null-class and u itself)- ITius 
there is one relation of the class K for every class contained in ?«, 
and the number of K is the same as that of classes contained in 
UTius if A: be any class whatever, the logical product ku is a class 
contained in i/, and the number of K is that of Aw, where k is a variable 
which may be any class. Thus the argument is reduced to this : that 
the number of classes contained in any class exceeds the nunilxjr of terms 
belonging to the class*. 

Another form of the same argument is the following. Take any 
relation R which has the two properties (1) that its domain, which we 
will call Pi is ec|ual to its converse domain, (2) that no two terms of the 
domain have exactly the same set of relata. Then by means of /f, any 
term of p is correlated with a class contained in p, namely the (;lass 
of relata to which the said term is referent ; and this correlation is 
one-one. We have to show that at least one class contained in p 
is omitted in this correlation. The class omitted is the class ic which 
consists of all terms of the domain which do not have the relation R 
to themselves, i,e. the class w which is the domain of the logical product 
of R and diversity. For, if y be any term of the domain, and therefore 
of the converse domain, y belongs to w if it does not belong to the class 
correlated with «/, and does not belong to w in the contrary case. Hence 
w is not the same class as the correlate of y ; and this applies to what- 
ever term y we select. Hence the class w is necessarily omitted in the 
correlation. 

348. The above argument, it must be confessed, appears to contain 
no dubitable assumption. Yet there are certain cases in which the 
conclusion seems plainly false. To begin with the class of all terms. 
If we assume, as was done in § 47, that every constituent of every 

* llie number of classes contained in a class which has a members is 2 ^ ; thus 
the argument shows that is always greater than a. 
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proposition is a term, then classes will be only some among terms. And 
conversely, since there is, for every term, a class consisting of that 
term only, there is a one-one correlation of all terms with some classes. 
Hence the number of classes should be the same as the number of 
terms*. This case is adequately met by the doctrine of types f, and 
so is the exactly analogous case of classes and classes of classes. But 
if we admit the notion of all objects^ of every kind, it becomes evident 
that classes of objects must be only some among objects, while yet 
Cantor’s argument would show that there are more of them than there 
are objects. Or again, take the class of propositions. Every object 
can occur in some proposition, and it seems indubitable that there are 
at least as many propositions as there are objects. For, if m be a fixed 
class, “ X is a m ” will be a diff*erent proposition for every diff*erent value 
of X ; if, according to the doctrine of types, we hold that, for a given m, 
X has a restricted range if 4r is a 1 / ” is to remain significant, we only 
have to vary u suitably in order to obtain propositions of this form for 
every possible j*, and thus the number of propositions must be at least 
as great as that of objects. But classes of propositions are only some 
among objects, yet (’antor’s argument shows that there are more of 
them than there are propositions. Again, we can easily prove that 
tliere are more propositional functions than objects. For suppose a 
correlation of all objects and some propositional functions to have been 
affected, and let (f)^ be the correlate of x. 1’hen “ not-<^a;(a7),’‘' ?.r. “ 0* 
does not hold of j’,” is a propositional function not contained in the 
correlation ; for it is true or false of x according as (f)^ is false or true 
of X, and therefore it differs from for every value of x. But this 
c ase may perhaps be more or less met by the d(H*trine of types. 

349. It is instructive to examine in detail the application of Cantor’s 
argument to such cases by means of an actual attempted correlation. 
In the case of terms and classes, for example, if x lx? not a class, let us 
correlate it with lx, t.e. the class whose only member is x, but if be a 
class, let us correlate it with itself. (This is not a one-one, but a 
many -one correlation, for x and lx are both correlated with lx\ but 
it will serve to illustrate the point in question.) Then the class which, 
accoixiing to Cantor’s argument, should be omitted from the correlation, 
is the class w (^f those classes which are not members of themselves; 
yet this, being a class, should be correlated with itself. But w, as we 
saw in Chapter x, is a self-contradictory class, which both is and is not 
a member of itself. The contradiction, in this case, can be solved by 
the doctrine of types ; but the case of propositions is more difficult. 
In this case, let us correlate every class of propositions w^ith the 

* This results from the theorem of Schroder and Bernstein, according? to which, 
if u be similar to a part of v, and t7 to a part of a, then a and v must be similar. 
See Borel, Lemons »ur la Theorie den Fonctiotin (Paris, 181)8), p. 10:2 ff. 

t See Chapter x. and Appendix B. 

J For the use of the word oltject see p. note. 
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proposition which is its logical product ; by this means we appear to have 
a one-one relation of all classes of propositions to some propositions. 
But applying Cantor’s argument, we find that we have omitted the 
class w of those propositions which are logical products, but are not 
members of the classes of propositions whose logical products they 
are. This class, accoixling to the definition of our coriielation, should 
be correlated with its own logical product, but on examining this 
logical product, we find that it both is and is not a member of the 
class w whose logical product it is. 

Thus the application of Cantor’s argument to the doubtful cases 
yields contradictions, though I have been unable to find any point in 
which the argument appears faulty. The only solution I can suggest 
is, to accept the conclusion that there is no greatest number and the 
doctrine of types, and to deny that there are any true propositions 
concerning all objects or all propositions. Yet the latter, at least, 
seems plainly false, since all propositions are at any rate true or false, 
even if they had no other common properties. In this unsatisfactory 
state, I reluctantly leave the problem to the ingenuity of the reader. 

360. To sum up the discussions of this Part : We saw, to begin 
with, that irrationals are to be defined as those segments of rationals 
which have no limit, and that in this way analysis is able to dispense 
with any special axiom of continuity. We saw that it is possible to 
define, in a purely ordinal manner, the kind of continuity which belongs 
to real numbers, and that continuity so defined is not self-contradictory. 
We found that the differential and integral calculus has no need of the 
infinitesimal, and that, though some forms of infinitesimal are admissible, 
the most usual form, that of infinitesimal segments in a compact series, 
is not implied by either compactness or continuity, and is ki fact 
self-contradictory. Finally we discussed the philosophical questions 
concerning continuity and infinity, and found that the arguments of 
Zeno, though largely valid, raise no sort of serious difficulty. Having 
grasped clearly the twofold definition of the infinite, as that which 
cannot be reached by mathematical induction starting from 1, and as 
that which has parts which have the same number of terms as itself — 
definitions which may be distinguished as oixlinal and cardinal re- 
spectively — we found that all the usual arguments, both as to infinity 
and as to continuity, are fallacious, and that no definite contradiction 
can be proved concerning either, although certain special infinite classes 
do give rise to hitherto unsolved contradictions. 

It remains to apply to space, time, and motion, the three chief re- 
sults of this discussion, which are (1) the impossibility of infinitesimal 
segments, (2) the definition of continuity, and (3) the definition and 
the consistent doctrine of the infinite. These applications will, I‘ 
hope, persuade the reader that the above somewhat lengthy discussions 
have not been superfluous. 
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CHAPTER XLIV. 


DIMENSIONS AND COMPLEX NCMBERS. 

361. Thk discu.ssioiis of the preceding Parts have been concerned 
with two main themes, the logical theory of numbers and the theory 
of one-dimensional series. In the fii'st two Parts, it was shown how, 
from the indispensable apparatus of general logical notions, the theory 
of finite integers and of rational numbers without sign could be de- 
veloped. In the third Part, a particular case of order, namely the 
onler of magnitude, was examined on its own account, and it was found 
that most of the jiroblenis arising in the theory of quantitv are purely 
ordinal. In the fourth Part, the general nature of one-dimensional 
series was set forth, and it was shown that all the arithmetical propo- 
sitions obtained by means of the logical theory of finite numbers could 
also be proved by assuming that the finite integers form a series of the 
kind which we called a progression. In the fifth Part, we examined 
the problems raised by endless series and by compact scries — problems 
which, under the names of infinity and coiitinuity, have defied philo- 
sophers ever since the dawn of abstract thought. The discussion of 
these problems led to a combination of the logical and ordinal theories 
of Arithmetic, and to the rejection, as universally valid, of two connected 
principles whic*h, ftdlowing (^antor, we regarded as definitions of the 
finite, not as applicable to all collections or series. These two principles 
were: (1) If one class be wholly contained in, but not coextensive with, 
another, then the one lias not the same number of terms as the other ; 
(2) inathematical induction, which is puraly oi-dinal, and may be sbitcfl 
as follow's : A series generated by a one-one relation, and having a 
first term, is such that any property, belonging to the first term and 
to the successor of any possessor of the projK'rty, belongs to every term 
of the series. These two jyi’inciples we reganled as definitions of finite 
classes and of progressions or finite .series respectively, but as inapplicable 
to some classes and some series. This view, we found, resolves all the 
difficulties of infinity and continuity, except a piu'ely logical dilficulty 
as to the notion of all classes. With this result, we completed the 
philosophical theory of oiaMlimensional series. 
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362. But in all our previous discussions, large branches of mathe- 
matics have remained unmentioned. One of the generalizations of 
number, namely complex numbers, has been excluded completely, and 
no mention has been made of the imaginary. The whole of Geometry, 
also, has been hitherto foreign to our thoughts. These two omissions 
were connected. Not that we are to accept a geometrical, i.e. spatial, 
theory of complex numbers : this would be as much out of place as 
a geometrical theory of irrationals. Although this Part is called Space^ 
we are to remain in the region of pure mathematics ; the mathematical 
entities discussed will have certain affinities to the space of the actual 
world, but they will be discussed without any logical dependence upon 
these affinities. Geometry may be considered as a pure a priori science, 
or as the study of actual space. In the latter sense, I hold it to be 
an experimental science, to be conducted by means of careful measure- 
ments. But it is noh in this latter sense that I wish to discuss it. 
As a branch of pure mathematics, Geometrv is strictly deductive, 
indifferent to the choice of its premisses and to the question whether 
there exist (in the strict sense) such entities as its premisses define. 
Many different and even inconsistent sets of premisses lead to propo- 
sitions which would be callcKl geometrical, but all such sets have a 
common element. This element is wholly summed up by the statement 
that Geometry deals with series of more than one dimension. ITie 
question what may be the actual terms of such series is indifferent 
to Geometry, which examines only the consequences of the relations 
which it postulates among the terms. These relations are always such 
as to generate a series of more than one dimension, but have, so far 
as I can see, no other general point of agreement. Series of more than 
one dimension I shall call mvltipk series: those of one dimension will 
be c^alled simple. What is meant by dimensions I shall endeavour to 
explain in the course of the present chapter. At present, I shall set 

by anticipation, the following definition : Geometry is the study 
series of two or more dimensions. This definition, it will be seen, causes 
complex numbers to form part of the subject-matter of Geometry, since 
they constitute a two-dimensional series; but it does not show that 
complex numbers have any logical dependence upon actual space. 

The above definition of Geometry is, no doubt, somewhat unusual, 
and will produce, especially upon Kantian philosophers, an appearance 
of wilful misuse of words. I believe, however, that it represents 
correctly the present usage of mathematicians, though it is not necessarv 
for them to give an explicit definition of their subject. How it hs^ 
come to bear this meaning, may be explained by a brief historical 
retrospect, which will illustrate also the difference between pure and 
applied mathematics. 

363. Until the nineteenth centurj', Geometry meant Euclidean 
Geometry, i.e. a certain system of propositions deduced from premisses 
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which were supposed to describe the space in which we live. The 
subject was pursued very largely liecause (what is no doubt inipoi^tant 
to the engineer) its i-esults were practically applicable in the existent 
world, and embodied in themselves scientific truths. But in order to 
be sure that this was .so, one of two things was necessary. Either 
we must be certain of the truth of the premisses on their own account, 
or we must be able to show' that no other set of premisses w'ould give 
results consistent with experience. The first of these alternatives was 
adopted by the idealists and was especially advocated by Kant. The 
second alternative represents, roughly, the position of empiricists before 
the non-Euclidean period (among whom we must include Mill). But 
objections were raist*d to both alternatives. For the Kantian view, 
it was necessary to maintain that all the axioms are self-evident — a view 
which honest {leople found it hard to extend to the axiom of parallels. 
Hence arose a search for more plausible axioms, which might he de- 
clared a priori truths. But, though many such axioms were suggested, 
all could sanely be doubted, and the search only led to scepticism. 
The second alternative — the view that no other axioms would give 
results consistent with experience — could only be tested by a greater 
mathematical ability than falls to the lot of most philosophers. Accord- 
ingly the test was wanting until Iiol)atchewsky and Bolyai develoj)ed 
their non-Euclidean system. It was then proved, with all the cogency 
of mathematical demonstration, that premisses other than Euclid’s 
could give results empirically indistinguishable, within the limits of 
observation, from those of the orthodox system. Hence the empirical 
argument for Euclid was also destroyed. But the investigation produced 
a new spirit among Geometers. Having found that the denial of 
Euclid’s axiom of parallels led to a different system, which was self- 
consistent, and possibly true of the actual world, mathematicians liecame 
interested in the development of the consequences flowing from other 
sets of axioms more* or less resembling Euclid’s. Hence arose a large 
number of Geometries, inconsistent, as a mle, with each other, but 
each internally .self-consistent. The I’esemblance to Euclid required in 
a suggested set of axioms has gradually grown less, and possible 
deductive systems have lx*en more and moi'e investigated on their 
own account. In this way, Geometry has Ixcoine (what it was formerly 
mistakenly callwl) a branch of pure mathematics, that is to say, a subject 
in w^hich the as.sertions are that such and such consul ueiu^es follow from 
such and such premis.ses, not that entities such as the preniis.ses describe 
fictually exist. That is to say, if Euclid’s axioms be called and P be 
any proposition implied l>y then, in the Geometry which pri'ceded 
I^obatchewsky, P itself would be asserted, since A was iusserted. But 
now-a-days, the geometer w'ould only assert that A implies F, leaving 
A and P them.selves doubtful. And he would have othtT sets of axioms, 
A^.,. iiiiplying Pj, P,^.., re.spectively : the implications would Ixlong 
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to Geometry, but not Ai or or any of the other actual axioms and 
propositions. ITius Geometry no longer throws any direct light on 
the natui*e of actual space. But indirectly, the increased analysis and 
knowledge of possibilities, resulting from modern Geometry, has thrown 
immense light upon our actual space. Moreover it is now' proved (what 
is fatal to the Kantian philosophy) that every Geometry is rigidly 
deductive, and does not employ any forms of reasoning but such as 
apply to Arithmetic and all other deductive sciences. My aim, in what 
follows, will be to set forth first, in brief outlines, what is philosophically 
important in the deductions which constitute modern Geometry, and 
then to proceed to those (]uestions, in the philosophy of space, upon which 
mathematics tliTow's light. In the first section of this Part, though 
I shall be discussing Geometries as branches of pure mathematics, I 
shall select for discussion only those which throw the most light either 
upon actual space, or upon the nature of mathematical reasoning. A 
treatise on non-Euclidean Geometry is neither nec*essary nor desirable in 
a general work such as the present, and will therefore not be found in 
the following chapters. 

364 . Geometry, we said, is the study of series which have more 
than one dimension. It is now' time to define dimensions, and to 
explain what is meant by a multiple series. The relevance of our 
definition to Geometry will appear from the fact that the mere defini- 
tion of dimensions leads to a duality closely analcigous to that of 
projective Geometry. 

Let us begin with two dimensions. A series of two dimensions 
arises as follows. I^t there be some asymmetrical transitive relation P, 
which generates a series i/j. Let every term of w, be itself an asym- 
metrical transitive relation, which generates a series. Let all the field 
of P form a simple series of asymmetrical relations, and let each of these 
have a simple series of terms for its field. Then the class 11.2 of terms 
forming the fields of all the relations in the series generated by P 
is a two-dimensional series. In other words, the total field of a class 
of asymmetrical transitive relations forming a simple series is a double 
series. But instead of starting from the asymmetrical relation P, we 
may start from the terms. Let thcr** Ik* a class of terms 11.2, of which 
any given one (with possibly one exception) belongs to the field of one 
and only one of a certain class of serial relations. That is if jr Ik a 
term of j’ is also a term of the field of some relation of the class 
Now further let Ik a series. Then 11.2 will be a double series. This 
seems to constitute the definition of two-dimensional series. 

To obtain three dimensions, we have only to suppose that Wj itself 
consists of series, or of asymmetrical transitive relations. Or, starting 
with the terms of the three-dimensional series, let any term of a certain 
class M3 belong to one and only one series (again with one possible 
exception, which may bt*Iong to many series) of a m^tain class lA*t 



376 


363-366] Dimensions and Complex Numbers 

every term of 1/2 be a term of some series belonging to a class of series, 
and let i/j itself be a simple series. ITien is a triple series, or a series 
of three dimensions. Proceeding in this way, we obtain the definition 
of n dimensions, which may be given as follows: Let there be some 
series ?/,j whose ternjs are all themselves serial relations. If be any 
term of Wj, and any term of the field of .r,, let be again a serial 
Illation, and so on. Prt)ceeding to jtj, x^^ etc., let however 

obtained, be always a relation generating a simple series. ''Fhcn all the 
terms x^ Monging to the field of any serial relation form an 

7/ -dimensional series. Or, to give the definition which starts from the 
terms : Let »/„ be a (*lass of terms, any one of whic*h, x,^ say, belongs to 
the field of some serial relation, j^n-i which itself Ixilongs to a 
definite class m„_, of serial relations. I^t each term Xj^ in general 
belong to the field of only one serial lelation .r„_i (with excieptions 
which need not be discussed at present). Let lead to a new 

class //.n_2 of serial relations, in exactly the way in which led to' 

this proceed until we reach a class ?/,, and let be a simple series. 
Then is a series of n dimensions. 

355. Ilefoix*, proceeding further, some observations on the above 
definitions may be useful. In the first plac‘c, we have just .seen that 
alternative definitions of dimensions suggest themselves, which have a 
relation analogous to what is called (liiality in projective Geometry. 
How far this analogy extends, is a question which we cannot discuwss 
until we have examined projective Geometry. In the second place, 
every series of n dimensions involves series of all smaller numbers of 
dimensions, but a series of (r? — 1) dimensions does not in general 
imply one of // dimensions. In the stcond form of the definition of n 
dimensions, the class Wn-j is a scTies of (w — 1) dimensions, and generally, 
if m lx* le.ss than w, the class ttn-m L a series of (w — in) dimensions. 
And in the other method, all possible terms together form a series 
of (w -1) dimensions, and so on. In the third place, if n be finite, a 
class whicli is an ^/.-dimensional series is also a one-dimensional series, 
'rhis may lx; established by the following rules : In the class j/j, which 
is a simple series, preserve the order unchanged. In keep the in- 
ternal order of each series unchanged, and place that series befoi'e which 
comes before in and that after which comes after in //j. Thus is 
convertetl into a simple series. Apply now the same process to 
so on. Then by mathematical induction, if n be finite, or Ix? any infinite 
oixlinal number, can be converted into a simple series, l^his remark- 
able fact, which was discovered, for finite numbers and cu, by ( antor*, 

* ('aiitor has proved, not only that a simple series can he so formed, but that, 
if n he not greater than a>, and the constituent series all have the R:iine cardinal 
number, this is also the cardinal nuinlier of the resultant series: i.v. an iMliinensional 
space has the same cardinal number of points as a finite portion of a line. See 
Acta Math. 11 , p. .*114 flf. 
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has a very important bearing on the foundations of Geometry. In 
the fourth place^ the definition of n dimensions can be extended to 
the case where n is the first of the transfinite ordinals. For this 
puiposc, it is only necessary to suppose that, whatever finite number m 
we may take, any Mm will telong to some simple series of series Wm+i ; 
and that the sequence of classes of series so obtained obeys mathematical 
induction, and is therefore a progression. ITien the number of dimen- 
sions is CD. This case brings out, what does not appear so clearly from 
the case of a finite number of dimensions, that the number of dimensions 
is an ordinal number. 

356. There are very many ways of generating multiple series, as 
there are of generating simple series. The discussion of these various 
ways is not, however, of gi'eat importance, since it would follow closely 
the discuasion of Part IV’^, Chapter xxiv. Instances will meet us in the 
course of our examination of the various Geometries ; and this exam- 
ination will give opportunities of testing our definition of dimensions. 
For the present, it is only important to observ^e that dimensions, like 
order and continuity, are defined in purely abstract tenns, without any 
reference to actual space. Thus when we say that space has three 
dimensions, we are not merely attributing to it an idea which can 
only lie obtained from space, but we are effecting part of the actual 
logical analysis of space. This will appear more clearly from the 
applicability of dimensions to complex numbers, to which we must 
now turn our attention. 

367, The theory of imaginaries was formerly considei’ed a very 
iiiipoi-tant branch of mathematical philosophy, but it has lost its 
philosophical importance by ceasing to be controversial. The ex- 
amination of imaginaries led, on the Continent, to the Theory of 
Functions — a subject which, in spite of its overwhelming mathematical 
iinpoHaiice, appears to have little interest for the philosopher. But 
among oui'selves the same examination t(K)k a more abstract direction ; 
it led to an examination of the principles of symbolism, the formal 
laws of addition and multiplication, and the general nature of a 
Calculus. Hence arose a freer spirit towards ordinary Algebra, and 
the possibility of regaixling it (like ordinary Geometry) as one species 
of a genus. This was the guiding spirit of Sir William Hamilton, 
He Morgan, flevons and Peirce — to whom, as regards the result, 
though not as regards the motive, we must add Boole and (Trassinann. 
Hence the philosophy of imaginaries iKcaine merged in the far 
wider and more interesting problems of Hniversal Algebra*. These 
problems cannot, in my opinion, be dealt with by starting with 
the genus, and asking oui’selves: what arc the essential principles of 
any Calculus.^ It is necessary to adopt a more inductive metluxl, and 

* See Whitehead, Algehray Canibrid^, lttf)8 ; especially Hook I. 
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examine the various species one by one. The mathematical portion of 
this task has been admirably performed by Mr Whitehead : the philo- 
sophical portion is attempted in the present work. The possibility of a 
dcHcluctive Universal Algebra is often based upon a supposed principle of 
the Permanence of Form. Thus it is said, for example, that complex 
numbers must, in virtue of this principle, obey the same laws of addition 
and multiplication, as real numbei’s obey. But as a matter of fact there 
is no such principle. In Universal Algebra, our symbols of operation, 
Murh as 4- and x , are variables, the hypothesis of any one Algebra being 
that these symbols obey eeiiain pi'escribed rules. In order that such an 
Algebra should be important, it is necessary that there should be at 
least one instance in m hich the suggested rules of operation arc verified. 
But even this restriction does not enable us to make any general formal 
statement as to all possible rules of operation. Thv. principle of the 
Permanenc*e of Form, therefore, must be regarded as simplv a mistake ; 
other operations than arithmetical addition may have some or all of its 
formal properties, but operations can easily be suggested which lack some 
all of these properties. 

368. Ckmiplex numlxjrs first appeared in mathematicis through the 
algebraical generalization of number. The principle of this generaliza- 
tion is the following . Given some class of numbers, it is required that 
numbers should lx? discovercd or invented which will render soluble any 
eej nation in one variable, whose coefficients aix» chosen from the said 
class of numbt^rs. Starting with positive integers, this method leads 
at once, by means of simjde ccjuations alone, to all rational iiumbei's 
positive and negative, Kcjuations of finite degrees will give all the 
sf)-called algebraic numbers, but to obtain transcendent numbers, such 
as c and tt, we need e(| nations which are not of any finite degree. In 
this respect the algebraical generalization is very inferior to the arith- 
nietical, since the latter gives all irrationals by a uniform method, 
uhereas the former, strictly speaking, will give only the algebraic 
numbers. But with regaixl to complex numbers, the matter is other- 
wise. No arithmetical problem leads to these, and they are wholly 
incapable of arithmetical definition. But the attempt to solve such 
equations as .r^-hl=0, or .r“ -h -f 1 = 0, at unce demands a new class 
of numlx‘rs, since, in the whole domain of real numbers, none can Ik? 
found to satisfy these equations. To meet such cases, the algebraical 
generalization defined new iuiinlK?i's by means of the equations whose 
roots they were. It showed that, assuming these new numbers to obey 
the usual laws of multiplication, each of them fell into tw'o parts, one 
ival, the other the [)roduct t)f some real nuinlxir and a fixed number of 
the new kind. This fixed luimlxn* could be cho.sen arbitrarily, and was 
always taken to lx* one of the square roots of —1. Numbci’s thus 
composed of two parts were called complex numbers, and it was shown 
that no algebraic operation upon them could lead to any new class of 
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nuiTjbt^rs. What is still more remarkable, it was proved that any fiirtlier 
generalization must lead to numbers disolx?ying some of the formal laws 
of Arithmetic*. 'Hut the algebraical generalization was wholly unable 
(as it was, in truth, at every previous stage) to prove that there are 
such entities as those which it postulated. // the said ei] nations have 
roots, then the routs have such and such properties ; this is all that 
the algebraical method allow^s us to infer, "rhere is, however, no law 
of natui'e to the effect that every ec| nation inujit have a root; on 
the contrary, it is (juite essential to l)e able to point out actual 
entities which do have the properties demanded by the algebraical 
generalization. 

359. The" discovery of such entities is onlv to be obtained by 
means of the theory of dimensions. Ordinarv complex niinibevs form 
a series of two dimensions of a certain type, which hapj)en to occur as 
roots of e<juations in which the coefficients are real. Complex numln^rs 
of a higher ortler represent a ceilain type of //-dimensional sc'iies, but 
here there is no algebraical problem concerning real numlx*rs which the^ 
are reejuired to solve. As a matter of fact, however, the algebraical 
generalization, as we have seen, does not tell us what our neu entities 
are, nor whether they are entities at all : moreover it encourages the 
erroneous view that complex numlx*i-s whose imaginaiy part vanishes 
are real numbers. I'his error is iinalogons to that of supposing that 
some real numbers are rational, some rationals integral, and positive 
integers identical with signless integers. All the above errors having 
bet*n exposed at length, the reader will probably be willing to admit 
the corresponding error in the present case. No complex number, then, 
is a real number, but each is a term in some nuilti])le series. It is not 
worth while to examine specially the usual tuo-diinensional coniplex 
numlx‘rs, whose claims, as we have seen, are purely technical. I shall 
therefore proceed at once to systems with n units. I shall give first the 
usual purely formal definition t, then the logical objections to this 
definition, and then the definition which I propose to substitute. 

lA't 71 differtmt entities, Ci, /Vi, which we may call elements 

or units, lx given ; and let each lx capable of association with any real 
niimlxr, or, in special cases, witli any rational or any integer. In this 
way let entities /irise, where is a number, /ind or,/',, differs from 
unless / ==.yand cr^ — a^j. That is, if either the numerical or the non- 
nuinerical parts of a/v and ol^\ be different, then the wholes are different. 
Further, let there be a way of combining ttiCi, a/.j, . . ., ofuCn, for each 
set of values or.^, ... a„, to forn) a new entity. (The class \^hose 
members are .iC,, ... will lx such an entity.) Then the com- 

bination, which may be written as 

a = fliCj -f -f + . . . + auCn, 

* See Stolz, Allyemeiut Arithnicfik, ii, Section I, 5? 

t See Stolz, iftiV/. ii, Section 1, § 0. 
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is a complex number of the wth order. The anangement of the 
component terms ••• or may not be essential to 

the definition; but the only thing always essential is, that the com- 
bination should be such that a difference in any one or more of the 
numbers Oj, ... a„ insures a difference in the resulting complex 
number. 

360. The above definition suff'ers from the defect that it docs not 
point out any one entity which is the complex number defined by a set 
of real numbers. Given two real 11111111 ) 01 * 8 , «, the two complex numbers 
a -f h + ta are determinate ; and it is desirable that such determinate- 
ness should appear in the general definition of complex numbers of any 
ordei*. But the c’s in the above definition are variables, and the 
suggested complex number is only determinate when the rV are specified 
as wx'll as the a"s. Where, as in metrical Geometry or in the Dynamics 
of a finite system of jiarticles, there are important meanings for the cs, 
we may find that complex numbers in the above stnise are important. 
Ihit no s[)ecial interpr(‘tation can give us the complex number associated 
with a given set of real numbers. Wc might take as the complex 
number the class of all such entities as tlu‘ above for all possible values 
of the c’s; but such a class would be too general to s(‘r\e our purposes. 
A better method seems to be the following. 

We wisli a complex number of the //th oi’der to be specified by the 
emiineration of n real numbers in a certain order, i,e. by the numbers a,, 

... c?n 5 where the oi'der is indicated by the suffix. But we cannot 
define a complex number as a .vr/*/V.y of n real numbers, because the .same 
real number may recur, i.e. oLr and a, need not lx; different whenever r 
and are different. Tluis what defines a real number is a one-many 
relation whose domain consists of real numbers and whose converse 
domain consists of the first n integers (or, in the case of a complex 
numlx'r of infinite* order, of all the integei-s) ; for the suffix in a, indicates 
correlation with the integer r. Such one-many relations may be defined 
to he tlie complex numbers, and in this way a purely arithmetical defi- 
nition is obtained. 'The a -dimensional series of complex numbers of 
o]*der // results from arranging all complex numbers which differ only 
as to (.say) in the order of the real numbers which are a,- in the 
various cases. 

In order that comj)lex numbei*s in the sense defined by Stolz should 
have any importance, there must l)e some motive for considering 
assemblages of terms selected out of continua. Such a motive exists 
in a metrical space of n dimensions, owing to a circumstance which is 
essential to the utility, though not to the definition, of complex 
numbers. Let a collection of entities (points) be given, each of wdiich 
liJLs to each of the entities Cj, Cj, ... c,, a numerically mea>ural)le relation 
(distance), and let each be uni(|uely defined by the n relations which it 
has to r,, Ca, ... 'J'hen the complex uumlx!!* n will rejiresent one of 



380 


Space [chap, xliv 

this collection of entities, and the elements ... will themselves 

be terms of the collection*. Thus there is a motive for considering the 
numbers a, which in the general case is practically absent f. But what 
is essential to observe, and what applies equally to the usual complex 
numbers of Algebra, is this : our numbers are not purely arithmetical, 
but involve essential reference to a plurality of dimensions. Thus we 
have definitely passed beyond the domain of Arithmetic, and this was 
niy reason for postponing the consideration of complex numbers to this 
late stage. 

* is not identical with 1 + 0 Tiie former is a point, the latter a 

complex number. 

t In ^^metrical applications, it is usual to co\isider only the ratios a| : 
as relevant. In this case, our series has only (n - 1) dimensions. 



CHAPTER XLV. 


PROJECTIVE GEOMETRY. 

361. The foundations of Geometry have been subjected, in recent 
times, to a threefold scrutiny. First came the work of the non- 
Euclideans, which showed that various axioms, long known to be 
sufficient for certain results, were also nec'essary, i.e. that results in- 
consistent with the usual results but consistent with each other followed 
from the denial of those axioms. Next came the work of Dedekind 
and Cantor on the. nature of continuity, which showed the necessity 
of investigating carefully the prerecjuisites of analytical Geometry. 
l.astly, a great change has been introduced by the Italian work on 
closed series, mentioned in Part IV., in virtue of which we are able, 
given a certain type of relation between Jour points of a line, to 
introduce an order of all the points of a line. The work of the 
non-Euclideans has, by this time, produced probably almost all the 
modifications that it is likely ^to produce in the foundations, while 
th(? work of Dedekind and Cantor only becomes relevant at a fairly 
advanced stage of Geometry. The work on closed series, on the contrary, 
being very recent, has not yet been universally recognized, although, as 
we shall see in the present chapter, it has enormously increased the 
range of pure projective Geometry. 

362. In the discussions of the present Part, I shall not divide 
Geometries, as a rule, into Euclidean, hyperbolic, elliptic, and so on, 
though I shall of course recognize this division and mention it whenever 
it is relevant. But this is not so fundamental a division as another, 
which applies, generally speaking, within each of the above kinds of 
Geometry, and corresponds to a greater logical difference. The above 
kinds differ, not in respect of the indefinables with which we start, 
nor yet in respect of the majority of the axioms, but only in respect 
of comparative!;/ few and late axioms. The three kinds which I wish 
to discuss differ both in respect of the indefinables and in respect of the 
axioms, but unlike the three previous kinds, they are, roughly speaking, 
mutually compatible. That is to say, given a certain body of geo- 
metrical propositions concerning a certain number of entities, it is more 
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or less arbitraxy which of the entities we take as indefinable and w'hich 
of the propositions as indemonstrable. But the logical differences which 
result from different selections ai’e very great, and the systems of de- 
ductions to which different selections lead must be sepai’atcly discussed. 

All Geometries, as commonly developed, agree in starting with 
points as indefinables. That is, there is a certain class-concept point 
(which need not be the same in different Geometries), of which we 
assume that there are at least two, or three, or four instances, acconling 
to circumstanres. Further instances, i.e. further points, result from 
special assumptions in the various cases. Where the three great types 
of Geometry begin to diverge is as regards the straight line. Projective 
Geometry begins wdth the whole straight line, i.e, it asserts that any 
two points determine a certain class of points which is also determined 
by any two other memlxers of the class. If this class be regarded as 
determined in virtue of a relation between the two [)oints, tlien this 
relation is symmetrical. What I shall call Descriptwc Geometry, on 
the contrary, begins with an asymmetrical relation, or a line with sense, 
which may be called a ray; or again it may begin by regaiding two 
]K>ints as determining the stretch of points between them. Metrical 
Geometry, finally, takes the straight line in either of the abo\e senses, 
and adds either a second relation between any two points, namely 
distance, w'hich is a magnitude, or else the consideration of stretches 
as magnitudes. Thus in regard to the relations of two points, the 
three kinds of (Jeometry take different indefinables, and have cor- 
responding differences of axioms. Any one of the three, by a suitable 
clioice of axioms, w ill lead to any reejuired Kuclidean or non-Kuclidean 
space ; but the first, as we shall see, is not capable of yielding as n»any 
propositions as result from the second or the third. In the present 
chapter, I am going to assume that set of axioms whicli gives the 
simplest form of projective (ieoinetry ; and I shall call any collection 
of entities satisfying these axioms a projective space. We shall see in 
the next ehaj)tei’ how' to obtain a set of entities forming a projective 
space from a set forming a Fhiclidean or hy[)erl)olic space; projective 
space itself is, so far as it goes, indistinguishable from the polar form 
of elliptic space. It is defined, like all mathematical ontitii‘S, solely by 
the formal nature of the relations Ijetween its constituents, not by what 
those constitut‘iits are in themselves. I'hus w'c shall see in tlu* following 
chapter that the “points” of a jxrojective space may each Ik* an infinite 
class of straight lines in a non-projective space. So long as the 
“points” have the i-equisite type of mutual relatioiLs, the definition 
is satisfied. 

363. Projective G(‘oinetry assumes a class of entities, called points^ 
to which it assigns certain properties*. In the first place, there are to 

* In what follows, 1 am mainly indohted to Pieri, / Principii ddhi (ivomftria di 
Potdzioiie. Turin, 1K98. Tliis i.s, in my opinion, the best work on the present 
subject. 
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be at least two different points, a and b say. These two points are 
to determine a certain class of points, their straight line, which we 
will call ab. This class is determined by b and a, as well as by a and 6, 
i.e. there is no order of a and b involved ; moreover a (and therefore b) 
is itself a member of the class. Further, the class contains at least 
one point other than a and b ; if c be any such point, then b belongs to 
the class (u\ and every point of (u: belongs to ah. With these assump- 
tions it follows* that, if c, d l)e any points of aft, then cd and ab 
coincide* — i.e. any two points of a line determine that line, or two lines 
coincide if they have two points in common. 

Before proceeding further, let us consider for a moment what is 
meant by saying that two points determine a class of points. This 
expression is often thought to require no explanation, but as a matter 
of fact it is not a p(*rfectly precise statement. The precise statement 
<»f what is meant is this : niere is a certain definite relation (K say) 
which holds between any couple of points and one and only one cor- 
r(\sj)onding class of points. Without some such definite relation, there 
could be no (piestion of two points determining a class. The relation K 
may be ultimate and indefinable, in which case we need the above 
properties of the class ah. We may obtain, however, a ilerivative 
relation between two points, ft and c say, namely that of being both 
collinear with a given f)oint a. This relation will be transitive and 
symmetrical, but will always involve reference to a term other than 
those (A and c) which are its terms. 'Fhis suggests, as a simplification, 
that instead of a relation A" between a (couple of points and a <*lass 
of points, we might have a relation K between the two points a and ft. 
If /{ be a symmetrical aliorelative, transitive so far as its being an 
alior<*lative w'ill permit (t.c. if aUh and bile imply altc^ unless a and c 
are identical), tlie above properties of the straight line will belong 
to the class of terms having to a the relation K together with a itself. 
This view^ seems simpler than the former, and leads to the same n*sults. 
Since the view that the straight line is derived from a relation of two 
points is the simpler, I shall in general adopt it. Any two points a, 
ft have, then, a relation a, r have a relation liac- If Jtai, and Rac 

are identical, while ft and c differ, /^r is identical with both Rab ''ind 
R„i . ; if not, not. It is to be observed that the formal prope;rties of any 
such relation R are those belonging to the disjunction of an asym- 
metrical transitive relation and its converse — greater t»r less, before 
or after, etc. These are all symmetrical aliorelatives, and are transitive so 
far as their lacing aliorelatives will permit. But not all relations of the 
type in question are analyzable into a transitive asymmetrical relation 
or its converse ; for divei’sity, which is of the above type, is not so 
analyzable. Hence to assume that the straight line can be generated 


* Pieri, op. ml. § 1, prop. 25. 
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by an asymmetrical relation and its converse is a new assumption, 
characteristic of what I shall call Descriptive Geometry. For the 
present, such an assumption would be out of place. We have, then, 
two indefinables, namely and the relation R or A"*. No others 

are required in projective space. 

364. The next point is the definition of the plane. It is one of 
the merits of projective space that, unlike oth^r spaces, it allows a very 
simple and easy definition of the plane. For this purpose, we need 
a new axiom, namely ; If a, A be two distinct points, there is at least 
one point not belonging to ab. Let this be r. Then the plane is the 
class of points lying on any line determined by c and any point x of ah. 
That is, if j: be any point of ai, and y any point of cvr, then y is a point 
of the plane cab ; and if jy be a point of the plane mft, then there is 
some point x in ah such that ^ is a point of cx. It is to be observed 
that this definition will not apply to the Euclidean or hyperbolic plane, 
since in these two lines may fail to intersect. I'he exclusion of Euclidean 
and hyperbolic space results from the following axiom f: “ If a, 6, c be 
three non-collinear points, and a be a point of h' other than h and c, 
V a point of ac other than a and c, then there is a point common to ao! 
and bh r By means of this axiom we can prove that the plane cab is 
the same as the plane abc or Aoc, and generally that, if d, e^f be any 
three non-collinear points of aAc, the plane coincides with the plane 
abc ; we can also show that any two lines in a plane intersect. 

366. We can now proceed to the harmonic range and von Staudt’s 
quadrilateral construction. Given three collinear points a, 6, c take any 
two points M, V collinear with c but not on ab, (’onstruct the points of 
intersection au . bv and av . hfa ; join these points, and let the line 
joining them meet ab in d. This construction is called the quadrilateral 
construction. If we now cussume that outside the plane aha there is at 
least one point, we can prove that the point d is independent of u and is 
and is uniquely determined by a, 6, c. The point d is called the 
harmonic of c with respect to a and A, and the four points are said to 
form a harmonic range. The uniqueness | of the above construction — 
the proof of which, it should be observed, requires a point not in the 
plane of the construction || — i.s the fundamental proposition of projective 
Geometry. It gives a relation which may hold between four points of a 
line, and which, when two are given, is one-one as regards the other 

* We shall see in ('hap. xux that these notions, which are here provisionally 
undefined, are themselves variable members of definable classes. 

f Pieri, op. cif, § 3, p. 9. 

I 'Fhe proof of the uniqueness of the quadrilateral construction will be found in 
any text-book of J’rojective Geometry, e.g. in ('remuna’s (Oxford 1893), Chap. viii. 

II A proof that this proposition requires three dimensions is easily derivable from 
a theorem given by Hilbert, Grundlagen der Oeometrie, p. .51 (Gauss- Weber Fest- 
schrift, Leipzig, 1899). 
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two. Denoting and d are harmonic with respect to a and ft'* * * § '* by 
the following properties of the relation are important : (1) cHai/d 
implies d/fabC, i,e. Hab is symmetrical; (2) cHahd implies aHcJbj i-€. 
the relation of the pairs ah, cd is syiiimetric^al ; (3) cHatid implies that 
r and d are different points, Le. Hat is an aliorelative. This last 
property is independent of the others, and has to be introduced by an 
axiom *. 

Having obtained the harmonic range, we may proceed in two 
different directions. We may regard the harmonic relation as a re- 
lation of two pairs of points : hence, by keeping one of the pairs fixed, 
we obtain what is called an involution. Or we may regard the harmonic 
relation, as in the symbol cHayd^ as a relation betweeji two points, 
which involves a reference to two others. In this way, regarding a, b, c, 
as fixed, we obtain three new points d, e, f on the line ah by the 
relations cHai/l^ hHarJ*- Each of these may be used, with two 

of the previous points, to determine a fourth point, and so on. This 
leads to what Mbbius-f- calls a net, and forms the method by which 
Klein J introduces projective coordinates. This construction gives also 
the methcxl of defining an harmonic ratio. These two directions in 
which projective Geometry may l)e developed must be separately pursued 
to begin with. I shall take the former first. 

366. 'By means of the harmonic relation, define an involution. 
'Fhis consists of all pairs of points which are harmonic conjugates with 
respetit to two fixed points{{. ITiat is to say, if a, b he the two fixed 
points, an involution is composed of all pairs of points x, y sucli that 
jrHaty- If four points or, y, Jr\ y' be given, it may or may not happen 
that there exist two points a, b such that ocHabJf and x HahTj- Th^ 
possibility of finding such points a, h constitutei^ a certain relation of 
X, y to X , y . It is plain that this relation sometimes holds, for it 
holds when x, y are respectively identical with x\ y \ It is plain also 
that it sometimes does not hold ; for if x and y be identical, but not x' 
and y\ then the relation is impossible. Pieri§ has shown how, by means 
of certain axioms, this relation of four terms may be used to divide the 
straight line into two segments with respect to any two of its points, 
and to generate an order of all the points on a line. (It must be borne 

* See Fano, Oioninle di Matimntiche, Vol. 30 ; Fieri, op. cit. § 4, p. 17 and 
Appendix. Faiio has proved the necessity of the alH)ve axiom in the only conclusive 
manner, by constructiiif^ a system satisfying all the previous axioms, but not this 
one. The discovery of its necessity is due to him. A simpler but equivalent axiom is 
that our space contains at least one line on which there are more than three points. 

+ Harycentrincker Calcul, Section ii. Chap. vi. 

X Math. Anndleii, 4, 6, 7, 37 ; Vorltshunyen iiber nirht-Eukiiditfche Geometrie^ 
Gottingen, 1893, Vol. i, p. 308 if. 

II In what follows, only involutions with real double points are in question. 

§ Op. cit. §§ 5, 6, 7. Pieri’s method was presumably suggested by von 8taudt 
Cf. Geometric der Laye, § 16: especially No. 210. 
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in mind that, in projective Geometry, the points of a line do not 
have an order to begin with.) This projective order is obtained as 
follows. 

367 . Given any three different points a, /», c on a line, consider the 
class of points x such that a and h and x are each harmonic conjugates 
with respect to some pair of points y — in other words, a and r, 
h and X are pairs in an involution whose double points are ?/, y . Here 
Jh y* supposed variable ; that is, if any such points can be found, 
x is to belong to the class cotisidered. This class contains the point 6, 
but not a or c. Let us call it the segment (uhc). I^‘t us denote the 
relation of h to x (a and c being fixed) by hQae^r, 'I'hcn Qac 
metrical, and also hQae^ implies We hav(‘ here a relation of 

four points, from which, as we saw in Part IV, ('hapter xxiv, an order 
will result if certain further axioms are fulfilled. Three such axioms are 
required, and are given by Fieri as follows, 

(1) If d is on the line ah, but does not belong to the segment (ahr), 
and does not coincide with a or with c, then d must belong to the 
segment (bca). (If d coincides with r, we know already that d belongs 
to the segment (hca). '^I'his case is therefore excluded from the axiom 
to avoid a superfluity of assumptions.) In virtue of this axiom, if a, 
A, r, d be distinct points on a line, we must have either or cQai/i- 

It follows that we must have cither Thus at least two 

(^-relations hold between any four distinct collinear points, (^^i) If 
a, ft, c be distinct collinear points, and d be a point belonging to both 
the segments (bra) and (cab), then d cannot belong to the segment {abc). 
That is, of the three segments to which d may belong, it never belongs 
to more than two. From this and the previous axiom it results that, if 
d be distinct from a, ft and c, then d belongs to two and only two of 
the three segments defined by ft and r. (3) If a, ft, r be distinct 
collinear points, and d a point, other than ft, of the segment (aftr), and 
e a point of the segment (a^ft;), then c is a point t)f the segment {abc). 
(Here again, the condition that d is to l)e other than ft is reijuired only 
to avoid superfluity, not for the truth of the axiom.) In terms of 
this axiom states that bQa<^^ and dQa^' hnply bQa<^'-> that is, Qac 
transitive. We saw already that Qac is symmetrical. We can now 
prove that, by means of this relation, all j)oints of the line except a 
and r: are divided into two classes, which we may call and {(U')^. 

Any two points in the same class have the relation Qar>, any two in 
different classes have not. The division into ticn classes rev^ults from 
the fact that, if we do not have ftf^ac^/, nor yet dQace (ft, t/, e being points 
other than a and r), then we do have bQad^'- That is to say, Qac has 
the formal properties of sameness of sign, and divides the line into 
two classes, just as sameness of sign divides numbers into positive and 
negative. 

llie opposite of Qac^ which I shall denote by Tacy corresponds in like 
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manner to (Jifterenee of sign. Tae is not to denote the mere negation 
l>nt the fact of belonging to different segments. That is, hTa^d 
means that d does not coincide with a or r, that d lies in the line acy 
but not in the segment (r/ftc). Then 67^^/ may be taken as meaning 
that h and d are separated by a and r. It is a relation which has the 
foiinal properties of separation of couples, as enumerated in Part IV, 
Chapter xxiv. If a, ft, c, r/, v be five distinct points in one straight line, 
we have tlie following properties of the 7’-relation. (1) hTa^d is 
e(|uivalent to dTacK ^7^*9 ^7^6/7, etc. {^) AVe have one and 

only one of the three relations (iThdd^ «7^[^dC, a7\J). (3) dTJl) implies 

J7> or 

Hy comparing tlie above properties of T with those of separation 
of couples, it will be seen that T leads to a closed series (in the wsense of 
Part IV ), i,e. to a series in which there is a first term, but this first 
term is arbitrary. Tlie definition of the generating relation of the 
series (whicli involves, as in the general case, three fixed points) is 
given by Pieri as follows. W^ith regard to the natural order wftc, a 
precedes every other point of the line ; v precedes every point d not 
belonging to (aln) and not coinciding with a or c, i.6\ every point d 
such that d7 rt,.ft ; a general point d precedes a general point c if dQaJ^ 
and or if dTaJb and if belongs to the segment (aftc) 

and € to btie segment or if ft and d are separated by a and c, and 

likewise c and v by a and d. It is then shown, that of any two points 
of the line, one precedes the other, and that the relation is transitive 
and asvmmetrical ; hence all the points of the line acijuire an oi-der. 

Having now obtained an order among our points, we can inti-oduce 
an axiom of continuity, to which Pieri f gives a form analogous to that 
of Dedekirurs axiom, namely : If any segment {abc) be dividend into 
two parts ft and A:, such that, with regard to the order aftc, every 
point of ft priredes every [)oiut of k\ while ft and k each contain at 
Icjist one point, then there must be in (ahv) at least one point .r such 
that every |)oint of (ahe) which precedes a' belongs to ft, and every point 
of (aftr) which follows .r belongs to k. It follows from this axiom that 
every infinite class contained in {abc) and having no last (or first) term 
has a limit, which ;■> either a j)oint of (abc) or c (or a); and it is e4L^y to 
prove that, when ft and k are given, there can be only one such point as 
u’ in the axiom. 

By means of the projective segment, it is easy to define triangles and 
tetrahedra. 'rhree ))oints determine four triangles, which between them 


* 'rhis last property affords an insfcince (almost the only one Lnown to me) 
where Peirce’s relative addition occurs outside the Algebra of Relatives. '‘dTar*' or 
is the rehitive sum of ami "f'ar* if varialde. This prnjierty 

results formally fn»m regarding T^e as the negation of the transitive relation (jae- 
t (^p, vit. p. 7. 



388 


Spoice [chap, xlv 

contain all the points of the plane, and have no common points except 
the angles. Also we can dehne harmonic transformations, and prove 
their properties without any further axiom*. Only one other axiom 
is rec|uii*ed to complete our Geometry, namely : A plane and a line not 
in the plane always have a common point. This amounts to the axiom 
of three dimensions. Nothing is altered, in what precedes, by denying 
it, and proceeding to a space of n dimensions or of an infinite number 
of dimensions. This last, in fact, recpiires fewer axioms than a space of 
three diincnsiorist. 

368. I^t Us now resume the other direction in which projective 
Geometry may he developed, in which we start from three fixed points 
on a line, and examine all the points obtainable from these three by 
successive (juadri lateral constructions. We do not here, as in the 
development we have l>een examining, rwiuire any new axiom ; but 
there is a corresponding restriction in the results obtainable. In order 
to give projective Geometry its fullest possible development we must 
combine the results of both diret'tions. 

Confining ourselves, to lx.‘gin with, to one straight line, let us see 
how to construct a net and introduce projective coordinates. Denoting 
by aHifd^ as before, the proj)osition “ a and d are harmonic conjugates 
with respect to b and we can, by the quadrilateral construction, when 
a, ft, c are given, determine the only point d satisfying this proposition. 
We next construct the point e for which then y for which dHcef^ 

g for which and so on. In this way we obtain a progression of 

points on our line, such that any three consecutive points, together with 
c, form a harmonic range. With our former definition of a segment, 
all these points will belong to the segments (aAc) and {hca). We may 
number these points, beginning with a, 0, 1, 2, ..., n, .... Since c 
does not belong to the progression, we may assign to it the number x J. 
Consider next the points obtained as follows. Let d' be such that 
d'Haif^ let eHadh^f'Hae’d\ and so on. We have thus a new^ progression 
of points, such that any three consecutive points together wuth a form 
a harmonic range, and all belonging to the segments (abc), (cab). To 
these points let us assign the numbers 1/n in order. Similarly we can 
construct a progression Ixilonging to the two segments (roA), (Aca), and 
assign to them the negative integers. By proceeding in a similar 
manner with any triad of points so obtained, we can obtain more and 
more points, 'fhe principle adopted in assigning numbers to points 
(a principle which, from our present standpoint, has no motive save 

* These developments will be found in Fieri, lov. ciL §§ 8, 10. 

t Fieri, § 12. 

I We must not assign to c the definite number 0 , since we cannot assume, without 
further axioms, that c is the limit of our progression. Indeed, so long as we exclude 
Fieri’s three axioms above mentioned, we do not know, to begin with, that r has any 
ordinal relation to the terms of our progression. 
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convenience) is the following: if ;• be the numbers assigned to 

three points already constructed, and jt l>e the number to be assigned 
to the harmonic conjugate (supposed not previously constructed) of the 
j-point with respect to the /;-point and the r-point, then we are to 

have P— ^jP ^=-1. In this manner, we can find one and onlv one 
r — q! r — s 

point of our line for each rational numl)er, positive or negative*. 
Thus we obtain a denumerable endless compact series of points on 
our line. Whether these are all the points of our line or not, we 
cannot decide without a further axiom. If our line is to be a con- 
tinuous series, or a collection of the power of the continuum, we must 
of course assume points not obtainable by quadrilateral constructions, 
how'ever often repeated, which start with thi’ee given elements. But 
as the definition of our space is optional, we may, if we like, content 
ourselves with a rational space, and introduce an axiom to the cflf*ect 
that all points of our line can be obtained from three given points. 

369 . Before proceeding further, it may be well to point out a 
logical error, which is very apt to be committed, and ha.s l>een com- 
mitted, I think, even by Kleinf. So long as Pieri’s three axioms alnive 
enumerated aix* not as.suined, our points ha\e no order but that which 
results from the net, whose construction has just been explained. Hence 
only rational points (i.c. such as, starting from three given points, have 
rational coordinates) can have an order at all. If there he any other 
points, there can be no sense in which these can be limits of series of 
rational ])oint.s, nor any reason for assigning irrational coordinates to 
them. For a limit and the serie.s wdiicii it limits must lK)th belong 
to some one series ; but in this case, the rational points form the whole 
of the series. Hence other points (if there be any) cannot be assigned 
as limits of series of rational points. The notion that this can lx: done 
springs merely from the habit of assuming that all the points of a line 
form a series, without exjdicitly .stating this or its et]ui valent as an 
axiom. Indeed, just as we found that .series of rationals properly have 
no limit except when they happen to have a rational limit, so series 
of points obtainable by the (juadri lateral construction will not have 
limits, qua terms of the series obtained from the (|uadri lateral con- 
.strnction, except where they happen to have a limit within this series, 
ie. wiien their cooi-dinates have a rational limit. At this point, there- 
fore, it is highly desirable to introduce Pieri’s three axioms, in virtue of 
which all the points of a line have an older. We shall find that, in 
the natural order rah, the order of the rational points, resulting from 
Pieri^’s axioms, is the same as that of their coordinates assigned on the 


* On this subject, see Klein, Vorienungen tifttr iiicht-Kuk/iddMfhe Geometfif*, 
p. ff., where pniofs will l»e found, 
t e.g. Op. f-f7. p. 344. 
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above principle*. Thus we have only to assume that all infinite series 
of rational points have limits, as parts of Pieri’s series, and that all 
points are either rational or limits of rational series, in order to show 
that our straight line has continuity in Cantor s sense. In this case we 
shall assign to non-rational points the irrational numbers corresponding 
to the series which such points limit. 

370. Returning now to the quadrilateral construction, we define as 
the anharmonu' ratio of four points wliose coordinates are y, r, ,v 

the number ^ — ^ ^ It can be shown that this number is in- 
r-qi r - a 

dependent of the choice of our three original points a, 6, c. It expresses 
the series of (juadrilateral constructions re(|uired to obtain .v when y;, 
r are given, and thus expresses a purely projective relation of the four 
points. By the introduction of irrational points, in the nianner just 
explained, it follows that a?//y four points on a line have an an harmonic 
ratio. (This cannot possibly be proved without Pieri's three axioms or 
some ecjuivalent to ti^em.) Tlie aiiharnionic ratio is unaltered by anv 
linear transformation, i.e. by substituting for every point a' the point 
whose coordinate is (a.r -f /3)/(7^ -i- S), where a, 8, 7, h ai e any fixed 
numbers such that ah — not zero. From this point we can at 

last advance to what was formerly the beginning of projective Gi‘onK;try, 
namely the operation of projection, to which it owe> its name. 

It can be sliown that, if r be harmonic conjugates with respect to 
,y, and y, r, s be joined to some point o, aiul if o/;, ory, or, os meet 
any line in //, (j\ r , s\ then , r are harmonic conjugates with respe(‘t 
to , A* . Hence we can show that all anharmonic ratios are unaltert'd 
by the above operation. Similarly if I be anv straight line not coplanar 
with y^r.v, and the planes Ip^ Ay, /r, Is meet any line not coplanar with 
I in y; , ry , r , ,y , these four points will haie tlie same anharmonic ratio 
^ Tliese facts are expressed by saying that anharmonic 

ratio is unaltered by projection. From this point we can proceed to 
the a.ssignment of coordinates to any point in spac'ef. 

371. To begin with a plane, take three points «, A, c not in one 
straight line, and a.ssign coordinates in the above manner to the points 
of (w. Let p be any point of the plane rtftc, but not on tlie line hv. 
Ihcn if cp meets ah in y^i, and hp meets cue in yjg, and jt, y are the 
coordinates of y?,, p, resjH^ctively, let (.r, y) be the two cooidinates of p. 
In this way all points of the plane not on he acejuire coordinates. U o 
avoid this restriction, let us introduce three homogeneous coordinates, 
as follows. Take any four points L c, c in a plane, no three of 
which are collinear; let ae meet Iw in c,, be meet ca in cc meet ab 

* This lias the one exception that v came last in tlie order of the quadrilateral 
constnictioiiH, and comes first in Fieri’s order. This may be remedied by the simple 
device of giving r the coordinate - oo instead of cc . 

t See Pasch, Neuerc Geometrie, § 22 ; Klein, Math. Attna/ni, ,17. 
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in Cj. Assign coordinates to the points of hi\ ab as before, giving 
the coordinate 1 to ^ 3 , and in of) giving 0 to a, and x to 6, and 
similarl}^ for the other sides. In place of the single coordinate x of any 
point of b(\ let us introduce the homogeneous coordinates whei*e 

X = Xijx^. If now p be any point of the plane ab(\, let ap meet U' in p^ , 
bp meet ca in and vp meet ab in /j,. Let .r^, x^ be the homogeneous 
coordinates of pi, x^, Xi those of p.^; then j*,, x. 2 , will be those of p-j*. 
Hence we may assign as homogeneous coordinates p. In 

like manner we can assign four homogeneous coordinates to any point 
of space. AVe can also assign amrdinates to the lines through a point, 
or the planes through a line, or all the plam\s of space, by means of the 
anharinonic ratios of lines and planes f. It is easy to show that, in 
point -coordinates, a plane has a linear ecjuation, and a linear e(j nation 
represents a plane ; and that, in plane-coonli nates, a point has a linear 
e(j nation, and a linear equation repi\;sents a {mint, 'rhus we secure all 
the advantages of analytical Geometry. From this {mint onwarrls, the 
subject is {)urely technical, and ceases to have philosO{)hic interest. 

372. It is now time to ask ourselves what portions of the Geometry 
to whicli we are accustomed are not included in projective Geometry. In 
the tirst {dace, the series of {)()ints on a line, lx‘ing obtained from a 
four-term i-elation, is closed in the s(*nst? of Pai-t I\ . That is, the order 
of {)()ints ri*(]uires three fixed points to be given Ixfoi-e it can be defiiu-d. 
'I'he practical effect of this is, that given only three {)()ints on a line, 
no one of them is between the other two. This is a definite difference 
Ixtween projective s{)ace and Euclidean or hyperbolic space. But it is 
easy to exaggerate this difference, ^Ve saw in Part IV that, wherever 
a series is generated by a two-term relation, there is also the four-term 
relation of separation of couples, by which we can generate a closed 
.series consisting of the same terms. Hence in this res{)ect the difference 
does not amount to an inconsistency. Euclidean and hyperbolic spaces 
contain what {)rojective space contains, and something more* bt'sides. 
We saw that the relation f)v which the {)rojective straight line is defined 

has the foi nial pro{)erties of “ P or P,'^ w^here P is transitive and asym- 
metrical. If the said relation be actually of this foiMii, we shall have 
an o{)en series with respect to P, and of three collineaj* {joints one will 
be between the other two. It is to be ob.served that, where the straight 
line is taken to be essentially closed, as in elli{)tic s{)ace, hetxveeu must he 
excluded where thi*ee {mints only are given. Hence elli{)tic s{)ace, in 
this respect, is not only consistent with the projective axioms, but 
contains nothing more than they do. 

It is when we come to the plane that actual inconsistencies arise 

* See Pasch, iwt. cit. 

t The anharmouic ratio of four lines through a point <»r of four planer through a 
line is that of the four points in* which they meet any line. 
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between projective Geometry and Euclidean or hyperbolic Geometry. 
In projective space, any two lines in a plane intersect ; in the Euclidean 
and hyperbolic Greometries, this does not occur. In elliptic Geometry, 
any two lines in a plane intersect; but in the antipodal form they 
intersect twice. Thus only the polar form wholly satisfies the projective 
axioms. Analogous considerations apply to the intersection of two 
planes, or of a line and a plane. These differences render the projective 
definition of a plane inapplicable to Euclidean and hyperbolic spaces, 
and I'ender the theory of these spaces far more complicated than that of 
projec'tive space. 

Finally, in metrical Geometry it is assumed either that tWo points 
have a quantitative relation called distance, which is determined when 
the points are given, or that stretches satisfy axioms in virtue of which 
their divisibilities become numerically measurable. In this point, even 
elliptic space differs from projective space, though the difference is of 
the nature of an addition, not an inconsistency. But this matter cannot 
1)0 discussed until we have examined metrical Geometry, when we shall 
be in a position to examine also the projective theorv of distance to 
more advantage than is at present possible. 

373. A few words may bt? added concerning the principle of duality. 
This principle states, in three dimensions, that the class of planes is also 
a projective space, the intersec'tion of two planes being, as before, the 
straight line, and the intersection of three non-collinear planes taking 
the place of the point. In v dimensions, similarly, a projective spac^e 
results from all sub-classes of (// — 1) dimensions. Such a duality, as we 
saw in Chapter xmv, belongs always to 7t-diinensional series as such. It 
would seem (though this is only a conjecture) that projective Geonietrv 
employs the smallest number of axioms from which it is possible to 
generate a series of more than two dimensions, and that projective 
duality therefore flows from that of dimensions in general. Other 
spaces have properties additional to those required to make them 
-dimensional series, and in other spaces, accordingly, duality is liable 
to various limitations. 



CHAPTER XLVI. 

DESCRIPTIVE GEOMETRY. 

374. The subject which I have called descriptive Geometry is not, 
as a rule, sharply distinguished from projective Geometry. These two 
terms, and the term ‘‘Geometry of Position,’^ are commonly used as 
synonyms. But it seems improper to include in projective Geometry 
any property which is not unaltered by projection, and it is by the 
inti*oduction of one such property that I wish to define the subject of 
the present chapter. We have seen that, in projective spac^, three 
points on a line are aot such that a definite one of them is between the 
other two. The simplest possible proposition involving between^ in 
projective Geometry, requires four points, and is as follows: “If «, 
A, c be distinct collinear points, and d is on oc, but does not belong 
to the segment {abc\ nor yet coincide with a or c, then, with reganl to 
the order wfic, c is between b and rf.*” When we reflect that the definition 
of the segment {abc) involves the quadrilateral construction— which 
demands, for its proof, a point outside its own plane, and four pairs 
of triangles in perspet:tive — we shall admit that the projective method 
of generating order is somewhat complicated. But at any rate the 
ordinal propositions which result are unaltered by projection. The 
elementary sen.se of between^ on the contrary, which is to be introduced 
in the present chapter, is in general not unaltered by projection*. 

In descriptive Geometry, w^e start, as before, with points, and as 
before, any two points determine a class of points. But this clas.s now 
consists only of the points between the two given points. What is to 

♦ ITie present subject is admirably set forth by Pasch, Neuere G^metrie, Leipsei^, 
1882, with whose empirical pseudo-philosophical reasons for preferring it to pro- 
jective Geometry, however, i by no means agree (see Einieitung and § 1). It is 
carried further, especially as regards the definition of the plane, by Pcaiio, 
J Principii di Gttwnetria logimmenia Turin, 1889. For the definition of the 

whole line by means of its various segments, see Peano’s note in RivUiia di 
Matematim, ii, pp. .58-82. See also his article Sui fondamenti della Geometria,*' 
ib, IV, p. 51 if., and Vailati, '^Sui Principi fondamentali della Geometria della retta," 
/ffu, d. Mat, II, pp. 71-75. Whatever, in the following pages, is not controversial, 
will be found in the above sources. 
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be understood by between is not explained by any writer on this subje(;t 
except Vailati, in terms of a transitive asymmetrical relation of two 
points; and Vailatfs explanation is condemned by Peano*, on the 
ground that between is a relation of three points, not of two only. 
This ground, as we know from Part IV, is inadequate and even ir- 
relevant, But on the subject of relations, even the best mathematicians 
go astray, for want, I think, of familiarity with the Logic of Relations. 
In the present case, as in that of projective Geometry, we may start 
either with a relation of two points, or with a relation between a pair 
and a class of points : either method is equally legitimate, and leads to 
the same results, but the former is far simpler. Let us examine tii'st 
the method of Pasch and Peano, then that of Vailati. 

376. We start, in the former method, with two indefinables, pointy 
and lictween. If «, ft, c be three points, and c is between a and ft, we 

say that c is an aft, or belongs to the class of points aft. Professor 

Peano has enumerated, with his usual care, the postulates required as 
regards the class aftf. In the first place, the points a and ft must be 
distinct, and when they are so, there always is a point lx?tween them. 
If (• is between a and ft, it is also between ft and a : a itself (and there- 
fore ft) is not between a and ft. We now introduce a new^ definition. 
If a, ft be any two distinct points, then ah is the class of all points c 
such that ft is between a and r. Similarly ft'a will be the class of 

points d such that a is between ft and d. We then proceed to new 

postulates. If a and A be distinct points, dh must contain at least one 
point. If a, A, c, d be points, and e is l)etween a and rf, A between a 
and c, then A is between a and d. If ft and c be betw^een a and d, ft is 
between a and (\ or identical with c, or between r and d. If r, d belong 
to a' A, then either c and d are identical, or v is between ft and r/, or d 
is betw een ft and c. If ft is betw'een a and r, and c is lietween 6 and ^/, then 
r is Ix-'tweeii a and d. This makes in all nine postulates with regal’d to 
Iwtwveu, Peano confessesj that he is unable to prove that all of them 
are independent: heiux" they are only shown to be sufficient, not necessary. 
The complete straight line (aft) in defined as ftV/ and a and aft and A 
and db\ that is, (1) points betw^ren which and A the point a lies; 
(J2) the point a; (3) points between a and ft; (4) the point ft; (5) points 
between w hich and a the point A lies. 

Concerning this method, we may observe to begin with that it is 
very complicated. In the second place, we must remark, as before, that 
the phrase ‘‘two points determine a class of points'” must lie expanded 
as follows: “There is a certain specific relation to whose domain 
belongs every couple of distinct [Kiints. K is a many-one relation, and 
the relatum, corresponding to a couple of points as referent, is a class of 
points.”* In the thin! place, we may oliserve that the points of the 


* Hiv. di Mat. iv, p. <12. 


f /A. IV, p. ,5.5 ff. 


I fh. p. 62. 
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line only acquire order by relation to tie segments which they terminate, 
and that these acquire order by the relation of whole and part, or 
logical inclusion. Let a, 6 be any two points, and consider the class 
of points ab or b or a% Let d he any two distinct points of this 
class. Then either oc is a proper part of od, or od is a proper part 
of ac. Here ae and ad may be called segments, and we see that segments 
whose origin is a and whose limits belong to ab or b or a'b form a series 
in virtue of the transitive asymmetrical relation of whole and part. By 
correlation with these segments, their extremities also acquire an order ; 
and it is easy to prove that this order is unchanged when we substitute 
for a any point of ab\ But the oixler still results, as it always must, 
from a transitive asymmetrical relation of two terms, and nothing is 
gained by not admitting such a relation iminediaiely between points. 

876. Passing now to what I have called Vailati’s theory, we find 
a very gi-eat simplification. We may state the present theory (which 
is not in every detail identical with that of Vailati) as follows. There is 
a certain class, which we will call A", of transitive asymmetrical relations. 
Between any two points there is one and only one relation of the class K. 

If if be a relation of the class A^, H is atso a relation of this class. 
Every such relation R defines a straight line ; that is, if a, b be two 
points such that a/fA, then a lielongs to the straight line p. (I use the 
corresponding Greek letter to denote the domain of a relation ; thus 
if iV be a relation, a is the class of terms having the relation S to some 
term or other.) If aifft, then there is some point c such that aRc and 
cRb; also there is a point d such that bRd. Further, if a, .6 be any two 
distinct points belonging to p, then either aRh or bRa. With this 
apparatus we have all that we retjuiiv. 

We may do well to enumerate formally the above definition of the 
class A", or rather the postulates concerning its members — for K itself 
is not defined. I may i^mark to begin w ith that I define the field of a 
class of relations as the logical sum of the fields of the constituent 
relations ; and that, if K be the class, I denote its field by k. Then the 
axioms we require arc as follows. 

(1) There is a class of relations A", w hose field is defined to be the 
class point, 

(2) There is at least one point. 

If /? be any term of K we have, 

(3) R is an aliorelative. 

(4) R is a term of K, 

(5) = 

(6) p (the domain of R) is contained in p. 

(7) Between any two points there is one and only one relation 
of the class K, 

(8) If a, b be points of p, then either aRb or bRa, 
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I'he mutual independence of these axioms is easy to see. But let 
us first briefly sketch the proof that they give all the required results. 
Since there is, by (S), at least one point, and since by (1) this point 
has some relation of the class A', and since by (3) all relations of the 
class K ai'e aliorelatives, it follows that there is some term, other than 
the one point, to which this one point has a relation R of the class K. 
But since A, by (4), is a relation of the class it follows that the term 
to which the one point is so related is also a point. Hence there are 
at least two distinct points. Let a, 6 be two distinct points, and let 
R be the one relation of the class K between a and 6. Thus we have 
aRb. Blit we do not have bRa^ for if we did, since = by (5), 
we should have aRa^ which contradicts (3). Thus R and R are always 
different, i,e, each is asymmetrical. Since R^ = R, aRb and bRc imply 
aRcy i,e. R is transitive. Hence the points which have to a the relation 
R or ft, together with a itself, form a series. Since ft = ft*, aRb implies 
that there is some point c such that aftc, (Rb ; f.c. the series generated 
by ft is compact. Since, by (6), p is contained in p, aRb implies that 
there is some point r such that bRc. Applying the same argument 
to ft, there is a point d such that rffta. Thus we have p = p, and the 
field of ft has no beginning or end. By (8), the field of ft is 
what, in Part IV, we called a connected series, that is, it does not 
fall apaii into two or more detached poi*tions, but of any two of its 
terms one is liefoi’e and the other after. By (7), if there l)e more than 
one relation of the class A', the fields of two such relations cannot, 
unless one is the converse of the other, have more than one point 
ill common. The Held of one relation of the class K is called a 
straight linc\ and thus (7) assures us that two straight lines have at 
most one common point, while (8) assures us that, if ab^ vd lie the same 
line, so are av and W. Thus it is proved that our axioms are sufficient 
for the geometry of a line, while (7) goes beyond a single line, but is 
inserted here because it does not imply the es'isteme of points outside 
a single line, or of more than one rehition of the class A". It is most 
important to observe that, in the above enumeration of fundamentals, 
there is only one indeHnable, namely A", not two as in Peano's system. 

377. With regard to the mutual indej)endcnce of the axioms, it 
is to be observed that (1) is not properly an axiom, but the assumption 
of our indefinable K. (2) may obviously he denied while all the others 
are maintained. If (3) be denied, and ft be taken to be the syiiimetrical 
relation of projective Geometry, together with identity with some term 
of p, we obtain projective Geometry, which is different from the present 
system, but self-consistent. If (4) be denied, all the rest can lie main- 
tained ; the only difficulty is as regards (7), for if aftfc, and ft is not 
a term of K, b will not have to a any relation of the class A", unless 
indeed it has one which is not ft, which seems to lx; not contradictory. 
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As regards (6), we may deny either that R is contained in R\ or that R^ 
is contained in R, To deny the former makes our series not compact, to 
which there is no logical objection, 'fhe latter, but not the former, is 
false as regards angles*, which can be made to satisfy all the other axioms 
here laid down. (6) will become false if our lines have last tenns : thus 
the space on the left of a plane, together with this plane, will satisfy 
all the axioms except (6). As regards (7), it is plainly independent 
of all the rest ; it consists of two pails, (a) the assertion that between any 
two points there is at least one relation of the class A", (6) the assertion 
that there is not more than one such relation between two given points. 
If we consider a Euclidean and a hyperbolic space together, all the 
axioms will be true except (a). If we combine two. different classes A\, 
of relations of the above kind, such that A:, = ^ 2 ? (6) alone will be false. 
Nevertheless it seems plain that (6) cannot be deduced from the other 
axioms. As regards (8), it alone is false if we take for K the class of 
directions in Euclidean space, in which a set of parallel lines all have 
the same direction. Thus the necessity of all except one of our axioms 
is strictly proved, and that of this one is highly prol)able. 

378. We saw that the al)ove method enabled us to content ourselves 
with one indefinable, namely the class of relations A\ But we may go 
further, and dispense altogether with indefinables. The axioms con- 
cerning thfe class K were all capable of statement in terms of the logic 
of relations. Hence we can define a class C of cla&ses of relations, such 
that every member of C is a class of relations satisfying our axioms. 
The axioms then become parts of a definition, and we have neither 
indefinables nor axioms. If A^ be any member of the class C, and 
k be the field of A", then k is a descriptive space, and every term of 
k is a de.scriptive point. Here every concept is defined in terms of general 
logical concepts. The same method can be applied to projertive space, 
or to any other mathematical entity except the indefinables of logic. 
This is, indeed, though grammatically inconvenient, the tme way, 
philosophically speaking, to define mathematical notions. Outside logic, 
indefinables and primitive propositions are not ret]uired by pure mathe- 
matics, and should therefore, strictly speaking, not be introduced. This 
subject will be resumed in Chapter xlix. 

379. The two ways of defining the straight line — that of Pasch and 
Peano, and that which I have just explained — seem equally legitimate, 
and lead to the same conse(]uences. The choice between them is 
therefore of no mathematical impoiiance. The two methods agree in 
enabling us, in terms of two points only, to define three parts of a 
straight line, namely the part before a {b\i)^ the part between a and b 
(oA), and the part after h {ab). This is a point in which descriptive 
Geometry differs from projective Geometry : there we had, with respect 


* See Part IV, chap. xxiv. 
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to a and 6, only two segments of the straight line ab^ and these could 
not be defined without reference to another point c of the line, and 
to the quadrilateral construction. 

The straight line may be regarded either as the class of points 
forming the field of a relation if, or as this relation itself. For 
the sake of distinction, it will be well to call the relation R a ray^ since 
this word suggests a sense; R will then be the opposite ray. In 
considering a number of lines all passing thnmgh one point O, it will 
be well to give the name of ray also to the class of points to which 
O has some relation R^ i.e. to those points of a line through 0 which 
lie on one side of 0. Those on the other side of 0 will then lie the 
opposite ray. The context will show in which sense the word is used. 

380. I come now to the plane. Hasy as it is to define the plane 
in projective space, its definition when the line is not a closed series, 
or rather, when we wish to call coplanar some pairs of lines which 
do not intersect, is a matter of some difficulty. Pasch* takes the plane, 
or rather a finite portion of the plane, as a new indefinable. It is, 
however, capable of definition, as, following Peano, I shall now show. 

We ne^, to begin with, some new axioms. First, if p be any 
straight line, there is at least one point not belonging to p. Next, 
if a, by c be three points not in one straight line, and d be a point 
of be between b and c, c a point of ad between a and d, then be will meet 
ac in a point y*and e will be between b and between a and c. Again, 
Uy by Cy d bciug as before, if /‘be a point between a and r, then ad and hf 
will intersect in a point e between a and d and between b and f\. We 
now define what may be regarded as the proiluct (in a geometrical sense) 
of a point and a figure. If a Iki any point, and k any figure, ak is to 
denote the points which lie on the various segments between a and the 
points of k. That is, if y? be any point of ky and x any point of the 
segment ap, then x belongs to the class ak. This definition may be 
applied even when a is a point of ky and k is a straight line or part 
of one. The figure ak will then be the whole line or some continuous 
portion of it. Peano now proves, by purely logical transformations, 
that, if fl, by c lie distinct non-collinear points, a (Ix') = b (ac). TTiis 
figure is called the triangle ahcy and is thus wholly determined by its 
three defining points. It is also shown that, if p, q be points of the 
segments «ft, ac respectively, the segment is wholly contained in 
the triangle abi‘. After some more theorems, we come to a new defini- 
tion. If a be a point, and k any figure (/.c. class of points), ak is 
to denote all the points betw^een which and a lies some point of ky that 
is, as Peano remarks, the whole shadow of k if a be an illuminated 
point. ITius if /i, 6, c be non-collinear points, a (be) will represent the 
doss of points beyond br and bounded by ab, ac produced. This 


♦ (j^). «7. § 2. 


t Hiv. di Mat. iv, p. G4. 
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enables us to define the plane {ahc) as consisting of the straight lines 
Ar*, ra, oA, the triangle ah', and the figures a! be, Vea, dab, b'da, c'afb, 
ah'c*. It is then easy to show that any other three points of the plane 
define the same plane, and that the line joining two points of a plane 
lies wholly in the plane. But in place of the proposition that any two 
lines in a plane intersect, we have a more complicated proposition, 
namely : If a, b, c, d he coplanar points, no three of which are 
collinear, then either the lines ab, cd intersect, or or, hd do so, or 
ad, h' do so. 

381. Having successfully defined the plane, we can now advance 
to solid Geometry. 1 or this we need, to begin with, the axiom ; 
Given any plane, there is at least one point outside the plane. We 
can then define a tetrahedron exactly as we defined a triangle. But 
in order to know that two planes, which have a point in common, 
have a line in common, we need a new axiom, which shows that the 
space we are dealing with has three dimensions. In projective space, 
this axiom was simply that a line and a plane always have at least one 
point in common. But here, no such simple axiom holds. The following 
is given by Peano (he. cit. p. 74): If be a plane, and a a point 
not on p, and A a point of ap (Le. a point such that the segment ab 
contains a point of p, or, in common language, a point on the other 
side of th6 plane from a), then if x be any point, either x lies on the 
plane, or the segment ax contains a point of the plane, or else the 
segment bx contains a point of the plane. By adding to this, finally, 
an axiom of continuity, we have all the apparatus of three-dimensional 
descriptive Geometry 

382. Descriptive Geometry, as aliove defined, applies equally to 
Euclidean and to hyperbolic space : none of the axioms mentioned 
discriminate between these two. Elliptic space, on the contrary, which 
was included in projective Geometry, is here excluded. It is impossible, 
or rather, it has hitherto proved so, to set up a general set of axioms 
which will lead to a general Geometry applying to all three spaces, 
for at some point our axioms must lead to either an open or a closed 
series of points on a line. Such a general Geometry can Ikj constructed 
symbolically, but this results from giving different interpretations to 
our symbols, the indefinables in one interpretation being definable in 
another, and viee versa. This will l>ecome plain by examining the method 


* 'Fhe fig’ure b' (da), or t/da, represents the aii^le between bu and ra both 
produced, as may be seen from toe definition. 

t I confine myself as a rule to three dimensions, since a further extension has 
little theoretic interest. ITiree dimensions are far more interesting than two, 
liecause, as we have seen, the greater part of projective (jeometry — i.e. everything 
dependent upon the quadrilateral construction — is impossible with less than three 
dimensions, unless the uniqueness of the quadrilateral construction bo taken as an 

n viz-kinn 
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ill which projective Geometry is made applicable to the space above 
defined, which, for want of a better name, I shall call descriptive space. 

383. When we try to apply projective Geometry to descriptive space, 
we are met by the difficulty that some of the points required in a construc- 
tion may not exist. Thus in the quadrilateral construction, given thi-ee 
points a, 6, c, the fourth point d may not exist at all. We can prove as 
before that, if it exists, it is unique, and so with other projective proposi- 
tions : they become hypothetical, since the construction indicated is not 
always possible, lliis has led to the introduction of what are called 
ideal elements (points, lines and planes), by means of which it bec*omes 
possible to state our projective theorems generally. These ideal eleincntN 
have a certain analogy to complex numbers in Algebra — an analogy 
which in analytical Geometry becomes very close. Before explaining 
in detail how these elements are introduced, it may be well to state the 
logical nature of the process. By means of the points, lines and planes 
of descriptive Geometry, we define a new set of entities, some of which 
correspond (i.£?, have a one-one relation) to our points, lines and planes 
i*espectively, while others do not. ITiese new entities* we call ideal 
points, lines and planes ; and we find that they have all the properties 
of projective points, lines and planes. Hence they constitute a projei*- 
tive space, and all projec;tive propositions apply fo them. Since our 
ideal elements are defined by means of the elements of descriptive space, 
projective propositions concerning these ideal elements are theorems 
concerning descriptive space, though not amceming its actual points, 
lines and planes. Pasch, who has given the best account of the way in 
which ideal elements are to be defined*, has not perceived (or, at any 
rate, does not state) that no ideal point is an actual point, even where 
it has a one-one relation to an actud point, and that the same holds of 
lines and planes. This is exactly the same remark as we have had to 
make concerning rationals, positive numbers, real numbers, and complex 
numbers, all of which are supposed, by the mathematician, to contain 
the cardinals or the ordinals, whereas no one of them can ever be 
one of the cardinals or ordinals. So here, an ideal element is never 
identical with an actual point, line or plane. If this be borne in mind, 
the air of magic which surrounds the usual expositions disappears. 

384. An ideal point is defined as follows. Consider first the class of 
all the lines passing through some point, called the vertex. This class 
of lines is called a shetrf of lines (StrahlenbuTidel). A sheaf so defined 
has certain properties which can be stated without reference to the 
vertex t. Such are, for example, the following: Through any point 
(other than the vertex) there is one and only one line of the sheaf ; and 
any two lines of the sheaf are coplanar. All the properties of a sheaf. 

Op, cit. §§ (MJ. 

t ITiese are enumerated by Killing, Gruttdlagen der Geometrie, Vol. ii (Paderbnrii, 

18 d 8 ), p. 82 . 
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which can be stated without reference to the vertex, are found to belong 
to certain classes of lines having no vertex, and such that no two of 
the class intersect. For these a simple construction can be given, as 
follows*. Let in be any two lines in one plane, A any point not in 
this plane. Then the planes AU Am have a line in common. ITlc class of 
such lines, for all possible points A outside the plane Zw, has the properties 
above alluded to, and the word fiheaf\^ extended to all classes of lines 
so defined. It is plain that if Z, m intersect, the sheaf has a vertex ; 
if not, it has none. Thus, in Euclidean space, all the lines parallel to 
a given line form a sheaf which has no vertex. When our sheaf has no 
vertex, we define an ideal jjoint by means of the sheaf. But this must 
not be supposed to be really a point : it is merely another name for the 
.sheaf itself, and so, when our sheaf has a vertex, if we are to make 
propositions in which ideal points occur, we must substitute the sheaf 
for its vertex. That is, an ideal point is simply a sheaf, and no sheaf is 
an actual point. 

Concerning sheaves of lines we may observe the following points. 
Any two straight lines in one plane uniquely determine a sheaf. Two 
sheaves both having a vertex always determine a line, namely that 
joining the vertices, which is common to both sheaves. Three sheaves, 
of which one at least has a ^'e^tex, determine a plane, unless they are 
collinear. ' A line and a plane always have a common sheaf, and so have 
three planes of which two at least have a common point. 

386. Thus sheaves of lines have some projective properties, in 
relation to lines and plane.s, which are lacking to points. In order to 
obtain entities with further projective properties, we must, to begin 
ith, replace our lines by ideal lines. For this purpose we must first 
define pencils of planes (axial pencils, Ebenenbuschel), An axial pencil 
consists, in the first instance, of all the planes through a given 
straight line, called the axis. But as in the case of sheaves, it is 
found that such a figure has many properties independent of the 
axis, and that these properties all belong to certain other classes of 
planes, to which the name of pencil is therefore extended. These 
figures are defined as followsf. Let B be two sheaves of lines. 
I^t Z> be a point not on the line (if there be one) common to the two 
sheaves B. Then A^ J?, D determine uniquely a plane, which we 
may call ABD^ or P (say). This will be the plane containing those 
lines of A and B that pass through D, Any other point not in the 
plane P, wili determine a different plane ABE^ or Q. The class of 
planes so obtained, by varying D or £, is a pencil of planes, and has all 
the properties of a pencil having a real axis, except those in which the 
axis is explicitly mentioned. Any two planes P and Ix^longing to the 
pencil completely determine it. Moreover, in place of A and B above. 


* Pkisch, op. dt. § 6. 


t PaBch, op. cit. § 7- 
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we may sulistitute any other sheaves of lines A\ R, belonging to both 
P and Q. (A sheaf belongs to a plane when one of its lines lies in the 
plane.) Any two sheaves belonging to both P and Q will serve to 
define the pencil of planes, and will belong to every plane of the pencil. 
Hence if, in place of actual points, we substitute ideal points, Le. sheaves 
of lines, every pencil of planes has an axis, consisting of a certain 
collection of sheaves of lines, any two of which define the pencil. This 
collection of sheaves is called an ideal line*. 

386. Substituting ideal points and lines for actual ones, we find 
that we have now made a further advance towards projective space. 
Two ideal points determine one and only one ideal line ; a given plane 
is determined by any three of its ideal points which do not belong to 
one ideal line, but three ideal points do not always determine a plane. 
Two ideal lines in a plane always have a common ideal point, and so 
have a plane and an ideal line. Also two planes always have a common 
ideal line, and three planes always have either a common ideal point or 
a common ideal line. The only point where our space is not strictly 
projective is in regard to planes. There is a plane* through any two 
ideal points and one actual point, or through an ideal point and an 
actual line. If there is a plane at all through three non-collinear ideal 
points, or through an ideal line and an ideal point not on the line, then 
there is only one such plane ; but in some cases there is no such plane. 
To remedy this, we must introduce one more new class of entities, 
namely ideal planes. 

Tlie definition of ideal planesf is comparatively simple. If fi, C 
be any three ideal points, D an ideal point on the ideal line AB^ and 
E on A then the ideal line DE has an ideal point in common with 
SC, whether there be an actual plane determined by Ay By C or not. 
Thus if By Cy D be any three ideal points, and E any other ideal point 
such that BDy CE intersect, then fiC, DE intersect, and so do BEy CD. 
Hence, if fi, C, D be not colUnear, we define the ideal plane BCD as 
that class of ideal points E which are such that the ideal lines BDy CE 
intersect. 

For the sake of clearness, let us repeat this definition in terms of 
our original points, lines *and planes, without the use of the w'ord ideal. 
Given three sheaves of lines By Cy Dy which are not all contained in 
a common pencil of planes, let E be another sheaf of lines such that 
there is a sheaf of lines common to the two pencils of planes BDy CE. 
Then the class of all sheaves E satisfying this condition is called the 
ideal plane BCD. 


* For logical purposes, it is better to define the ideal line as the class of ideal 
points associated with a sheaf of planes, than as the sheaf itself, for we wish a line to 
be, as in projective Geometry, a class of points, 
f Pasch, op. dt. § 8. 
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The usual properties of planes are easily proved concerning our new 
ideal planes, as that any three of their points determine them, that 
the ideal line joining two of their ideal points is wholly contained in 
them, and so forth. In fact, we find now that the new points, lines 
and planes constitute a projective space, with all the properties described 
in the preceding chapter. The elementary order of points on a line, 
with which we began, has disappeared, and a new order has to be 
generated by means of the separation of couples*. Thus all projective 
Geometry becomes available ; and wherever our ideal points, lines and 
planes correspond to actual ones, we hove a corresponding projective 
proposition concerning the latter. 

387. I have explained this development at length, partly because 
it shows the very wide applicability of projective Geometry, partly 
Ixicaiise it affords a goo{l instance of the emphasis which mathematics 
lays upon rt^lations. To the mathematician, it is wholly irrelevant what 
his entities are, so long as they have relations of a specified type. It is 
plain, for example, that an instant is a very different thing from a point ; 
but to the mathematician as such there is no relevant distinction between 
the instants of time and the j)oints on a line. So in our present in- 
stance, the highly complex notion of a sheaf of lines— an infinite class 
of infinite classes— is philosophically very w idely dissimilar to the simple 
notion of a point. But since classes of sheaves can be formed, having 
the same relations to their constituent sheaves that projective lines and 
planes have to projective points, a sheaf of lines in descriptive space w, 
for mathematical purposes, a projective point. It is not, however, even 
for mathematical purposes, a point of descriptive space, and the above 
transformation clearly shows that descriptive space is not a species of 
projective space, but a radically distinct entity. And this is, for philo- 
sophy, the principal result of the present chapter. 

It is a remarkable fact, which the above generation of a projective 
space demonstrates, that if we remove from a projective space all the 
points of a plane, or all the points on one side of a closed quadrief, 
the remaining points form a descriptive space, Euclidean in the first 
case, hyperbolic in the second. Yet, in ordinary metrical language, the 
projective space is finite, while the part of it which is descriptive is 
infinite. This illustrates the comparatively superficial nature of metrical 
notions. 

* See Pascii, op, cit. § 9. 

t For the projective definitiQ!i of a surface of the second order (quadric) in a 
projective space cf. Reye, Geometrie der Lage (Hanover, 1808), Part ii. Lecture v. 
A quadric is closed if there are points not on it such that all straight lines through 
them cut the quadric. Such points are within the quadric. 



CHAPTER XLVII. 

METRICAL GEOMETRY. 

388. The subject of the present chapter is elementary Geometry, as 
treated by Euclid or by any other author prior to the nineteenth century. 
This subject includes the usual analytical Geometry, whether Euclidean 
or non-Euclidean ; it is distinguished from projective and descriptive 
Geometry, not by any opposition corresponding to that of Euclid and 
non-Euclid, but by its method and its indefinables. The question 
whether its indefinables can, or cannot, be defined in terms of those 
of projective and descriptive Geometry, is a very difficult one, which 
I postpone to the following chapter. For the present, I shall develop 
the subject straightforwardly, in a manner as similar to Euclid^s as 
is consistent with the requisite generality and with the avoidance of 
fallacies. Metrical Geometry is logically subsequent to the two kinds 
which we have examined, for it necessarily assumes one or other of 
these two kinds, to which it merely adds further specifications. I shall, 
as a rule, assume descriptive Geometry, mentioning projective Geometry 
only in connection with points in which it shows important metrical 
differences from descriptive Geometry. In the former case, all the firet 
twenty-six propositions of Euclid will hold. In the latter, the first, 
seventh, sixteenth, and seventeenth require modification ; for these pro- 
positions assume, in one form or another, that the straight line is not 
a closed series. Propositions after the twenty-sixth — or, with a suitable 
definition of parallels, after the twenty-eighth — depend, with few ex- 
ceptions, upon the postulate of parallels, and are therefore not to be 
assumed generally. 

389. Since Euclid still has popularly, and even with mathematicians, 
a reputation for rigour, in virtue of which his circumlocution and long- 
windedness are condoned, it may be worth while to point out, to begin 
with, a few of the errors in his first twenty -six propositions*. To 
begin with the first proposition. There is no evidence whatever that 
the circ;les which we are told to con.struct intersect, and if they do not, 
the whole proposition fails. Euclid’s problems are often regarded as 

* Cf. Killini^, op, ciL Vol. ii. Section 5. 
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existence-theorems, and from this point of view, it is plain, the as- 
sumption that the circles in question intersect is precisely the same 
as the assumption that there is an equilateral triangle on a given base. 
And in elliptic space, where the straight line is a closed series, the 
construction fails when the length of the base exceeds half the length 
of the whole straight line. As regards the second and third propositions, 
there is nothing to be said, except that they are not existence-theorems. 
The corresponding existence-theorem — i.c. on any straight line, in either 
direction from a given point on the line, there is a point whose distance 
from the given point is e(|ual to a given distance — is equivalent to the 
postulate concerning the circle, and is thus prior to the second and 
third propositions. With regard to the fourth, there is a great deal 
to he said ; indeed Euclid^'s pi'oof is so bad that he would have done 
better to assume this proposition as an axiom*. As the issues raised 
by this proof are of great importance, both to mathematics and to 
philosophy, I shall set forth its fallacies at some length. 

390 . The fourth proposition is the first in which Euclid employs 
the method of superposition — a method w^hich, since he will make any 
dHour to avoid iti", he evidently dislikes, and rightly, since it has no 
logical validity, and strikes every intelligent child as a juggle. In the 
first place, to speak of motion implies that our triangles are not spatial, 
but material. For a point of space ig a position, and can no more 
change its position than the leopard can change his spots. The motion 
of a point of space is a phantom directly contradictory to the law of 
identity : it is the supposition tViat a given point can be now one point 
and now another. Hence motion, in the oi-dinary sense, is only possible 
to matter, not to space. But in this case superposition proves no 
geometrical property. Suppo.se that the triangle JBC is by the 
window, and the side JB consists of the column of mercury in a 
thermometer; suppose also that DEF is by the hre. Let us apply 
ABC to DEF as Euclid directs, and let AB just cover IJE. Then 
we are to conclude that ABC and DEF^ before the motion, were equal 
in all lespects. But if we had brought DEF to ABC^ no such result 
would have followed. But how foolish ! I shall be told ; of coui*se 
ABC and DEF are to be both rigid bcxlies. Well and good. But 
two little difficulties remain. In the first place — and for my opponent, 
who is an empirical philosopher, this point is serious — it is as certain as 
anything can be that there are no rigid bodies in the universe. In the 
second place — and if my opponent were not an empiricist, he would 
find this objection far more fatal — the meaning of rigidity presupposes 
a purely spatial metrical equality, logically independent of matter. For 

* This course is actually adopted, as regards the equality of the remaining angles, 
by Hilbert, Gruvdlagen der Geometric (Festschrift zur Feier der finthiillung des 
Gaiiss-Weber Denkmals, Leipzig, 1899), p. 12. 

t ('f. Killing, loc. cit. § 2. 
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what is meant by a rigid body ? It is one which, throughout a con- 
tinuous portion of time, preserves all its metrical properties unchanged. 
Hence we incur a most fatally vicious circle if we attempt to define 
metrical properties by rigidity. If ajSv be a material triangle, which 
occupies at one time the space ABC, at another the space A'B'C\ to 
say that is rigid means that, however the two times be chosen 
(within some assigned period), the triangles ABC, A'B‘C^ are equal in 
all respects. If we are to avoid this conclusion* we must define rigidity 
in some wholly non-geometrical manner. We may say, for example, 
that a rigid body means one which is made of steel, or of brass. But 
then it becomes a logical error to regard brass eternal as slave to mortal 
rage ; and if we define equal spaces as those which can be occupied by 
one and the same rigid body, the propositions of metrical Geometry 
will be one and all false. 

The fact is that motion, as the word is used by geometers, has a 
meaning entirely different from that which it has in daily life, just as 
a variable, in mathematics, is not something wliich changes, but is 
usually, on the contrary, something incapable of change. So it is with 
motion. Motion is a certain class of one-one relations, each of which 
has every point of space for its extension, and each of which has a 
converse also belonging to the class. That is, a motion is a one-one 
i*elation, in which the referent and the relatum are both points, and 
in which every point may appear as referent and again as relatum. 
A motion is not this only : on the contrary, it has this further charac- 
teristic, that the metrical properties of any class of i-efercnts are identical 
with those of the corresponding class of relata. This characteristic, 
together with the other, defines a motion as used in Geometry, or 
rather, it defines a motion or a reflexion ; but this point need not be 
elucidated at present. What is clear is, that a motion presupposes the 
existence, in different parts of space, of figures having the same metrical 
properties, and cannot be used to define those properties. And it is 
this sense of the word motion^ not the usual material sense, which is 
relevant to Kuclid’s use of superposition. 

391. Returning now to Euclid’s fourth proposition, we sec that 
the superposition of ABC on DEF involves the following assumptions. 

(1) On the line DE there is a point E, on either side of />, such that 
DE = AB. This is provided for by the postulate about the cin*Ie. 

(2) On either side of the ray DE, there is a ray DF such that the 
angle EDF is equal to the angle BAC. This is reejuired for the pos- 
sibility of a triangle DEF such as the enunciation demands, but no 
axiom from which this follows can be found in Euclid. The problem, 
to construct an angle EDF ecpial to BAC, does not occur till I. 23, 
and there? I. 4 is used in the proof. Hence the present assumption 
must be added to Euclid’s axioms. It now follows that on DF there 
is a point F such that DF=AC, Hence the possibility of two such 
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triangles as the enunciation demands is established. But in order to 
prove that DEF is equal in all respects to ABC^ we need a further 
axiom, namely : With one angle at Z>, one side along the ray Z>£, and 
the other side to the right (or left) of DE^ there exists a triangle which 
is equal in all respects to the triangle ABC*. This is, in fact, the 
exact assumption which is concealed in the method of superposition. 
With this assumption, it finally becomes possible to prove that DEF 
is the triangle satisfying the al^ve conditions and equal in all respects 
to ABC. 

The next remark concerns I. 6. Here Euclid first employs an axiom 
of which he is w^holly unconscious, though it is veiy essential to his 
system, namely : If OA^ OB^ OC be three rays which meet a straight 
line not passing through O in B, C respectively, and if B be between 
A and C, then the angle AOB is less than the angle AOC. This axiom, it 
will be seen, is not applicable in projective space, since it presupposes 
that the line is not a closed series. In I. 7, if this proposition is to 
apply to hyperbolic space, we require further the axiom ; If three non- 
intersecting lines in one plane meet two lines in A^ B, C; A\ B', C\ 
I'espectively ; and if B be between A and C ; then B' is between A' 
and C\ Also it may be observed that Euclid gives no definition of the 
two sides of a line, a notion which again presupposes that the straight 
line is not a closed series. And with regard to angles, I. 7 re(juires 
sufficient axioms to show that they are a series of the kind explained 
in Part IV, Chapter xxiv ; or else w'e must assume the descriptive axiom 
of the last chapter, to the effect that, if A^ B, C, D be coplanar points, 
no three of which are coll inear, there is a point common to the stretches 
AB^ CD, or to AC, BD, or to AD, BC. All these assumptions will lie 
found implicit in I. 7, as may be seen by attempting a symbolic proof 
in which no figure is used. 

Similar remarks apply to 1. 16. In I. 12 it is assumed that a circle 
must meet a line in two points, if at all. But enough has been said to 
show that Euclid is not faultless, and that his explicit axioms are very 
insufficient. I^t us, then, make an independent examination of metrical 
Geometry. 

392. Metrical Geometry is usually said to be distinguished by the 
introduction of cjuantity. It is sufficient for the chaiacterization of 
metrical Geometry to observe that it introduces, between every pair of 
points, a relation having certain properties in virtue of which it is 
numerically measurable — i.e. such that numbers can be given a one-one 
correspondence with the various relations of the class in question. I'he 
class of relations is called distance, and will be regaitled, though this is 
not strictly necessary, as a class of magnitudes. Some of the properties 
of distance are as follows. 


* See Paiach, op. vif. § 1;^, Cvriiiulsatz ix. 'Ilie whole § is excellent. 
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(1) Every pair of points has one and only one distance. 

(S) Distances are symmetrical relations. 

(8) On a given straight line through a given point, there are two 
and only two points at a given distance from the given point. 

(4) There is no maximum distance. 

(5) The distance of a point from itself is zero*. 

(6) There is no minimum to the distance between distinct points. 

(7) If d, S be two given distances, and .do, ^i, ^s, be 

distinct points on a straight line, whose distances one from the next are 
all 8, then for some value of n, is greater than d. 

(8) If .do, -dn be any two points, there exist n - 1 distinct points 
(whatever integer n may be) on the straight line A^Any such that the 
distances of each from the next, of Ao from the first, and of An froni 
the last, ai'e all equalf. 

393. It may be observed that, if we admit the axiom that the whole 
is greater than the part, the properties (1), (4), (5) and (6) belong to 
stretches, while (2) faiecofnes admissible by abstracting from the sense of 
a stretch. With regard to the remaining properties, (3), (7) and (8), 
there is nothing in descriptive Geometry to show whether or not they 
belong to stretches. Hence we may, if we choose, regard these three 
properties as axioms regarding stretches, and drop the word dutarwe 
altogether. I believe that this represents the simplest course, and, as 
regards actual space, the most correct. At the same time, there is no 
contradiction in regarding distances as new relations distinct from 
stretches^. If we identify distance and stretch, what distinguishes 
metrical from descriptive Geometry is primarily the three additional 
axioms (3), (7) and (8), applied to a new indefinable, namely, the 
magnitude of divisibility of a stretch. This is not properly a notion of 
pure mathematics, since it cannot be derived from our original apparatus 
of logical notions. On the other hand, di.stance is not indefinable, being 
a class of one-one relations with certain assignable properties. On this 
point either course is logically permissible, but only distance can be 
introduced into pure mathematics in the strict sense in which* the word 
is used in this work. 

The above axioms arc required for showing that all distances are 
numerically measurable in terms of any standard distance §. It is not 
necessary that distances should be magnitudes, or even relations; all 
that is es.sential is that distances should form a series with certain 
pn)]x;rties. If the points of a line form a continuous series, then 

* See Part 111, Chap. xxii. 

t Further properties of distance will be added later on. 

I Stretches are, of course, not properly relations ; but this point is irrelevant in 
the present discussion. 

{ See Part IV, Chap. xxxi. 
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distances do so also, in virtue of (3) ; thus all signless real nunilxTs will 
be required for their iiieasurement. 

394. Assuming that distance and stretch are distinct, it may be 
asked whether distances do not suffice for generating order on the 
straight line, without the need of any asymmetrical transitive relation of 
j)oints. This represents, I think, the usual view of philosophers; but 
it is by no means easy to decide whether it represents a tenable view. 
It might perhaps be thought that (2) might Ixi dropped, and distance 
regarded as an asymmetrical relation. So long as we confine our 
attention to one line, this view' seems unobjectionable. Hut as soon as 
we consider the fact that distances on different lines mav be (Hjual, we 
see that the difference of sense betw(‘en AB and BA is not relevant to 
distance, since there is no such difference iKitw^^en distanei‘s on different 
lines. Thus if CD be a distance on another line, CD may be e(|ual both 
to AB and BA^ and heiu'e AB and BA must be e(|ual, not o})posite, 
distanccN. And the same thing mav be made evident by considering 
a sphei’c. For ibis ceitainly consists of points at a gi\en distance from 
tlie centre; and thus points at opposite ends of a diameter must have 
the same distance from the centre. Distance, then, is symmeLrical ; but 
it does not follow that the order on a line cannot Ix' gt‘nerated by 
distance. A^B be given jmints on a line, and let (\ C' be two points 
on AB whose distances from A are er|ual, and less than AB. If we now 
set uj) the axiom that either or BC' i< less than AB^ while the other, 
BC' or B(\ is greater than AB^ we shall, I think, after some fnrtlier 
axioms, be able to generate order without any other relatioit than distance. 
If J, /i, C lx* three collinear points such that the distances A(\ CB 
an* both less than AB^ then we shall say that is between A and Jt. 
If J, C' be points such that ylC\ AB are both less than BC'\ then 
we shall say that A is between B and C\ If, tinallv, y/, //, C" be 
points such that AB., BC" are both less than A("\ we shall say that B 
is between A and C". It remains to see whether, as tlui generation of a 
series requires, one of the.se alwa\s happens. I/ct A, IK C lx* any tliree 
collinear points, h'irst suppose, if po.ssible, that the distance's AB., BC\ 
CA are all ecjual. ''rhis case is not excluded l)y anything hithc'rto 
assumed; we recjuire, therefore, the further axiom that, if AB^ BC be 
eijual, AC is not e(|ual to either of them ; and I think it will be prudent 
to assume that A(' is greater than either. Thus the case of ‘wo equal 
distanc’cs and one l(*ss than either is excluded. Of the three distances 
AB., B(\ A(\ therefore, one must be the greatest: let this be AC. 
Tlien in virtue of the defirition, w'ill be between A and (\ Hut our 
difficulties are not at an end. I\ir we require further that any point 
between A and B shall be between A and T; and that, if A be between 
D and C\ B shall be between D and C. With regard to the first 
point, if K be between A and AE and EjB are less than AB., and 
therefore less than AC. But nothing assures us that F^C is less than 
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AC, For this purpose we need a new axiom, which will be just what we 
set out to prove, namely : If AE^ EB be both less than AB^ and AB,, 
BC be both less than AC\ then EC is less than AC. Finally, to prove 
that, \f A he between I) and C, and B between A and C, then B is 
between D and C. Here DA^ AC are less than DC, and AB., BC are 
less than AC. Hence BC is less than DC \ but nothing proves BD less 
than DC. For this we shall need a new axiom, and then at last our onler 
will be definite. But the process, as is evident, is extremely complicated. 

395. Moreover we still need a method of defining the straight line. 
Fieri has showm, in an admirable memoir* * * § , how to deduce metrical 
geometry By taking junni and motion as the only indefinables. In § 390, 
w’e objected to the introduction of motion, as usually effected, on the 
ground that its definition presupposes metrical properties; but Fieri 
escapes this objection by not defining motion at all, except through the 
postulates assumed concerning it. The straight line joining tw^o points 
is the class of points that arc unchanged by a motion which leaves the 
two points fixed. The sphere, the plane, perpendicularity, the order of 
points on a line, etc. are easily defined. This procedure is logically 
unimpeachable, and is probably the simplest possible for elementary 
geometry. But we must now retuni to the consideration of other 
suggested systems. 

There is a niethixl, invented by lA'ibnizt and revived by Frischauf J 
and Feano§, in which distance alone is fundamental, and the straight 
line is defined by its means. In this method distances are given 
to begin with as a class of relations which are the field of a certain 
transitive asymmetrical relation (greater and smaller) ; if we assume this 
relation to be continuous, distances will he measurable; all distances 
have the same domain and the same converse domain, namely all the 
points of the space in question ; the locus of points equidistant from two 
fixed points is called a plane^ and the intei’section of two non-coincident 
planes, when it is not null, is called a straight line. (The definition of 
the straight line given by Feariojj is as follows : The straight line ah is 
the class of points .r such that any point whose distances from a and h 
are respectively equal to the distances of x fi’om a and 6, must be coinci- 
dent with X.) I^ibniz, who invented this method, failed, airording to 
t'outurat, to prove that there are straight lines, or that a straight line is 
determined by any two of its points. Feano has not, so far as I am 
aw'are, succeeded in proving either of these propositions, but it is of 
course possible to introduce them by means of axioms. Frischauf 
pi’ofesses to demonstrate them, but his proofs are very informal, and it 

* Della geometria efewn^tare roaw «i*ttema fpfftetiro deduttiro. Turin, IBHi). 

+ Vf. Couturat, La Logique de Leihniz, Paris, ISMU, C'hap. ix, esp. p. 420. 

J Almlnte Gemnetrie navh Jolanni Rolgai, Auhuug. 

§ Aveademia RnUe deUe Meuze di Torino^ 1J)02~.S, La (teomeiriii basata sulle 
idee di punta e distaiiza.*' || Uh'. rit. 
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is difficult to know what axioms he is assuming. In any case, however, 
the definitions prove that, by a sufficient use of axioms, it is possible to 
construct a geometry in which distance is fundamental, and the straight 
line derivative. ITie method is so complicated as to be not practically 
desirable ; but its logical possibility is nevertheless important. 

396. It is thus plain that the straight line must be independent 

of distance, while distance may be independent of the straight line. 
Taking Ixith as symmetrical relations, we can, by a very complicated 
series of axioms, succeed in generating order on the straight line and 
in explaining the addition and meeuiurernent of distances. But this 
complication, in most spaces*, is logically unnecessary, and is wholly 
avoided by deriving distances from stretches. We now start, as in 
descriptive (ieometry, with an asymmetrical transitive relation by which 
the straight line is both defined and shown to be a series. We define as 
the distance of two points A and B the magnitude of divisibility of the 
stretch from A to B or B to A — for divisibility is a signless magnitude. 
Divisibility being a kind of magnitude, any two distances will be equal 
or UTietjual. As with all divisibilities, the sum 'of the divisibilities of 
AB and EF is the divisibility of the logical sum of the classes AB and 
jEF, provided these classes have no common part. If they have a common 
part, >^e substitute for EF a stretch E' F' equal to it and having no 
part in c()minon with AB, The difference of the distances. ABy EF 
(sup[)osing AB the greater) is the divisibility of a stretch CD which, 
added logically to EFy and having no part in common with EF^ 
produces a strctcli equal to AB. It follows at once that, if be 

collinear, and B be between A and C, AB +.BC —AC and AC --AB = BC- 
No further axiom is required for these propositions. For the pro];)osition 
that, if AB^A’By and CD=-CD\ then AB^CD^AB+Ciy, we 
recjiiii'e only the general axiom, applicable to all divisibilities, that the 
sums of e(]uals are equal. Thus by the help of the axioms (3), (7), (8) 
abo\'e, we have everything that is required for the numerical ineasui'e- 
ment (theoretically speaking) of all distances in terms of any given 
distance, and for tlie proof that change of unit involves multiplication 
throughout by a common factor. 

397. With regard to magnitude of divisibility, in the sense in 
which this is relevant to metrical Geometry, it is important to realize 
that it is an ordinal notion, expressing a property of relations, not of 
their fields. AVe wish to say that a stretch of two inches has t\^'iee as 
much divisibility as a stretch of one inch, and that an ai*ea is infinitely 
more divisible than a stretch. Now, if we are dealing (as will be 
assumed in this discussion) with a continuous space, every stretch, aiva 
or volume is a class of terms ; and considered as a class, it is the field 
of an infinite nurnljer of relations beside that (or those) Woiiging to it 

* Die only exceptions known to me are finite spaces of two rlimeiisioiis. See 
(;hap. XMX. 
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in rt\spect of the space we are considering. The habit of allowing the 
imagination to dwell upon actual space has made the order of points 
appear in some way intrinsic or essential, and not merely relative to 
one of many possible ordering relations. But this point of view' is not 
logical : it arises, in regard to actual space, only from the fact that the 
generating relations of actual space have a ijuite peculiar connection 
with our perceptions, and, through the continuity of motion, w ith time. 
From the standpoint of logic, no one of the relations having a given field 
has any preeminence, and the points of actual space, like any other class 
of terms, form, with regard to other sets of generating relations, 
other sorts -of continuous spaces — indeed any other continuous space, 
having any finite number of dimensions, or even o) dimensions, can be 
formed of the points of a Euclidean space by attending to other 
generating relations. 

From this it follows that magnitude of divisibility, if it is to 
distinguish a long sti’etch from a short one, or an area from a stretch, 
must be a property of the relations involved, not of the chiss of points 
composing the area or the stretch. It is not (|uite easy to define the exact 
property w'hich is required; for any two stretches are ordinally similar. 
We require some sense for the ec|uality or inequality of the relations 
whose fields are the given stretches. AA'^here coordinates (i.e, a corre- 
lation of the points of a line w'ith the real numbers) have been already 
introduced, we may define the magnitude of a stretch as the difference 
of the coordinates of its end-points or its limits (according as the stretch 
has ends or not) ; but if this is done, the magnitudes of stretches will 
depend upon the necessarily more or less arbitrary plan upon which we 
have introduced our coordinates. This is the course adopted in tlie 
projeitive theory of distance — a course which has the merit of \naking 
metrical Geometry a logical development from projective axioms alone 
(see next chapter). The other course that may be adopted is, to 
assume that the generating relations of any two stivtches havt‘ either a 
symmetrical transiti\e relation (e(|uality), or an asymmetrical transitive 
relation or its converse (greater or less). Certain axioms will be re(|uired, 
as, for example, that if the points i \ 1) are collinear, and AC is 

greater than Al)^ then BC is greater than BD*. The relations of equal, 
greater and less may be regarded as defined by these axioms, and the 
common property of the generating relations of those stretches that are 
equal to a given stretch may be defined as the magnitude of divisibility 
of the s4iid generating relations. The sense in which an area has 
infinitely moi'e divisibility than a stretch is that, if // be any finite 
integer, and n stretches equal to a given stretch l)e remoxed from an 
area, theie always remains an area, however great n may be. What is 
impoi'tant to observe, in the above discussion, is that the logical parity 

* Stretches are here regarded as having sign, so that, \i AC is greater than --!/>, 
CA is less than DA, 



397 , 398 ] Metrical Geometry 413 

of all the orders of which a class of terms is capable makes it necessary 
to regard the magnitudes with which metrical Geometry deals as 
belonging to relations or classes of relations, not, as is commonly 
supposed, to the class of points forming their fields. 

398 . In elliptic space, where the straight line is a closed series, 
the attempt to make distance independent of stri'tch leads to still 
further complications. We now no longer have the axiom that, if 
J, C be collinear, we cannot have AB = BC=CJ ; and we have to 
i-ecognize two distances between every pair of points, w'hich, when 
distance is taken as fundamental, becomes extrcmelv awkward. We 
may how'e\er avoid admitting tw^o distances by refusing to regard the 
greater of the two as properly a disbince. This will then Ixi only a 
stretch. If two distances are admitted, one is always greater than the 
othcT, except in a limiting case, when both are the lower limit of the 
greater distances and the upper limit of the lesser distances. Further 
if fl, ft, r, (I be any four distinct points, the greater of the two distances 
ab is always greater than the lesser of the tw'o distances cd. Thus the 
whole class of greater distances may l)e banished, and only greater 
stretches lx‘ admitted. 

We must now proceed as follows. Distances are a class of sym- 
metrical rtdations, which ar<‘ magnitudes of one kind, having a maximum, 
which is a one-one relation whose field is all points, and a minimum, 
which is the distance of any point from itself. Every point on a given 
line has a given distance other than the maximum or minimum from 
two and only two other points on the line. If «, ft, c, d l)c* four distinct 
points on one line, we shall say that a and c are separated by ft and d in 
the following four cases, of which (1) and (2) and also (3) and (4) are 
not mutually exclusive: 

(1 ) If ab < w . be < nc' . ad > ac. 

(2) If ah < (U ' . he < ac . dc > cu:. 

(3) If ab > ac . ad < ar . dc < ac. 

(4) If be > ttc . ad < ac . dr < ar. 

We then need Vflilati's five axioms enumerated in Part IV, t'hap. xxiv, 
in order to generate a closed series from the separation of couples so 
defined. I'hus it is possible, though by a somewhat complicated process, 
to generate a closed series of points on a line by means of the symmetrical 
relation of di:'tance. 

I shall not work out in further detail the consequences of this 
hypothesis in elliptic space, but proceed at once to the hypothesis 
that distances are the magnitudes of stretches. AVhen the number of 
dimensions t^xceeds two, the polar form of elliptic sj»ace is merely 
projective space together with the necessary metrical axioms ; the 
antipodal form is a space in which tw^o antipodal point.s together have 
the properties of a single projective point. Neglecting the latter, to 
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which similar remarks will apply, I shall confine myself to the polar 
form. Since this is a projective spac*e, every pair of points determines 
two segments on the line joining the points. The sum of these two 
segments, together with the two points, is the whole line, and thei'efore 
constant. It is an axiom that all complete straight lines have the same 
divisibility. The divisibility of either segment is a distance between 
the two points : when the two distances are equal, either may be called 
the distance ; when they are unequal, it will be convenient to call the 
smaller the distance, except in special problems. The whole theory then 
proceeds as in the case of descriptive space. But it is important to 
observe that, in elliptic space, the quadrilateral construction and the 
generation of order, being prior to stretches, are prior to distances, and 
are presupposed i/i metrical Geometry. 

399. So far, therefore, metrical Geometry introduces three new 
axioms, and one new indefinable. The stretch in every series is 
a (juantity, and metrical Geometry merely introduces such axioms as 
make all stretches of points measurable. A few words may be useful 
as to the sense in which, in a theoretical discussion, the word rnecumrement 
is to be understood. The actual application of the foot-rule is here 
not in question, but only those properties of pure space which are 
presupposed in the use of the foot-rule. A set of magnitudes is theO’ 
retie, (dly measurable when there is a one-one relation between them and 
some or all numliers; it is praetically measurable when, given any 
magnitude, we can discover, with a certain margin of error, what the 
number is to which our magnitude has the relation in question. But 
how we are to discover this is a subsequent question, presupposing that 
there is such a proposition to lx: discovered, and soluble, if at all, 
by empirical means to be invented in the laboratory. With practical 
measurement, then, we are not at all concerned in the present dis- 
cussion. 

400. I come now to a more difficult question than distance, namely 
the question as to the definition of angle. Here, to begin with, we 
must deal with rays, not with whole straight lines. ITie ray may 
be taken either as an asymmetrical relation, or as the half-line on 
one side of a given point on a line. The latter usage is very convenient, 
and I shall frequently employ it. Elementary Geometry assumes that 
two rays starting from the same point determine a certain magnitude, 
called the angle between them. This magnitude may, however, be 
defined in various ways. In the first place, we must observe that, 
since the rays in a plane through a point form a closed series, every 
pair of rays through a point defines two stretches of rays. Of these, 
however, one stretch contains the opposites of both rays, while the other 
stretch contains the opposites of neither — except, indeed, in the one 
case where the two rays are each otheris opposites. This case is met 
by Kuclid'’s postulate that all right angles are e(|ual — a postulate. 
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however, which is now known to be demonstrable*. Omitting this 
case, the angle between two rays may be defined as that stretch of rays 
through their intersection which is bounded by the two rays and does 
not contain the opposite of either, i.e, \{ B he the rays, and B 
their opposites, the angle is the class of rays C which are separated 
from A or B hy A and B. We might also, but for an objection to 
be mentioned shortly, define the angle as all the points on such rays. 
A definition equivalent to this last, but simpler in form, and ai^oiding 
the mention of the opposite rays, is the following+. I^et a, 6 be any 
two points of the rays A^ J3, and let c be any point of the stretch ab, 
I’hcn the class of points r, for all possible positions of a and h on their 
rt'spective rays, is the angle between A and B. That is, every pair 
of intei'secting rays divides the plane of the rays into two paids : the 
[lart defined as above is the angle. Or rather, the part so defined is the 
angle as a (juantity : the angle as a magnitude is the divisibility of 
triis part. But to these latter definitions we shall find fatal objections, 
and we sliall find it necessary to adhere to the definition as a stretch 
of ravs. 

401. Ihus angle, like distance, is not a new indefinable, but like 
distance, it reqiiirt's some new axioms. The angh^ hctw(?en a ray A 
and its opposite A' cannot be defined as above, but may be dehned 
as the logical sum of the angles iKdv.een A and /f, B and A' respectively. 
This limiting angle is greater than any other at the point, being in fact 
the whole half of the plane on one side of the straight line AA'. If the 
angles between A and B, R and A' are etpial, each is called a right 
angle. (That there are such angles, can be proved if we assume 
continuity.) Two intersecting straight lines make four angles, w'hich 
arc equal in pairs. The order of a collection of rays through a pt)int 
in a plane may be obtained by correlation with the points where these 
rays intei'sect a given straight line, provided thei’e is any straight, line 
which all of them intersect. But since rays through a point in a plane 
form a closed series, while the points on a line do not, we require a 
four-term relation for the former order. The f'^Howing definition wseems 
adecpiate. Given four rays OA^ OB^ OD through a point O and 
in one plane, if these all meet a certain straight line in A^ fi, C, D 
respectively, and A and C are separated by B and 7>, then OA and OC 
arc said to be separated by OB and OD. In projective space this 
suffices. But in descriptive space we must provide for other cases. 
Thus if OA^ OB^ OC meet the given line, and B is between OA and OC, 
while OD does not meet the given line, then OA and OC are again 
said to he separated bv OB and OD. If, finally, OA' and OR be the 

* See e.g. Killing, op. rit. \'ol. ii, p. 171. A strict |)roof will be found in 
Hilbert, op. ctV. p. Ki. 

t Killing, op. nV. ii, p. Kill. 
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opposites of OA and OB^ then OA and OA' are separated by OB 
and OB'. In virtue of the descriptive axioms of the preceding chapter, 
the order among the rays so obtained will be iirianibiguous, i.e. in- 
dependent of our choice of the line ABC\ and will cover all cases. 

But now we need axioms analogous to those which, in the case 
of distance, were numbered (3), (7) and (8). At any given point in 
a given ray, there must be, in a given plane, two and only two rays, 
on opposite sides of the given ray {i.e. separated from each other 
by the given ray and its opposite), whicli make a given angle with 
the given ray ; and angles must ol)ey the axioms of Archimedes and 
of linearity. ' Bui in addition to these axioms, which insure that angles 
shall be minierically measurable, we must have some method of <‘on- 
necting the measure of angles with that of distances, such as is recjuired 
for the solution of triangles. Does this lequire a new axiom ? Euclid 
aj)pears to obtain this, by means of 1. 47, II. 12, and II. 13, without 
any fresh axiom. Eor this result we depend upon the propositions on 
the (^ongi'uence of triangles (I. 4, 8, 26), which demand only, as we saw', 
the axiom that, with one angle at a given point, and one side along 
a given ray through that point, there exist two and only two triangles 
in a given plane through the ray (one on each side of the given ray), 
which are equal in all respects to a given triangle, "riius it Avould seem 
that no fresh axioms are rc(juired for angles in a plane. 

402 . With reganl to the definition of an angle as a j)ortion of 
a plane, it is necessary (as in many other cases), if we retain this 
definition, somewhat to restrict the axiom that the whole is gieater than 
the part. If a whole A has two parts C\ which together constitute 

and if C be infinitesimal with respect to A^ then B will be equal 
to A. This case occurs in a plane under the following circumstances. 
lA‘t O, O' be any two points, OP^ OP lines in one plane and making 
equal angles with the ray 00"*^. Then in Euclidean or hyperbolic space 
these lines 07^, OP will not intersect ; thus the angle between OO and 
OP will be part of the angle OOP, Hence the above restrictioTi 
is necessary as regards the axiom that the whole is greater than the part. 

In Euclidean spice this answer is sufficient, since, if OP makes 
with OO a less angle than OP' does, OP and OP' will intersect. But 
in hyperbolic space, OP and OP may not intersect even then. Hence 
if we adhere to the above definition of angle, we shall have to hold that 
the whole may be less tlian the part. This, however, is intolerable, and 
shows that the definition in question must be rejected. We may. how- 
ever, still regard angle as the stretch of rays ; for the rays in the angle 
at O are not part of the rays in the angle at O. Hence it is only 
as a stretch of rays, or as the magnitude of such a stretch, that an angle 
can be properly defined. 

* Tlie angle between the ray.** 0(7, (7/*' is what Eiiclifl would call the angle 
l)etween 0(7 pnaluced and (yP. 
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As showing, in a curious manner, the increased power of deduction 
which results from the above axioms concerning distances and angles, 
we may remark that the unicjueness of the quadrilateral construction, 
which l)efore could not be proved without three dimensions, can now 
be proved, as regards all constructions in one plane, without any 
assumption of points outside that plane. Nothing is easier than to 
prove this proposition by the methods of elementary coordinate (ieometrv. 
Thus although projective Geometry, Jis an independent science, recjuires 
three dimensions, any projective j)roposition concerning plane figures 
can be metrically proved, if the above axioms hold, for a two-dimensional 
sj)ace. 

403. As regards figui*es of three dimensions, angles Ix'tween planes 
and solid angles can be defined exactly as rectilinear angles wen^ defined. 
Moreover fresh axioms will not bc' required, for the measurement of such 
angles (*an be deduced from the data we already possess. 

With regard to areas and volumes some remarks seem inressary. 
Areas and volumes, like angles, are classes of points when taken as 
(|uantities, and divisibilities when taken as magnitudes. For areas 
and volumes we do not recjuire afresh the axioms of Archimedes and 
of linearity, but we re(]iiir(‘ one axiom apiece to give a criterion of 
e(]ual areas and volumes, i.e. to eonneet their e(|ualitv with that of 
distances and angles. Such an axiom is supplied, as regards areas, by 
the axiom that two congruent triangles have the same area, and as 
regards volumes, by the corresponding axiom concerning tetrah(‘<lra. 
Hut tilt* existence of congruent tetrahedra, like that of congruent 
triangles, demands an axiom. For this purpor^c, Pasch* gives the 
following general axiom: If two figures are ctmgruent, and a new 
point be added to one of them, a new point can be added to the other 
St) that the twt) new figures are congruent. This axiom allows us to 
infer ctingriient tetrahedra from congruent triangles ; and hence the 
measuivment of vt)lumes prtieeeds smoothly. 

404. In three dimensions, a curious fact has to l)e takt*n account of, 
namely, the disjunction of right and left-luindedness, or t)f clockwise 
and et)unter-»loekwise. This fact is itself of a descriptive nature, and 
may Ik.* defined as follows. Between tw-o non-eoplanar ravs, t)r iK'tween 
four noii-eoplanai' points taken in an assigned order, there is always one 
t)f two opposite relations, wdiieh may be called right and left. 'The 
formal properties of these ixdations have lieen explained in Part 

for the present I am concerned with their geometrical consei] nonces. 
In the first place, they cause volumes to lK*eome imignitudes witli sign, 
in exactly the way in which distances on a straight line have sign when 
compounded with their sense. But in the case of disbinces, since not 
all are on one straight line, we could not thus compound distance and 
sense generally : we should require, for a compound, some more general 

* Op. cit. p. 109. 
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notion than sense, such as vectors supply. Here, on the contrary, since, 
in a three-dimensional space, all volumes have one or other of two 
senses, the compound can be made for all volumes. Thus if the volume 
of the tetrahedron abed has one sign, that of bacd will have the opposite 
sign. This is the familiar geometrical fact that the determinant giving 
the volume of a tetrahedron aJl)cd has one or other sign accoixiing as the 
sense of abed is the same as or different from that of OXYZ^ whei’e O is 
the origin and K, Z any positive points on the axes. It is this fact, 
also, which gives signs to angular momentum in Dynamics. The im- 
poi-tance of the fact (which itself seems to he an independent axiom) 
is this, that it makes a distinction between two figures whose metrical 
properties are all identical. It is this distinction which puzzled Kant, 
who, like most of his contemporaries, supposed all geometrical facts to 
l)e metrical. In itself, the fact would be no more puzzling than the 
distinction between the stretche.s JB and which are metrically 

indistinguishable. But it becomes puzzling when metrical ccjualitv is 
supposed to result from motion and superposition. In our formei- 
definition of motion (§ 390) we omitted (as was then observed) a con- 
dition essential to its definition. Not only must two congruent figures Ik* 
metrically equal, but there must be a continuous series of e(|ual figures 
leading from the one to the other. Or, what amounts to the same 
thing, if fl, 6, r, d and a\ b\ c\ d' be homologous non-coplanar points 
in the two figures, the tetrahedra «6cd, a'Ucd' must have the same sense. 
In the case of equal and opposite tetrahedra, these conditions fail. For 
there is no gradual transition from clwkwise to counter-clockwise ; thus 
at some point in the series a sudden jump would be necessary. No 
motion will transform abed into a tetrahedron metrically e<|ual in all 
respects, but with the opposite sense. In this fact, however, there 
seems, to my mind, to he nothing mysterious, but merely a result of 
confining oumelves to three dimensions. In one dimension, the same 
would hold of distances with opposite senses ; in two dimensions, of 
areas. It is only to those who regard motion as essential to the notion 
of metrical e(]uality that right and left-handedness form a difficulty ; in 
our theory, they are rather a confirmation than a .stumbling-block. 

With this we may end our brief review of metrical Geometry, leaving 
it to the next chapter to discuss its relation to projective Geometry and 
the projective theory of distance and angle. 



CHAPTER XLVIll. 

RELATION OF METRICAL TO PROJECTIVE AND 
DESCRIIITVE GEOMEFRY. 

406. In the present chapter I wish to discuss two questions. First, 
can projective and descriptive Geometry be establivshed without any 
metrical presuppositions, or even without implying metrical properties ? 
Secondly, can metrical Geometry be deduced from either of the othens, 
or, if not, what unavoidable novelties does it introduce ? The previous 
exposition has alreadv dogmatically assumed certain answers to these 
questions, but we are now to examine critically the various possible 
answers. 

'Fhe distinction between projective and descriptive Geometry is very 
rocent, and is of an essentially ordinal nature. If we adopt the view — 
which, as we saw, is the simpler of two legitimate views — that the 
straight line is defined by a certain relation between any two of its 
points, then in projective Geometry this relation is symmetrical, while 
in descriptive Geometry it is asymmetrical. Beyond this we have the 
difference that, in projective Geometry, a line and a plane, two planes, 
or two lines in a plane, always intersect, while in descriptive Geometry 
the question whether this is the case or not is left open. But these 
differences are not very important for our present pui*pose, and it will 
therefore l>e convenient to speak of projective and descriptive Geometry 
together as non-(|uantitative Geometry. 

Hie logical indei^endence of non -quantitative Greometry is now 
scaritely open to question. We have seen, in Chapters xi.v and xi.vi, 
how it may be built up without any reference whatever to quantitative 
considerations. Quantity, in fact, though philosophers appear still to 
regard it as very essential to mathematics, does not occur in pure 
mathematics, and does tx^cur in many cases not at present amenable 
to iimthematical treatment. Hie notion which does occupy the place 
traditionally assigned to quantity is orders and this notic-n, we saw, is 
pre.sent in both kinds of non-quantitative Geometry. But the purity 
of the notion of order has been much obscured by the Ixjlief that all 
order depends upon distance — a belief which, though it is entertained 
by so excellent a writer as Meinong, we have seen to be false. Distance 
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being essentially quantitative, to admit that series depend upon distance 
is to admit that order depends upon quantity. But this view leads at 
once to an endless regress, since distances have an order of magnitude, 
which would have to be derived from new distances of distances, and 
so on. And positively, an asymmetrical transitive relation suffices to 
generate a series, but does not imply distance. Hence the fact that 
the points of a line form a series does not show that Geometrv must 
have metrical presuppositions, and no such |)resnppositions appear in the 
detail of projective or descriptive Geometry. 

406. But although non-quantitative Geornetiy’, as it now exists, is 
plainly independent of everything metrical, the historical development 
of the subject has tended greatly to obsciiie this independence. A brief 
historical review of the subject may \ie useful in showing the relation of 
the more modem to the more traditional methods. 

In Euclid, and in Greek geometers generally, hardly any descriptive 
theorems are to txi found. One of the earliest discoveries of an im- 
portant descriptive theorem was the one named after Pascal*. Graduallv 
it was found that propositions which assert points to be collinear or 
lines to l)e concunTnt, or propositions concerning tangents, poles and 
polars, and similar matters, were unaltered by j)rojection ; that is, any 
such property belonging to a plane figui’e would belong also to the 
projection or shaxlow of this figure from any point on to any plane. 
All such properties (as, for instance, those common to all conics) were 
called projective or descriptive. Among these properties was anharmonic 
ratio, which was defined as follows. If C, 1) be four points on 


one 


straight line, their anharmonic ratio is 


AB jAl) 
CB! VD^ 


if OA, OB, 


OC, 01) be four lines through a point, their anharmonic ratio is 


sin -407? l^mAOD 
sin COB/ sin COD' 


In (Uiasles’s gi'cat work on descriptive Geometry, 


and even in most recent works (such as Cremona’s projective Geometrv), 
this definition will be found at a very early stage in the development of 
the subject, together with a proof that anharmonic ratio is unaltered bv 
projection. But such a definition is itself metrical, and cannot therefore 
be used to found a subject independent of metrical Geometrv. With 
other portions of what used to be called descriptive or projective 
Geometry, the same lack of independence will be found. Consider, 
for example, the definition of a clonic. To define it as a curve of 
the second degree would re^juire projective coordinates, which there 
was no known method of introducing. To define it as a curve meeting 
any straight line in not more than two points would require the dis- 
tinction of real and imaginary points, tor if we confine ourselves to 


* If a liexagon l)e inscribed in a conic, the three pairs of opposite sides intersect 
ill collinear points. 
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real points there are innumerable curves other than conics which satisfy 
the definition. But imaginary points are^ in ordinary metrical Geometry, 
imaginary coordinates, for which there is no purely geometrical inter- 
pretation ; thus without projective coordinates, our definition again fails. 
To define a conic as the locus of points P for which the anharmonic 
ratio of PA^ PB, PC\ PD (where A, J3, C, D are fixed points) is 
constant, again involves metrical considerations, so long as we have 
no pi’pjective definition of anharmonic ratio. And the same dependence 
upon metrical Geometry appears as regards any other projective or 
descriptive theorem, so long as the traditional order of ideas is 
adhered to. 

The true founder of non-(piantitative Geometry is von Staudt*. It 
was he who introduced the definition of a harmonic range by means 
of the (juadri lateral construction, and who rendered it possible, by 
repetitions of this construction, to give projective definitions of all 
rational anharmonic ratiosf. These definitions indicate the succession 
of I juadri lateral constructions i-equired in order to obtain a fourth point 
from three given points ; thus, though they are essentially numerical, 
thev have no reference whatever to (juantity. But there remained one 
further step, before projective Geometry could Ik? considered complete, 
and this step was taken by Pieri. In Klein’s account, it remains doubtful 
whether all sets of four collinear points have an anharmonic ratio, and 
whether any meaning can be assigned to irrational anharmonic ratios. 
For this purpose, we require Ji method of generating onler among all 
the points of a line. For, if theiv bo no order but that obtained from 
Klein’s method, there is no sense in which we can regard a point not 
obtained by that method as the limit of a series of points which are so 
obtained, since the limit and the series which it limits must always both 
belong to some one series. Hence there will be no way of assigning 
irrational coordinates to the points which do not have rational (‘o- 
ordinates. There is, of course, no projective reason for supposing that 
there are such points ; but there are metrical reasons, and in any case 
it is well, if possible, to be able to deal projectively with a continuous 
.space. '^I’his is effected bv Pieri, with the helj) of certain new axioms, 
but without any new indefinables. Thus at last the long process by 
which projectiv(‘ Geoinetrv has purified itself from every metrical taint 
is complettKl. 

407. Projective Geometry, having achieved its own inde[)endencc, 
has, however, embarked upon a cai*eer of foreign aggrandisement ; and 
in this we .shall, I think, though on the whole favourable, be obliged 
to make some slight reservations. The so-called projective theory of 
distance aims at proving that metrical is merely a branch of projec’tive 

ftHometnt* der Jjoge, Niiriiberg-, 1847 ; HHtriiye zur Geonwtne ffer Luge, ih. 1850, 
1857, 1800. 

t 'riiis step, 1 l>elieve, is due to Klein. ;See Math. Ammlea, Vols. iv, vi, xxxvii. 
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Geometry, and that distances are merely logarithms of certain a,n- 
harmonic ratios. If this theory be correct, there is not a special 
subject of metrical Geometry, and the axioms by which, in the pre- 
ceding chapter, we distinguished this subject, must be consequences of 
projective axioms. Let us examine the manner in which this result 
is obtained*. 

We have already seen how to assign cooi*dinates to every point of 
a line in projective space, and how to define the anharmonic ratio of 
any four points. We have seen also how to obtain a projective from 
a descriptive space. In a descriptive space, when an ideal point has a 
real correlative (i.c. when it is a sheaf of lines which has a vertex), we 
assign to the real point the coordinate which belongs to the ideal point 
considered as belonging to a projective space. In this way, the coordinate 
Geometry of the two spaces becomes very similar, the difference l)eing 
that, in projective space, every real set of coordinates gives a real point, 
whereas, in descriptive space, this holds of each c*oordinate only within 
certain limits (both of which limits are excluded). .In what follows, 
therefore, remarks concerning projective space will apply also to descrip- 
tive space except when the contrary is expressly stated. 

Let us consider the anharmonic ratios of all ranges axhy, where //, b 
are fixed points and y variable points on our line, l^et a, f, /; be 

the coordinates of these points. ITien ^ ^ ^ 

harmonic ratio of the four points, which, since a, 0 are constants, may 
be conveniently denoted by If now f be the coonlinate of any 

other point z, we have 

Hence log (f »?) H- log ) = log (f ?). 

'^Thus the logarithm of the anharmonic ratio in question has one of the 
essential properties of distance, namely additiveness. If yz^ xz be 
the distances of y, z taken as having sign, we must have 

xy \-yz = xz. 

We have also log (f f ) = 0 and log (fr;) = — log (^yf), which are two further 
properties of distance. From these properties (of which the third follows 
from the other two) it is easy to show that all properties of distances 
which have no reference to the fixed points a, h belong to the logarithm 
in question. Hence, if the distances of points from a and h can also be 
made, by a suitable choice of a and ft, to agree with those derived from 
the logarithm, we shall be able to identify distance with this logarithm. 
In this way — so it is contended — metrical Geometry may be wholly 

* ''Fhe projective theory of distance and anf^le is due to Cayley (Sixth Memoir 
upon Qtiantic/t, 1859) and to Klein (Math, Arinnlen, Vols. iv, vi, vii, xxxvii). A fuller 
discussion than the followinj^ will he found in my Foundtitiontt ofGeomet'nf, Cambridge, 
1897, §§ J30-;3«. 
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brought under the projective sway; for a similar theory applies to 
angles between lines or planes. 

408 . Let us consider first the case where our projective points are 
the ideal points of a descriptive space. Let x be considered fixed, and 
distinct from a and b. Let y be moved so that tj becomes more and 
more nearly equal to /8. Then as 17 approaches / 9 , log(fiy) will be 
always finite, but will assume values exceeding any that may be assigned. 
This is mathematically expressed by saying that, if f be any number 
other than a and )8, then log(f)8) is infinite. (If f be equal to a or / 3 , 
log (fa) and log(fy8) are indeterminate; this case will therefore be 
supposed excluded in what follows.) Hence a and b must lie at an 
infinite distance from every point except each other ; and their distance 
freni each other is indeterminate. Again x and y must not be separated 
by a and i, i.c. y must belong to the segment nxh^ if we wish the distance 
to be real ; for if f - a and f — )8 have the same sign, -17 — 0 and 17 — )8 
must also have the same sign, but if f — a and have different 

signs, 77 — a and rf - /3 must also have different signs ; and these con- 
ditions amount to the same as the condition that y must belong to 
the segment axb. Hence if we insist that any two real points (i.e. points 
which are not merely ideal) are to have a real distance (?\e. a distance 
measured by a numl)er which is not complex or purely imaginary), 
we shall reijuire a and b to fulfil the following conditions : (1) they must 
be ideal points to which no real ones correspond ; (2) they must be the 
two limits of the series of those ideal points to which real points do 
correspond. These two conditions include all that has been said. For, 
in the first place, there is no real distance of any point from a or /9 ; 
hence a and /3 must not be coordinates of real points. In the second 
place, on one of the two segments defined by a and 6, there is a real 
distance ay however near f or 77 may approach to a or /tf ; hence a and b 
are the limits of the ideal points to which real ones correspond. In the 
thin! place, it follows from the last proposition that all ideal points 
to which real ones correspond belong to one of the two segments afi, 
and all ideal points to which no I’eal ones correspond (except a and b 
themselves) belong to the other of the two segments ab. When these 
conditions are satisfied, the function log(fi7) will have all the properties 
which are retjuiied for a measure of distance. 

^rhe above theory is only applicable to descriptive space, for it is 
only there that we have a distinction between ideal and actual points. 
And in descriptive space we begin with an asymmetrical transitive 
relation by which order is generated on the straight line. Before 
developing a theory which is applicable to pure projective space, let 
us examine a little further the above theory, which may be called the 
descriptive theory of distance. 

In the first place, the ideal points to which real ones con-espond, 
which for shortness I shall call proper points, form part of the whole 
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series of ideal points, which is closed. The proper points are a semi- 
continuous portion of this closed series, i,e, they have all the pi*operties 
of a continuum except that of having two ends. It may happen that 
thei*e is only one ideal point which is not proper, or it may happen 
that there are many. In the former ease, the one purely ideal point 
will be the limit of the proper points in both directions. This is 
the case of Euclidean space, for in Euclidean space there is only one 
sheaf of lines to which a given line belongs and which has no vertex, 
namely the sheaf of lines parallel to the given line. Hence in this 
case the points a and b must be taken to be identical. The function 
log(f7;) is then zero for all values of f and t/, and is therefore useless 
as a mcasuj'e of distance. Hut by a familiar process of prticeeding 
to the limit, we can, in this case, obtain the value f — for the 
distance*. This is the usual measure of elementary (Geometry ; and for 
the distance of two points in a plane or in space we should similarly 
obtain the usual formula in this case. We see here the exact meaning 
of the common phrase that, in Euclidean space, 4 x is the same as — x , 
or that the two ends of a line coincide. The fact is, of coin-se, that the 
line has no ends, but that it determines only one ideal point which is 
not proper, and that this is the limit of proper ideal points in both 
dii'ectioiis : when it is added to the proper ideal points, we obtain a 
closed continuous series of sheaves to which the line in (juestion belongs. 
In this w'ay, a somewhat iTyptic expression is found to have a very 
simple interpretation. 

But it may happen also — and this is the case of hyperbolic spac(‘-~ 
that there are many improper ideal points on a line. In this case, 
the proper ideal points will have two different limits ; those w'ill be the 
sheaves of Lobatchew'skv’s parallels in the two directions. In this case, 
our function log(f77) requires no modification, but expresses distance as 
it stands. The ideal points a and b are distinct, which is commonly 
expivssed bv saying that our line has two real and distinct points at 
infinitv. 

Thu.■^ in descriptive space, in which our coordinates are obtained 
by I’orrelation with those of the derived projective space, it is always 
possible to define a certain function of our projective coordinates which 
will fulfil the conditions reijuired for a measure of distance. These 
conditions may be enumerated as folio w’>f. (1) Every pair of ix»al 

points is to have a distance whose measure is real and finite, and vanishes 
only when the two points coincide. (2) If .?■, /y, z are collinear, and yy 
lies between .r and the sum of the measui-es of .ivy and y:: is to be the 
measure of ;rz. (3) As the ideal point corresponding to y approaches 

* See e,g. Klein, Vorlvtiungeu iihvr nirht EnkfidiKt^hv Ummwty'ief (rottingen, 

Vol. I, pp. 1-51 If. 

t (’f. Whitehead, Ifiihwrm/ Algebra, Bk. vi. Chap. i. 1 confine myself in the 
text to distances on one straight line. 
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the ideal point which is the limit of proper ideal points, while x 
remains fixed, the absolute value of the measure of my is to grow without 
limit. 

It may well lx* asked, however, why we should desire to define a 
function of two variable points possessing these pro]x*rties. If the 
mathematician replies that his only object is amusement, his procedure 
will be logically irreproachable, but extremely frivolous. He will, how- 
ever, scarcely make this reply. We have, as a matter of fact, the notion 
t)f a stretch, and, in virtue of the general axiom that every class has 
some magnitude of divisibility, we know that the stretch has magnitude, 
lint we do not know, without a special assumption to that effec*t, that 
the stretch fulfils the axioms of Archimedes and of linearity. When 
once these are assumed, the above properties of the ineasurt* of distance 
Ix'come propei-ties which must lx*long to the measure of stretch. But 
if these two axioms are not assumed, there is no reason why there 
should be any magnitude having a measure possessing the above four 
characteristics. Thus the descriptive theory of distance, unless we regard 
it as purely frivolous, does not dispense with the need of the above 
axioms. W^hat it does show' — and this fact is extremely remarkable — 
is that, if stretches are numerically measurable, then they ai*e measured 
by a constant multiple of the logarithm of the anharmonic ratio of the 
two ideal points associated wdth the ends of the stretch together with 
the tw'O ideal points w hich limit the series of proper ideal points ; or, in 
case the latter pair are identical, the stretch is measured by a function 
obtained as the limit of the above when the said pair approach to 
identity and the constant factor increases without limit. This is a 
most curious result, but it does not obviate the need for the axioms 
which distinguish metrical (ieometrv. The same conclusion follows as 
regards metrical Geometry in a plane or in three dimensions ; but here 
new complications are introduced, which are irrelevant to the present 
issue, and will therefore not Ixi discussed. 

It is important to realize that the reference to two fixed ideal points, 
intrcKhiced by the descriptive theory of distance, has no analogue in the 
naturt* of distance or stretch itself. This reference is, in fact, a con 
venient device, but nothing more. The stretch, in descriptive space, is 
completely defined by its end-points, and in no way requires a reference 
to two further ideal points. And as descriptive Geometry starts with 
the stretch, it would he a needless complication to endeavour subsecjuently 
to obtain a definition of stretch in terms of four points. In short, even 
if we liad a projective theory of distain;e in descriptive space, this would 
still lx* not purely pn)jective, since the whole projertive space composed 
of ideal elements is derived from axioms which do not hold in projective 
.space. 

409. It remains to examine the prejective thc*ory of distance in 
projective space. The theory we have hitherto examined, since it used 
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the distinction of real and ideal elements, was descriptive, not projective; 
we have now to examine the corresponding theory for pure projective 
Geometry. Here there are no ideal elements of the above sort associated 
with our line ; if, therefore, a and /3 be real and distinct numbers, they 
will be the coordinates of real and distinct points. Hence there will be 
real points y which will be separated by a and 6, and will have an 
imaginary measure of distance. To this there could be no objection^ 
but for the fact that we wish our measure to be the mea.sure of a stretch. 
This is the reason why it is desired that any two real points should have 
a real measure of distance. In order to insure this result in a pure 
projective space, it is necessary that a and H should not be the co- 
ordinates of points at all, but should be conjugate complex numbers. 
It is further necessary that the constant multiple of the logarithm should 
be a pure imaginary. We then find that the distance of two real points 
always has a real measure, which is an inverse cosine*. In a projective 
space, the condition (2) of p. 424 introduces complications, since between 
has not, as in descriptive space, a simple meaning. The definition of 
between in this case is dealt with fully by Mr Whitehead in his Univerftdl 
Algebra (§ 206). 

410. But if such a function is to l>e properly geometrical, and to 
give a truly projective theory of distance, it will be necessary to find 
some geometrical entity to which our conjugate complex numbers ec 
and )8 correspond. This can be done by means of involutions. Although, 
in a projective space, there are no ideal points, yet there are what may 
be cfidled ideal point-pairs. In Chapter xlv we considered involutions 
with real double points : if a, A be two points on a line, all point-pairs 
J7, X* such that x^ x' are harmonic conjugates with respect to a, b form 
an involution. In this case, x and x are said to be conjugate ; a and h 
are each self-conjugate, and are called the double points of the invo- 
lution. But there are also involutions without real double points. The 
general definition of an involution may be given as follows (substituting 
the relation of x to x for the pair j*, x') : An involution of points is 
a symmetrical one-one relation, other than identity, whose domain and 
converse domain are the same straight line, and which is such that any 
class of referents is projectively similar to the corresponding class of 
relata. Such a relation is either strictly an aliorelative, or is a self- 
relative a.s regards two and only two points, namely the double points 
of the involution. For every pair of distinct points on the line as 
double points there will be one and only one involution : all point- 
pairs (using this expression so as to exclude the identity of the two 
points of the pair) have a one-one correlation with wme involutions. 
Thus involutions may be called ideal point-pairs : those that correspond 


* This is the form originally given by Cayley in the Sixth Memoir upon 
Qualities. The simpler logarithmic form is due to Klein. 
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to an actual point-pair ai% called hyperbolic^ the others eUiptic. Thus 
an ideal point-pair is one and indivisible, being in fact a one-one 
relation. Two proper ideal point-pairs have an anhai*monic ratio 
defined by their respective double points: two improper ideal point- 
pairs, or a proper and an improper ideal point-pair, have an analogous 
projective relation, which is measured by the function obtained as 
above from the supposition that a and ^ are conjugate complex 
numbers. This function may be called the anharinonic ratio of the 
two ideal point-pairs. If one be fixed and improper, the other variable 
and proper, an imaginaiy multiple of the logarithm of the resulting 
anharrnonic ratio has the properties required for a measure of the 
distance of the actual point-pair corresponding to the proper ideal 
point-pair. This gives the pure projective theory of distance. Hut to 
this theory, as anything inoi-e than a technical development, there are 
the same objections as in the cAse of descriptive space ; f.r. unless there 
be some magnitude determined by every actual point-pair, thei*e is no 
reason for the protress by which we obtain the above measure of distance; 
and if thei-e is such a magnitude, then the above process gives merely 
the measure, not the definition, of the magnitude in question. Thus 
stretch or distance remains a fundamental entity, of which the pro- 
perties are such that the above method gives a measure of it, but not a 
definition*. 

411- There is however another and a simpler way of introducing 
metrical notions into a projective spaire, and in this way distance 
becomes a natural accompaniment of the introduction of (coordinates. 
I^t r be three fixed points, obc a line not passing through p or q 
or r but in the plane pqr. I.iet qr pass through a, rp through 6, pq 
througli c. I^t i?, he the relation which holds between x and y when 
these are points on aftc, and jt, yq meet on ap\ and let /fjj, be 
similarly defined. Then a Mobius net may he regarded as constructed 
by i-epetitions of the relations /fj, /fj, We shall have, if xR^j yK^z, 
then xHaffT:. We can define the sc|uare root of or any power of R^ 
whose index is a positive or negative power of 2. Further, if .v is any 
])oint of yr, and aR^y means that x and y are on ahr and xt\ ys meet 
on a/;, then ifjT?/ = if/ifj , From these propositions, which are proved 
by pure projective ineth(xls, it follows that if a and 8 be numbers, w^e 
may define to mean R^Ri^^ provided J?,* and have been already 
defined ; whence, sinre i?/-" can be defined if n is a positive or negative 
integer, all rational powders of R^ can be defined, and irmtional powers 
can be defined as limits. Hence, if t be any real number, positive or 

negative, we can define if,®, for we may identify i? with We 

may now take this relation if,® as the distance of any two points between 

* Oil the above method of iiitrodnein^ imaginariee in projective Isometry, .see 
von Staudt, Beitriige xnr Oeometrie der lAtgCy i, § 7- 
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which it holds, and regard x as the measure of the distance. We shall 
find that distances so defined have the usual properties of Euclidean 
distances, except that the distance of a from any other point is infinite. 
Thus on a projective line any two points do actually have a relation 
whic-h may be called distance, and in this sense a projective theory of 
metrical properties can be justified. But I do not know whether this 
method can be extended to a plane or to space. 

To sum up : Although the usual so-called projective theory of 
distance, both in descriptive and in projective space, is purely technical, 
yet such spaces do necessarily possess metrical properties, which can be 
defined and deduced without new indefinables or iiidenionstrables. But 
metrical Geometry, as an independent subject, mjuires the new idea 
of the magnitude of divisibility of a series, which is indefinable, and does 
not belong, properly speaking, to pure mathematics. This idea is applied 
to stretches, angles, areas, etc.^ and it is assumed that all the magnitudes 
dealt with obey the axioms of Archimedes and linearity. Without these 
axioms, many of the usual metrical propositions cannot be proved in 
the usual metrical manner ; with these axioms, the usual kind of 
elementary Geometry becomes possible, and such results as the uni(|ue- 
ness of the (quadrilateral construction can be proved without three 
dimensions. Thus there is a genuinely distinct scien(;e of metrical 
Geometry, but, since it introduces a new indefinable, it does not belong 
to pure mathematics in the sense in which w^e have used the word in 
this work. It does not, as is often supposed, recjuire distances and 
angles as new^ relations between points or lines or planes, but stretches 
and magnitudes of divisibility suffice throughout. On the other hand, 
projective and descriptive Geometry are both independent of all metrical 
assumptions., and allow the development of metrical properties out of 
themselves ; hence, since these subjects l)elong to pure mathematics, the 
pui-e mathematician should adopt their theory of metrical matters. 
There is, it is true, another metrical Geometry, which does work with 
distances, defined as one-one relations having certain properties, and this 
subject is part of pure mathematics; but it is terribly complicated, and 
recquires a bewildering number of axioms. Hence the deduction of 
metrical pro{)erties from the definition of a j)rojective or descriptive 
space has rcial importance, and, in spite of apq>earances to the contrary, 
it affords, from the point of view of q)ure mathematics, a genuine simqdi- 
fication and unification of method. 



CHAPTER XLIX. 


DEFINITIONS OF VARIOUS SPACES. 

412. In the precediiij^ discussions of different Geometries, I have 
usually, for the sake of convenience, adhered to the distinction between 
definitions and indefinables on the one hand, and axioms or postulates 
on the other. But this distinction, in pure mathematics, has no validitv 
except as re^^ards the ideas and propositions of I^ogic. In pure mathe- 
matics, all the propositions state logical implications containing a 
variable, lliis is, in fact, the definition, or part of the definition, of 
purt‘ inatheinatits. The implications stated must flow wholly from the 
propositions of Logic, which are prior to those of other branches of 
mathematics. Logic and the rest of pure inathematics are distinguished 
from applied mathematics by the fact that, in it, all the constants are 
definable in terms of some eight fundamental notions, which we agreed 
to call logical constants. ^Vhat distinguishes other branches of mathe- 
matics from I^ogic is merely complication, which usually takes the form 
of a hypothesis that the variable belongs to .some rather complicated 
class. Such a class will usually be denoted by a single symbol ; and the 
statement that the class in (|uestion is to be represented by such and 
Mich a symbol is what mathematicians C4ill a definitUm, That is to say, 
a definition is no part of mathematics at all, and does not make any 
statement concerning the entities dealt with by mathematics, but is 
simply and solely a statement of a symbolic abbreviation : it is a pro- 
position conceniing symbols, not concerning what is symbolized. I do 
not mean, of course, to attinii that the word defijiithn has no other 
meaning, but only that this is its true mathematical meaning. All 
mathematics is built up by combinations of a certain number of primitive 
ideas, and all its propo.sitions can, but for the length of the resulting 
formulae, be explicitly stated in terms of these primitive ideas ; hence 
all definitions are theoretically superfluous. But further, when Logic is 
extended, as it should be, so as to include the general theory of relations, 
thei*e are, I believe, no primitive ideas in mathematics except such as 
belong to the domain of Logic. In the previous chapters of this Part, 
I have spoken, as most authors do, of certain indefinables in Geometry. 
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But this was a concession, and must now be rectified. In mathematics, 
two classes of entities which have internal relations of the tome logical 
type are equivalent. Hence we are never dealing with one paiticular 
class of entities, but with a whole class of classes, namely, with all classes 
having internal relations of some specified type. And by the of 
a I'elation I mean its purely logical properties, such as are denoted by 
the woitls one-one, transitive, symmetrical, and so on. ITius for example 
we defined the class of classes called prog9'ession by certain logical 
characteristics of the internal relations of terms of any class which is 
a progression, and we found that finite Arithmetic, in so far as it deals 
with numbei-s, and not with the terms or classes of which numbers can 
be asserted, applies equally to all progressions. And when it is realized 
that all mathematical ideas, except those of Logic, can be defined, it 
is seen also that there are no primitive propositions in mathematics 
except those of Logic. The so-called axioms of Greometry, for example, 
wlieii Geometry is considered as a branch of pure mathematics, are 
merely the protasis in the hypotheticals which constitute the science. 
They would be primitive propositions if, as in applied mathematics, 
they were themselves asserted ; but so long as we onlv assert hy{>o- 
theticals (},e, propositions of the form A implies B"^) in which the 
.supposed axioms appear as protasis, there is no reason to assert the 
protasis, nor, consequently, to admit genuine axioms. My object in 
the present chapter is to execute the purely formal task imposed by 
these considerations, and to set forth the strict definitions of various 
spaces, from which, without indefinables and without primitive pro- 
positions, the various Geometries will follow. I shall content myself 
with the definition of some of the more important spaces, since my object 
is chiefly to show that such definitions are possible. 

413. (1 ) Projective Spare of three divietmons, A projective sjMice of 

three dimensions is any class of entities such that there aie at least two 
members of the class ; between any two distinct inembei's there is one 
and only one symmetrical aliorelative, which is connected, and is tran- 
.sitive so far as its l)cing an aliorelative will permit, and has further 
pro|)erties to be enumerated shortly ; whatever such aliorelative may be 
taken, there is a term of the projective s()ace not belonging to the 
field of the said aliorelative, which field is wholly contained in the 
pn)jec!tive space, and is called, for shortness, a straight litu\ and is 
denoted by if a, A be any two of its terms; every straight line 
which contains two terms contains at least one other term ; if a, ft, c be 
any three terms of the projective space, such that c does not belong to 
the class aft, then there is at least one term of tlie projective space not 
belonging to any class ta*, where x is any term of aft ; under the same 
circumstances, if a' be a term of ftc, // a term of oc, the classes 
bU liave a common part; if d be any term, other than a and ft, 
of the class aft, and w, v any two terms such that d belongs to the 
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class uvy but neither n nor v belongs to the class ab^ and if ^ be the 
only term of the common part of au and z the only tenn of the 
common part of av and jc the only term of the common part of 
y% and aA, then x is not identical with d (under these circumstances 
it may be proved that the term x is independent of u and and is 
uniquely determined by by d; hence x and d have a symmetrical 
one-one relation which may be denoted, for brevity, by xH ^ ; if y, e 
be two further terms of the projective space, belonging to the class xdy 
and such that there are two terms gy h of the class xd for which we have 
gHxdh gHyJiy then we write for shortness yQxd!^ to express this 
relation of the four terms Xy d, jjy e ) ; a projective space is such that 
the relation whatever terms of the space x and d may be, is tran- 
sitive ; also that, if /i, &, c, d be any four distinct terms of one straight 
line, two and only two of the propositions aQt^ly aQ\^y aQ,cdb will hold ; 
from these properties of projective space it results that the terms of a 
line form a series ; this series is continuous in the sense defined in § 277 ; 
finally, if i, c, d, e lie any five terms of a projective space, there will 
be in the class ae at least one term Xy and in the class cd at least one 
term y, such that x belongs to the class by. 

This is a formal definition of a projective space of three dimensions. 
Whatever class of entities fulfils this definition is a projective space. 
I have enclostd in brackets a passage in which no new properties of 
projective space are introduced, which serves only the purpose of con- 
venience of language. There is a whole class of projective spaces, and 
this class ha^ an infinite number of inembei*s. The existence-theorem 
may lie proved to begin with, by constructing a projective space out of 
complex nuuiliers in the purely arithmetical sense defined in § 360. 
We then know that the class of projective spaces has at least four 
members, since we know of four sub-classes contained under it, eac;h 
of which has at least one meiiilier. In the first place, we have the 
above arithmetical space. In the second place, we have the projective 
s]>ace of descriptive Geometry, in which the teriiKs of the projective 
space arc sheaves of lines in the descriptive space. In the third 
placre, we have the polar form of elliptic space, which is distinguished 
by the addition of ceilain metrical properties of stretches, consistent 
with, but not implied by, the definition of projective space; in the 
fourth place, we have the antipodal form of elliptic Geometry, in 
which the terms of the projective space are pairs of terms of the said 
elliptic space. And any number of varieties of projective space may be 
obtained by adding properties not inconsistent with the definition — for 
example, bj insisting that all planes aro to be red or blue. In fact, 
every class of 2*^ terms (i,^^ of the number of terms in a continuous 
series) is a projective space ; for when two classes are similar, if one is 
the field of a certain relation, the other will be the field of a like relation. 
Hence by corrolation with a projective space, any class of 2**^ terms 
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becomes itself a projective space. Tlie fact is, that the standpoint ot 
line-Geometrv is more fundamental where definition is concerned: a 
projective space would be best defined as a class K of relations whose 
fields are straight lines satisfying the above conditions. This point is 
strictly analogous to the substitution of serial relations for series which 
we found desirable in Part IV. When a set of terms are to be regartled 
as the field of a class of relations, it is convenient to drop the terms and 
mention only the class of relations, since the latter involve the former, 
but not the former the latter. 

It is important to observe that the definition of a space, as of most 
other entities of a certain complexity, is arbitrary within certain limits. 
For if there^be any property which implies and is implied by one or 
more of the properties used in the definition, we may make a substitution 
of the new property in place of the one or more in question. For ex- 
ample, in place of defining the line by a relation between points, it is 
possible to define the line as a class having a certain relation to a couple 
of points. In such cases, we can only he guided by motives of simplicity. 

It seems scarcely necessary to give a formal definitioii of descriptive 
or metrical space, since the above mcKlel serves to show how such a 
definition might be constructed. I shall instead give a definition of 
Kuclidean space. This I shall give in a form which is inapprepriate 
when Euclidean space is considered as the limit of certain non-Euclidean 
spaces, but is very appropriate to quaternions and the vector Calculus, 
'rhis form has been adopted by Peano*, and leads to a very simple 
account of the Euclidean axioms. I shall not strictly follow’ Peano, but 
my account will be very similar to his. 

414. (2) Euclidean .space of three dimermom. A Euclidean space of 

three dimensions is a class of terms containing at least two meinbei’s, and 
such that any two of them have one and only one asymmetrical one-one 
relation of a class, which will he called the class of vectors, defined by 
the following characteristics^ : the converse of a vector, or the relative 
prcxluct of two vectors, is a vector; if a given vector holds lietween a and ft, 
c and rf, then the vector which holds l)etween a and c is the same as that 
w hich holds between ft and d ; any term of the space has any assigned 
relation of the class to at least one term of the space ; if the nth pow er 
(where n is any inUiger) of any vector of the class is identity, then the 
vector itself is identity ; there is a vector whose wth powei* is a given 
vector ; any two vectors have one and only one symmetrical relation of 
a certain class having the following properties : the relation of any two 
vectors is measured by a real number, positive or negative, and is such 

* ^'Aualisi della Teoria dei vettori,” 'ruriii, {Accademia Heale de.lle Menze 
di Torino). 

t For the convenience of the reader, it may be well to observe that this relation 
corresponds to that of having a given distance in a given direction — direction being 
taken in the sense in which all parallel lines have the same direction. 
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that the relation of a vector to itself is always ineasuml by a positive 
number, and that the measure of the relation of the relative product of 
two vectoi*s to a third vector is the sum of the lueaMires of their several 
relations to the third vector ; there is a vector satisfying the definition 
of an irrational power of a vector given below ; tliere are \’ectors wliich 
are hot relative products of powers of two given vectors ; if /, J, k be 
three vectors, no one of which is a rt^lative product of powers of one 
or both of the others, then all vectors arc relative products of powers of 

h y, k. 

The only points calling for explanation here are the notion of an 
irrational power of a vector and the measurable relation of two vectors. 
All rational powers are definite ; for every vector has an //th root, and 
the /*th root has an mth power, which is the rnhith power of the original 
vector But it does not follow that real powei-s which are not rational 
can be defined. The definition of limits of classes of vectors given bv 
Peano* is, when translated into relational language, the following. lA‘t 
// be a class of real numbers, j'q a number belonging to the derivative 
of u. Let some one-one relation subsist between all us and some or all 
vectors; and let tj be tho class of vectors correlative to u. 'Fben the 
vector a is said to be the limit of the class v as iv apjinmches d’,, in 
the class «/, when the limit of the measure of the relation to itself of the 
vector which, multiplied relatively into a, will give the comdate to .i’ 
in thc' class v, is zero. The point of this definition is the use of the 
order olitained among vectors by means of the measurable relation whicli 
each has to itself. Thus suppose wc have a progression J’l, ... ... 

of rational numbers, and suppose these to be respectively the measures of 

the relations to themselves of the vectors aj, ... Then if l>e 

the limit of -i*,, .to, ... .Cu, ... , there is to l)c a vector whose relation to 
itself is mea.sured by j’, and this is to be the limit of the vectors tfi, a.,,... 
/irt,...; and thus irrational powers of a vector lx?come definable, ’^riie 
other point to be examined is the measurable relation between two 
vectors. This relation measures, in terms of elementary Geometry, the 
product of the two stretches repre.sented by the vectors into the cosine 
of the angle l)etwecn them : it is, in the language of the calculus of 
extension, the internal product of the two vectors. To say that the 
relation is ine^isurable in terms of real numbers means, in the .sense in 
which this statement is employed, that all such relations have a one-one 
relation to some or all of the real numbers ; hence, from the existence of 
irrational powers, it follows that all such relations form a continuous 
series ; to say that the relation of a vector to itself is always measured 
by a positive nuinlKM' means that there exists a section (in Dedekiiurs 
sense) of the continuous .scries of relations, such that all those ix^lations 
that vectors can have to themselves appear on one side of the section ; 


* Op. cit. p. 22. 
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while it can be proved that the relation which defines the section is thai 
which the vector identity has to itself. 

This definition is, of coui'se, by no means the only one which can 
be given of Euclidean space, but it is, I think, the simplest. For this 
reason, and also because it belongs to an order of ideas which, being 
essentially Euclidean, is foreign to the methods of previous chapters, 
I have thought it worth while to insert it here. 

416. As another example which may serve to enlarge our ideas, 
I shall take the space invented by Cliftbnl, or rather the space which is 
formally analogous to his surface of zero curvature and finite extent*. 

I shall first briefly explain the nature of this space, and then proceed 
to a formal definition. Spaces of the type in (]uestion may have any 
number of dimensions, but for the sake of simplicity I shall confine 
myself to two dimensions. In this space, most of the usual Euclidean 
properties hold as regards figums not exceeding a certain size ; that is 
to say, the sum of the angles of a triangle is two right angles, and there 
arc motions, which may l)e called translations, in which all points travel 
along straight lines. Hut in other respects, the space* is very different 
from Euclidean space. To liegiii with, the straight line is a closed 
series, and the whole space has a finite area. In the second place, every 
motion is a translation ; a circular transformation (i.e. one which pre- 
serves distances from a certain fixed point unaltered) is never a motion, 
i.c. never leaves every distance; unaltered; but all translations can, as 
in Euclidean space, be compounded out of translations in two fixed 
directions. In this space, as in Euclid, we have parallels, i.e, straight 
lines which remain at a constant distance apai-t, and can be simul- 
taneously described in a motion ; also straight lines can be represented 
by linear equations. But the formula for distance is quite unlike the 
Euclidean formula. Thus if irk be the length of the whole straight line, 
and (a-, y), (.z’', y') be the coordinates of any two points (choosing a 
system in which the straight line has a linear ec] nation), then if co l)e 
the angle between the lines a: = 0, y 0, the distance of the two points 
in question is d, where 

cos ^ = cos (.r— j/) cos (y — y') — cos q> sin - j/) sin (//— y')- 

and the formula for the angle between two lines is similarly complicated. 
We may, in onler to lead to these results, .set up the following definition. 

{3) Clifford's space of two dimensiom. A Clifford s space of two 
dimensions is a class of at least two terms, between any two of which 
there are two relations of different classes, called respectively distance 

Oil the general suhject of tlie spaces of which this is the simplest example, see 
Klein, Math. AnHuittn xxxvii, pp. 5r>4-o(»5, and Killing, Umndlugen der Geometrie, 
Vol. I, Chap. IV. 
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and direction, and possessing the following properties : a directum is a 
symmetrical aliorelative, transitive so far as its being an aliorelative will 
permit, but not connected ; a term of the space together with all the 
terms to which the said term has a given relation of direction form what 
is called a straight line ; no straight line contains all the terms of the 
space ; every term of the space has any assigned relation of direction to 
some but not all other terms of the space ; no pair of terms has more 
than one relation of direction; distances are a class of symmetrical 
relations forming a continuous series, having two ends, one of which 
is identity ; all distances except identity are intransitive aliorelatives ; 
every term of the space has any assigned relation of distance to some 
but not all of the terms of the space ; any given term of the space has 
any given distance and direction from two and only two other tenns 
of the space, unless the given distance be either end of the scries of 
distances ; in this case, if the given distance be identity, there is no term 
having this distance and also the given direction from the given term, 
but if the distance be the other end of the series, there is one and only 
one term liaving the given distaiire and the given direction from the 
given term; distances in one straight line have the properties, mentioned 
in Chapter xlvii, required for generating an order among the terms of one 
straight line ; the only motions, ie, one-one relations whose domain and 
converse domain are each the spacre in question and which leave all 
distances among the relata the same as those among the corresponding 
referents, are such as consist in combining a given distance, a given 
direction, and one of the two senses of the series constituting a stmight 
line ; and every such combination is etjuivalent to the relative product 
of some distance in one fixed direction with some distance in another 
fixed direction, both taken with a suitable sense; finally all possible 
directions form a single closed continuous series in virtue of mutual 
relations. 

This completes, I think, the definition of a Clifford’s space of two 
dimensions. It is to be observed that, in this space, distance cannot be 
identified with stretch, because (1) we have only two dimensions, so that 
we cannot generate a closed series of terms on a line by means of pro- 
jective methods*. (2) the line is to be closed, so that we cannot generate 
order on the straight line by the descriptive method. It is for similar 
reasons that both directions and distances have to be taken as sym- 
metrical relations ; thus it is only after an order has been generated on 
a line that we can distinguish two senses, which may be associated with 
direction to render it asymmetrical, and with distances in a given 
direction to give them, signs. It is important to observe that, when 

♦ Mr W. K. Johnson has pointed out to me that this difficulty might be over- 
i;ome by introducing the uniqueness of the quadrilateral construction by a special 
axiom— ^a method which would (jerliaiis be siripler than the above. 
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distance is taken as independent of the straight line, it becomes necessary, 
in order to distinguish different spaces, to assign some property or pro- 
perties of the one-one relations or transformations which leave distances 
unchanged. This method has been adopted by Lie in applying to 
Greometry the theory of continuous groups*, and has produced, in his 
hands and those of Klein, results of the greatest interest to non- 
Euclidean Geometry. But since, in most spaces, it is unnecessary to 
take distance as indefinable, I have been able, except in this instance 
of Clifford’s spacef, to adopt a simpler method of specifying spaces. 
For this reason, it was important to consider briefly some such space 
as Clifford’s, in order to give an instance of the use of distance, and of 
what geometers call motion, in the definition of a space. 

Enough has now been said, I hope, to show that the definition of a 
kind of space is always possible in purely logical terms, and that new 
indefinables are not required. Not only are tlu? actual terms composing 
a space irrelevant, and only their relations important, but even the 
relations do not rt^quire individual deternii nation, but only specification 
as menilxirs of certain logical classes of relations. These logical classes 
are the elements used in geometrical definitions, and these are defimible 
in terms of the small collection of indefinables out of which the logical 
calculus (including that of relations) is built up. This result, which 
holds throughout pure mathematics, was the principal object of the 
present chapter. 

* Ijeipziger Berichte, 1890. 

t If 1 had defined an elliptic space of two diinensictns, i should have had to take 
distance as distinct from stretch, because the projective generation of order fails in 
two dimensions. 
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THK CONTINUITY OF SPACE. 

416. Ir has l)een commonly supposed by philosophers that the 
continuity of space was something incapable of further analysis, to be 
regarded as a mystery, not critically inspected by tlie profane intellect. 
In Part \ , 1 asserted that Cantors continuity is all that we require in 
dealing with space. In the present chapter, I wish to make good this 
assertion, in so far as is possible without raising the (juestion of absolute 
and relative position, which I reserve for the next chapter. 

Let us begin with the continuity of projective space. We have seen 
that the points of descriptive space are ordinally similar to those of a 
semi-continuous portion of a projective space, namely to the ideal points 
which have real correlatives. Hence the continuity of descriptive space 
is of the same kind as that of projective space, and need not, there- 
fore, be separately consideml. I3ut metrical space will require a new 
discussion. 

It is to be obsei’ved that Geometries, as they are treated now-a-days, 
do not begin by assuming spaces with an infinite number of points ; in 
fact, space is, as Peano remarks*, a word with which Geometry can very 
easily dispense. Geometiies begin by assuming a class-concept pointy 
together with certain axioms from which conclusions can be drawn as 
to the number of points. So, in projective Geometry, we begin w'ith the 
assumption that there are at least two [)oints, and that any two points 
determine a class of joints, the straight line, to which they and at 
least one other [)oint belong. Hence we have three j)oints. We now 
intrcKluce the new assumption that there is at least one point not on 
any given straight line. This gives us a fourth point, and since there 
must be points on the lines joining it to our previous points, we obtain 
three more points — seven in all. Hence we can obtain an infinite denu- 
merable series of junnt-, and lines, but we cannot, without a further 
assum|)tiim, jjrove that there are more than three j)oints on any one 
line. Four points on a line result from the assiimplion that, if h and d 


♦ Hiv. di MhL Vol. iv, p. 52. 
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be harmonic with respect to a and c, then b and d are distinct. But in 
order to obtain an infinite number of points on a line, we need the 
further assumptions from which the projective order results*. These 
assumptions necessitate a denumerable series of points on our line. 
With these, if we chose, we might be content. Such a series of 
points is obtained by successive quadrilateral constructions ; and if we 
chose to delfine a space in which all points on a line could be obtained 
by successive quadrilateral constructions starting with any three points 
of the line, no contradiction would emerge. Such a space would have 
the ordinal type of the positive rationals and zero: the points on a 
line would form a compact denumerable series with one end. The 
extension, introduced by assuming that the series of points is con- 
tinuous, is only necessary if our projective space is to possess the usual 
metrical properties — if, that is to say, there is to be a stretch, with 
one end and its .straight line given, which is to be equal to any given 
stretch. With only rational points, this property (which is Euclid’s 
postulate of the existence of the circle) cannot hold universally. But 
for pure projective purposes, it is irrelevant whether our space possesses 
or does not possess this property. The axiom of continuity itself may 
be stated in either of the two following forms. (1) All points on a 
line are limits of series of rational points, and all infinite series of 
rational points have limits; (2) if all points of a line be divided into 
two classes, of which one wholly piecedes the other, then either the first 
class has a last term, or the last has a first term, but both do not 
happen. In the first of these ways, the continuity which results is exactly 
Cantor s, but the second, which is Dedekind’s definition, is a newssary, 
not a sufficient, condition for Cantor’s c^ontinuity. Adopting this first 
definition, the rational points, omitting their first term, form an endless 
compact denumerable series; all points form a perfect series; and 
between any two points there is a rational point, which is piecisely 
the onlinal definition of continuity)*. Thus if a projective space is 
to have continuity at all, it must have the kind of continuity which 
belongs to the real n umbel's. 

417. Let us consider next the continuity of a metrical space ; and, 
for the sake of definiteness, let us take Euclidean space. The question 
is here more difficult, for continuity is not usually introduced by an 
axiom ad hoi\ but appears to result, in some sen.se, from the axioms of 
distance. It was already known to Plato that not all lengths are 
commensurable, and a strict proof of this fact is contained in the tenth 
book of Euclid. But this does not take us very far in the direction 
of Cantor’s continuity. I’he gist of the assertion that not all lengths 
are commensurable, together with the postulate of the circle, may be 
expre.ssed as follow's. If AB^ AC he two lengths along the same stmight 


* C’f. Pieri, op. rit. § Prop. 1 . 


+ See Part V, (jhap. xxxvi. 
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line, it may happen that, if JB be divided into m equal parts, and AC 
into n equid parts, then, however m and n may be chosen, one of the 
parts of AB will not be equal to one of the parts of ACj but will be 
greater for some values of m and w, and less for others; also lengths 
equal to either may be taken along any given line and with any given 
end-points*. But this fact by no means proves that the points on 
a line are not denumerable, since all algebraic numbers are denumerable. 
liCt us see, then, what our axioms allow us to infer. 

In Greek Geometry there were two great sources of irrationals, 
namely, the diagonal of a square and the circumference of a circle. But 
there could be no knowledge that these are irrationals of different kinds, 
the one being measured by an algebraic number, the other by a tran- 
scendent number. No general method was known for constructing 
any assigned algebraic numberf, still less for constructing an assigned 
transcendent number. And so far as I know, such methods, except 
by means of limits, are still wanting. Some algebraic and some tran- 
scendent numbei*s can be constructed geometrically without the use of 
limits, but the constructions are isolated, and do not follow any general 
plan. Hence, for the present, it cannot he inferred from Euclid’s axioms 
that space has ci)ntinuity in C’antor’s sense, or that the points of space 
are not denumerable. Since the introduction of analytic Geometry, 
some equivalent assumption has been always tacitly made. For example, 
it has 'been assumed that any equation which is satisfied by real values 
of the variables will represent a figure in space ; and it seems even to be 
universally supposed that to every set of real Cartesian coordinates a 
point must correspond. These assumptions were made, until quite recent 
times, without any discussion at all, and apparently without any con- 
sciousness that they were assumptions. 

When once these assumptions are recognized as such, it becomes 
apparent that, here as in projective space, continuity must be introduced 
by an axiom ad Aoc. But as against the philosophers, we may make the 
following remark. Cantor’s continuity is indubitably sufficient to satisfy 
all metrical axioms, and the only question is, whether existent space 
need have continuity of so high an order. In any case, if measurement 
is to be theoretically possible, space must not have a greater continuity 
than that of the real numbers. 

1’he axiom that the points on a line form a continuous series may be 
put in the form which results from amending Dedekind, or in the form 
that a line is a perfect series. In the first form, every section of the 
line is definable by a single point, which is at one end of one of the parts 
produced by the section, while the other part has no end. In the second 

* A length is not synoiiymouR with a segment, since a length is regarded as 
essentially terminated. But a length is, for present purposes, synonymous with 
a stretch or a distance. 

t For shortness, 1 shall identify numbers with tlie lengths which they measure. 
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forniy which is preferable because, unlike the first, it completely defines 
the ordinal type, every infinite series of points has a limit, and every point 
is a limiting point. It is not necessary to add that the line has cohesion*, 
for this results from the axioms of Archimedes and of linearity, which 
are in any case essential to measurement. Whether the axiom of con- 
tinuity be true as regards our actual space, is a question which I see no 
means of deciding. For any such question must be empirical, and it 
would be quite impossible to distinguish empirically what may be called 
a rational space from a continuous space. But in any case there is 
no reason to think that space has a higher power than that of the 
continuum. 

418. The axiom of continuity enables us to dispense with the 
postulate of the circle, and to substitute for it the following pair. 
(1) On any straight line there is a point whose distance from a given 
point on the line is less than a given distance. (2) On any straight 
line there is a point whose distance from a given point on or off the line 
is gi-eater than a given distance. From these two assumptions, together 
with continuity, the existence of the circle can bo proved. Since it is 
not possible, conversely, to deduce continuity from the circle, and .since 
much of analytic Geometry might be false in a discontinuous space, it 
seems a distinct advance to banish the circle from our initial a.ssumptions, 
and substitute continuity with the above pair of axioms. 

419. There is thus no my.stery in the continuity of space, and no 
need of any notions not definable in Arithmetic. There is, however, 
among most philosophers, a notion that, in space, the whole is prior to 
the partsf; that although every length, area, or volume can be divided 
into lengths, areas, or volumes, yet there are no indivisibles of which 
such entities are composed. Accoixling to this view, points are mere 
fictions, and only volumes are genuine entities. Volumes are not to be 
regaixled as classes of points, but as w-holes containing parts which are 
never simple. Some such view as this is, indeed, often put forwaixl 
as giving the very essence of what should Ixi called continuity. This 
question is distinct from the question of absolute and relative position, 
which I shall discuss in the following chapter. For, if we regaid 
position as relatiA^e, our present question will arise again conceniing 
continuous portions of matter. This present question is, in fact, 
essentially concerned with continuity, and may therefore be appro- 
priately disciis.sed here. 

The series wdiich ari.se in Arithmetic, wdiether continuous or not, 
are essentially composed of terms — integers, rationals, real numlxirs, etc. 
And w^here we come near to the continuity of spai‘e, as in the ca.se of 
the real numlK’rs, each real number i.s a segment or infinite class 

* See Part V, ('hap. xx-\v. 

t (Y. Leibniz, Phil, WerUe ((lerhardt), ii, p. iv, p. 491 ; also ii\y Philosophy 
of Leibniz, ('hap. i.\. 
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of rationals, and no denial that a segment is composed of elements 
is possible. In this case, we start from the elements and gradually 
construct various infinite wholes. But in the case of space, we ui-e 
told, it is infinite wholes that are given to begin with; the elements 
are only inferred, and the inference, we are assured, is very rash. This 
ijuestion is in the main one of Logic. Let us see how the above view 
is supported. 

Those who deny indivisible points as constituents of spacx^ have had, 
in the past, two lines of argument by which to maintain their denial. 
They had the difficulties of continuity and infinity, and they had the 
way in which space is presented in what, according to their school, they 
called intuition or sensation or perception. The difficulties of continuity 
and infinity, as we saw in Part V, are a thing of the past ; hence this 
line of argument is no longer open to those who deny jioints. As 
regards the oth(‘r argument, it is extremely difficult t<) give it a precise 
form — indeed I suspect tliat it is impossible. \\'e may take it as agreed 
that everything spatial, of whose existence we become immediately aw^are 
in sensation or intuition, is complex and divisilile. Thus the empirical 
premiss, in the investigation of space, is the existence of divisible entities 
with certain properties. But here it may be well to make a little 
digression into the meaning of an empirical premiss. 

420. All empiiical premiss is a proposition which, for sonu* reason or 
for no reason, I believe, and which, we may add, is existential. Having 
agreed to accept this jiropositioii, we shall usually find, on examination, 
that it is complex, and that there are one or more sets of simpler 
propositions from which it may be deduced. If P be the empirical 
premiss, let A be the class of sets of projiositions (in tfieir simplest form) 
from which P mav lie deduced; and let two members of the class A be 
considered ecjui valent when they imply one another. From the trutli 
of P we infer the truth of one set of the class A. If A has only one 
member, that memfier must fie true. But if there are many membei's 
of the class not all equivalent, we endeavour to find sciine other 
empirical premiss P\ implied by all .sets of simjile propositions of the 
class A'. If now it should happen that the classes A and A' have onlv 
(MIC common member, and the other members of A are inconsistent with 
the other mcnil>eis of A\ tlie common member must be true. If not, we 
se(‘k a m‘W' empirical premiss P'\ and so on. This is the esseru^e of 
induction*. The empirical prciiii.ss is not in any essential sen.se a 
premiss., but is a proposition which we wish our deduction to arrive at. 
In choosing the premisses of our deduction, we ar-e only guided by 
logical simpticity and the deducibility of our empirical premiss. 

421. Applying these remarks to Geometry, we see that the common 
ilesirc for self-evident axioms is eiitirelv mistaken. This desire is due to 


Ct. (’outiirat, l,u lAHfiifHf lit* Leibui'i, lUOl, p. 
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the belief that the G^metry of our actual space is an a priori science, 
based on intuition. If this were the case, it would be properly deducible 
from self-evident axioms, as Kant believed. But if we place it along 
with other sciences concerning what exists, as an empirical study based 
upon observation, we see that all that can be legitimately demanded is 
that observed facts should follow from our premisses, and, if possible, 
from no set of premisses not equivalent to those which we assume. No 
one objects to the law of gravitation as being not self-evident, and 
similarly, when Geometry is taken as empirical, no one can legitimately 
object to the axiom of parallels — except, of course, on the ground that, 
like the law of gravitation, it need only be approximately true in order 
to yield observed facts. It cannot be maintained that no premisses 
except those of Euclidean Geometry will yield observed results; but 
others w hich are permissible must closely approximate to the Euclidean 
premisses. And so it is with continuity: we cannot prove that our 
actual space must be continuous, but we cannot prove that it is not so, 
and we can prove that a continuous space would not differ in any dis- 
coverable manner from that in which we live. 

422 . To return from this digression : we agreed that the empirtad 
premisses, as regards the continuity of space, are concerned always with 
divisible entities which have divisible parts. The question before us is 
whether we are to infer from this that the logical premisses for the 
science of existing space {i.e, the definition of existing space) may or 
must be concerned with divisible entities. The question whether our 
premisses must be concerned with divisible entities is fully answered, in 
the negative, by actual Geometry, where, by means of indivisible points, 
a space empirically indistinguishable frf>m that in which we live is con- 
structed. The only reasons hitherto alleged by philosophers against 
regarding this answer as satisfactory, are either such as wx*re derived 
from the difficulties of infinity and continuity, or such as were l)ased 
upon n certain logical theoiy of relations. The former have been already 
disproved ; the latter will be discusseci in the next chapter. The question 
w-hether our premisses maij be concerned with divisible entities is far more 
difficult, and can be answei-ed only by means of the logical discussions 
of Part II. Whatever is complex, w^e then decided (§ 143), must be 
composed of simple elements ; and this conclusion carries us a long way 
towaids the decision of our present question. But it does not (|uite 
end our doubts. We distinguished, in Part II, two kinds of wholes, 
namely aggregates and unities. The former may be identified, at any 
rate for present purposes, with classes, while the latter seem to be in- 
distinguishable from propositions. Aggregates consist of units fi*om 
whose addition (in the sense presuppos^ in Arithmetic) they result; 
unities, on the contraiy, are not reconstituted by the addition of their 
constituents. In all unities, one term at least is either a predicated 
predicate or a relating relation ; in aggregates, there is no such term. 
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Now what is really maintained by those who deny that space is com- 
posed of points is, I imagine, the view that space is a unity, whose 
constituents do not reconstitute it. I do not mean to say that this 
view is consciously held by all who make the denial in question, but 
that it seems the only view which renders the said denial reasonable. 

Before discussing this opinion, it is necessary to make a distinction. 
An aggregate may be an aggregate of unities, and need by no means be 
an aggregate of simple terms. The question whether a space is an 
aggregate of unities or of simple terms is mathematically, though not 
philosophically, irrelevant ; the difference of the two cases is illustrated 
by the difference between an independent projective space and the pro- 
jective space defined in terms of the elements of a descriptive space. 
For the present, I do not wish to discuss whether points are unities or 
simple terms, but whether space is or is not an aggregate of points. 

This question is one in which confusions are very liable to occur, 
and have, I think, actually occun-ed among those who have denied that 
a space is an aggregate. Relations are, of course, quite essential to a 
space, and this has led to the belief that a space is, not only its terms, 
but also the relations relating them. Here, however, it is easy to see 
that, if a space hii the field of a certain class of relations, then a space 
is an aggregate; and if relations are essential to the definition of a 
space,^ there must be some class of relations having a field which is 
the space. The relations essential to Geometry will not hold between 
two spatially divisible terms : there is no straight line joining two 
volumes, and no distance between two surfaces. Thus, if a space is 
to be defined by means of a class of relations, it does not follow, as 
is suggested, that a space is a unity, but rather, on the contrary, that 
it is an aggregate, namely the field of the said class of relations. And 
against any view which starts from volumes or surfaces, or indeed any- 
thing except points and straight lines, we may urge, with Peano*, that 
the distinction between curves, surfaces, and volumes, is only to be 
effected by means of the straight line, and requires, even then, the most 
elaborate developments f. There is, therefore, no possibility of any 
definite Greometry without points, no logical reason against points, and 
strong logical reasons in their favour. We may therefore take it as 
proved that, if wc are to construct any self-consistent theory of space, 
we must hold space to be an aggi-egate of points, and not a unity which 
is indefinable as a class. Space is, in fact, essentially a class, since 
it cannot be defined by enumeration of its terms, but only by means 
of its relation to the class-concept point. Space is nothing but the 

♦ Riv, di Mat. iv, p. 53. 

t Cf. Peano, '^Sur une coarbe qni remplit toute une aire plane,” Math. 
Annalen^ xxxvi, where it is shown that a continuous curve can be mode to pass 
through all the points of the area of a square, or, for that matter, of the volume 
of a cube. 
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extension of the concept pointy as the British army is the extension 
of the concept British soldier ; only, since the number of points is in- 
finite, Geometry is unable to imitate the Army-List by the issue of a 
Space-List. 

Space, then, is composed of points ; and if analytical Geometry is to 
be possible, the number of points must be either equal to, or less than, 
the number of the continuum. If the number be less, some propositions 
of the accepted Geometry will be false ; but a space in which the number 
of points is equal to the number of finite numbei*s, and in which the 
points of a line form a series ordinally similar to the rationals, will, 
with suitable axioms, be empirically indistinguishable from a continuous 
space, and hiay lye actual. Thus Arithmetic, as enlarged by ( antor, is 
undoubtedly ade(juate to deal with Geometry ; the only question is, 
whether the more elaborate parts of its machinery are re(|uired. It is 
in number that we become certain of the continuum ; among actual 
existents, so far as present evidence shows, continuity is possible, but 
cannot be rendered certain and indubitable. 



CHAPTER LI. 


LOGIC- AL ARGUMENTS AGAINST POINTS. 

423. It has been an almost universal opinion among philosophers, 
ever since the time of Ix?ibniz, that a space composed of points is logically 
impossible. It is maintained that the spatial relations with which we 
have been concerned do not hold between spatial points, which essentially 
and timelessly have the relations which they do have, but between 
material points, which are capable of motion, i,e, of a change in their 
spatial relations. This is called the theory of relative position, whtTcas 
the theory of spjitial points is called the theory of absolute position. 
Those who advocate relative position usually also maintain that matter 
and spatial relations, on account of certain contradictions supposed to 
be found in them, are not real, but belong only to the world of apj>ear- 
ance. This is, however, a further point, which need not be explicitly 
discussed in what follows. Apart from this point, the issue between 
the absolute and relative theories may be stated as follows ; The absolute 
theory liolds that there are true propositions in which spatial relations 
are asserted to hold timelessly between certain terms, which may be 
called spatial points ; the relational theory holds that every true pro- 
position asserting a spatial relation involves a time at which this relation 
holds Ixdween its terms, so that the simplest spatial propositions assert 
triangular relations of a time and two terms, which may be called 
material points. 

'^rhe cpicstion as to which of these tw'o theories applies to the actual 
world is, like all (jiiestions concerning the actual world, in itself irrt*- 
levant to pure mathematics*. But the argument against absolute jK>sition 
usually takes the form of maintaining that a space composed of points is 
logically inadmissible, and hence issues are raised which a philosophy of 
mathematics must discuss. In what follows, I am concerned only with 
the ([uestion ; Is a space composed of points self-contradictory ? It is 
true that, if this ipiestion l)e answered in the negative, the sole ground 

* Some arg’iiments on this point will be found in the earlier part of iny jwiper, 
''Is position in Time and Space absolute or relative.?" Mh/tf, N.S., No. ; the later 
|)ortioiis of this paper are here reprinted. 



448 


Space [chap, li 

theory that there are no relations. This has been iwognised by the 
most logical adherents of the dogma — e.g. Spinoza and Mr Bradley — 
who have asserted that there is only one thing, God or the Absolute, 
and only one type of proposition, namely that ascribing predicates to 
the Absolute. In order to meet this development of the above theory 
of relations, it will lx* necessary to examine the doctrine of subjecrt and 
predicate. 

426. Every proposition, true or false — so the present theory con- 
tends — ascribes a predicate to a subject, and — what is a corollary from 
the above — there is only one subject. The consecjuences of this doctrine 
are so strange, that I. cannot believe they have Ixen realised by those 
who maintain it. The theory is in fact self-contradictory. For if the 
Absolute has predicates, then there are predic^ates ; but the proposition 
there are predicates is not one which the present theory can admit. 
We cannot escape by saying that the predicates merely (|ualify the 
Absolute; for the Absolute cannot be (jualified by nothing, so that 
the proposition “there are predicates"’ is logically prioi* to the pro- 
position “the Absolute has predicates.” 'I’hus the theory its(*lf demands, 
as its logical prhis^ a proposition without a subject and a predicate ; 
moreover this proposition involves diversity, for even if there be only 
one predicate, this must lx different from the one subject. Again, 
since there is a predicate, the predicate is an entity, and its predicta- 
bility of the Absolute is a relation Ixtween it and the Absolute. Thus 
the very proposition which was to lx non-relational turns out to lx*, 
after all, relational, and to express a relation which current philosophical 
language would descrilx as purely external. For both subject and 
predicate are simply what they are — neither is modified by its relation 
to the other. To be modified by the relation could only be to have 
some other predicate, and hence we should be led into an endless regress. 
In short, no relation ever modifies either of its terms. For if it holds 
between A and then it is between A and B that it holds, and to say 
that it modifies A and B is to say that it really holds between different 
terms C and 1). U’o say that two terms which are related would be 
different if they were not related, is to say something perfectly barren ; 
for if they were different, they would be other, and it would not be the 
terms in question, but a different pair, that would be unrelated. The 
notion that a term can be modified arises from neglect to observe the 
eternal self-identity of all tenns and all logical concepts, which alone 
form the constituents of propositions*. What is called modification 
consists merely in having at one time, but not at another, some specific 
relation to some other specific term ; but the term which sometimes has 
and sometimes has not the relation in question must be unchanged, 

* See Mr (i. K. Moore's paper on “ITie Nature of Judpnent/’ Miitd, N.S., 
Vol. VIII. Also MHjtru, §§ 47, 411, where the view arlopted differs somewhat from 
.Mr Moore’s 
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otherwi.se it would not be that term which had ceased to have the 
relation. 

The general objection to Lotze’s theory of relations may be thus 
summed up. The theory implies that all propositions consist in the 
ascription of a predicate to a subject, and that this ascription is not 
a relation. The objection is, that the predicate is either something 
or nothing. If nothing, it cannot be predicated, and the pretended 
proposition collapses. If something, predication expresses a relation, 
and a relation of the very kind which the theory was designed to avoid. 
Thus in either case the theory stands condemned, and there is no reason 
for regarding relations as all reducible to the subject-predicate form. 

427. (2) I come now to the second of Lotze’s objections to empty 

space. This is again of a somewhat abstract logical character, but it 
is far easier to dispose of, since it depends upon a view more or less 
peculiar to Lotze. There are, it says, three and only three kinds of 
being, no one of which belongs to spat;e. These are (a) the Ixiing 
of things, which consists in activity or the power to produce effects; 
((i) the validity of a truth ; ( 7 ) the being which belongs to the contents 
of our presentations. 

The answer lo this is, that there is only one kind of being, namely, 
being ,simplintcr, and only one kind of existence, namely, existence /Am- 
plidtex. Both lK‘ing and existence, I believe, belong to empty space ; 
but being alone is relevant to the refutation of the relational theory — 
existence Ixdongs to the (juestion Mdiich Lotze confounds with the above, 
namely, as to the r€*ality or subjectivity of spaw. It may be well first 
to explain the distinction of being and existenw, and then to retuni to 
Lotze’s three kinds of being. 

Bdng is that which belongs to every conceivable term, to every 
possible object of thought — in short to everything that can possibly 
occur in any proposition, true or false, and to all such propositions 
themselves. Being belongs to whatever can be counted. If A be any 
term that can be counted as one, it is plain that A is something, and 
therefore that A is. is not ” must always be either false or meaning- 
less. For if A were nothing, it could not be said not to be ; A is not ” 
implies that there is a term A whose being is denicxl, and hence that 
A is. Thus unless “ A is not ” be an empty sound, it must be false — 
whatever A may be, it c*ertainly is. Numbers, the Homeric gods, 
relations, chimeras and four-dimensional spaces all have being, for if 
they were not entities of a kind, we could make no propositions about 
them. Thus being is a general attribute of everything, and to mention 
anything is to show that it is. 

Existence^ on the contrary, is the prerogative of some only amongst 
beings. To exist is to have a specific relation to existence — a relation, 
by the w^ay, which existence itself does not have. This shows, inci- 
dentally, the weakness of the existential theory of judgment — the theory. 
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that is, that every proposition is concerned with something that ^ists. 
For if this theory were true, it would still be true that existence itself 
is an entity, and it must be admitted that existence does not exist. 
Thus the consideration of existence itself leads to non -existential pro- 
positions, and so contradicts the theory. The theory seems, in fact, to 
liave arisen from neglect of the distinction between existence and being. 
Yet this distinction is essential, if we are ever to deny the existence of 
anything. For what does not exist must be something, or it would be 
meaningless to deny its existence; and hence we need the concept of 
being, as that which belongs even to the non-existent. 

Returning now to Lotze's three kinds of being, it is sufficiently 
evident that' his views involve hopeless confusions. 

(a) The being of things, Lotze thinks — following Leibniz here as 
elsewhere — consists in activity. Now activity is a highly complex notion, 
which I^tze falsely supposed unanalyzable. But at any rate it is plain 
that, if there be activity, what is active must both hv. and exist, in 
the senses explained above. It will also be conceded, I imagine, that 
existence is conceptually distinguishable from activity. Activity may 
be a universal mark of what exists, but can hardly be synonymous with 
existence. Hence Lotze requires the highly disputable proposition that 
whatever exists must be active. The true answer to this proposition 
lies (1) in disproving the grounds alleged in its favour, (2) in proving 
that activity implies the existence of time, which cannot be itself active. 
For the moment, however, it may suffice to point out that, since existence 
and activity are logically separable, the supposition that something which 
is not active exists cannot be logically absurd. 

(^) The validity of a truth — which is I^tze's second kind of being — 
is in reality no kind of being at all. The phrase, in the first place, is 
ill-chosen — what is meant is the truth of a truth, or rather the truth of 
a proposition. Now the truth of a proposition consists in a certain 
^elation to truth, and presupposes the being of the proposition. And 
as regards being, false propositions are on exactly the same level, since 
to be false a proposition must already be. Thus validity is not a kind 
of being, but being belongs to valid and invalid propositions alike. 

(7) The being which belongs to the contents of our presentations is 
a subject upon which there exi.sts everywhere the greatest confusion, 
^rhis kind is described by Lotze as “an VorgesteUtwerden durch uns!^ 
Lotze presumably holds that the mind is in some sense creative — that 
what it intuits acquires, in some sense, an existence which it would not 
have if it were not intuited. Some such theoiy is essential to every 
fionti of Kantianism — to the belief, that is, that propositions which are 
believed solely because the mind is so made that we cannot but believe 
them may yet he true in virtue of our belief. But the whole theory 
rests, if I am not mistaken, upon neglect of the fundamental distinction 
between an idea and its object. Misled by neglect of being, people 
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have supposed that what does not exist is nothing. Seeing that numbers, 
relations, and many other objects of thought, do not exist outside the 
mind, they have supposed that the thoughts in which we think of these 
entities actually create their own objects. Every one except a philo- 
sopher can see the difference between a post and iny idea of a |[>ost, 
but few see the difference between the number 2 and my idea of the 
number 2. Yet the distinction is as necessary in one case as in the other. 
The argument that 2 is mental requires that 2 should be essentially an 
existent. But in that case it would be particular, and it would be 
impossible for 2 to be in two minds, or in one mind at two times. Thus 
2 must be in any case an entity, which will have being even if it is in no 
mind*. But further, there are reasons for denying that 2 is created by 
the thought which thinks it. For, in this case, there could never be two 
thoughts until some one thought so ; hence what the person so thinking 
supposed to be two thoughts would not have been two, and the opinion, 
when it did arise, would be erroneous. And applying the same doctrine 
to 1; there cannot he one thought until some one thinks so. Hence 
Adam's first thought must have been concerned with the number 1 ; 
for not a single thought could precede this thought. In short, all 
knowlcKlge must be re<’ognition, on pain of being mere delusion ; Arith- 
metic must be discovered in just the same sense in which Columbus 
discovered the West Indies, and we no more create numbers than he 
created the Indians. The nurnlier 2 is not purely mental, but is an 
entity which may be thought of. Whatever can he thought of has 
being, and its being is a precondition, not a result, of its being thought 
of. As regards the existence of an object of thought, however, nothing 
can be inferred from the fact of its being thought of, since it certainly 
does not exist in the thought which thinks of it. Hence, finally, no 
special kind of being belongs to the objects of our presentations as such. 
With this conclusion, I^tze's .second argument is disposed of. 

428. (3) Lotze's third argument has been a great favourite, ever 

since Leibniz introduced it. All points, we are told, are exactly alike, 
and therefore any two must have the same mutual relation as any 
other two ; yet their mutual distances must differ, and even, according 
to Lotze (though in this, in the sense in which he seems to mean it, 
he is mistaken), the relation of every pair must be peculiar to that 
pair. This argument will be found to depend again upon the subject- 
predicate logic which we have already examined. To lx? exactly alike 
can only mean — as in I^ibniz'^s Identity of Indiscernibles — not to 
have different predicates. But when once it is rec'ognised that there 
is no essential distinction between subjects and predicates, it is seen that 
any two simple terms simply differ immediately — they are two, and 
this is the sum-total of their differences. Complex terms, it is true, 
have differences which can Ik* revealed by analysis. The constituents 

♦ Cf. Frege, Grundgesetze 4er Arithmetikt p, xviii. 



462 


Space [chap, li 

of the one may be C, Z), while those of the other are ZJ, F, G. 

But the diflfei’ences of C, D from £, F, G are still immediate dif- 
ferences, and immediate differences must be the source of all mediate 
differences. Indeed it is a sheer logical error to suppose that, if there 
were an ultimate distinction between subjects and predicates, subjects 
could be distinguished by differences of predicates. For before two 
subjects can differ as to predicates, they must already be two; and 
tjius the immediate diversity is prior to that obtained from divei-sity 
of predicates. Again, two terms cannot be distinguished in the first 
instance by difference of relation to other terms; for difference of relation 
presupposes two distinct terms, and cannot therefore be the ground of 
their distinctness. Thus if there is to be any diversity at all, there must 
be immediate diversity, and this kind lx‘longs to points. 

Again, points have also the subsecjuent kind of diversity consisting in 
difference of relation. ITiey differ not only, as I^)tze urges, in their 
relations to each other, but also in their relations to the objects in them. 
Thus they seem to lie in the same position as colours, sounds, or smells. 
Two colours, or two simple smells, have no intrinsic difference save im- 
mediate diversity, but have, like points, different relations to other terms. 

Wherein, then, lies the plausibility of the notion that all points are 
exactly alike.?^ This notion is, I believe, a psychological illusion, due to 
the fact that we cannot remember a point, so as to know it when we 
meet it again. Among simultaneously presented points it is easy to 
distinguish ; but though we are perpetually moving, and thus being 
brought among new points, we are cpiite unable to detect this fact by 
our senses, and we recognise places only by the objects they contain. 
But this seems to l)e a mere blindness on our part — there is no difficulty, 
so far as I can see, in supposing an immediate difference between points, 
as bc'tween colours, but a difference which our senses are not constructed 
to be aware of. Let us take an analogy : Suppose a man with a very 
bad memory for faces : he would be able to know, at any moment, 
whether he saw one face or many, but he would not he aware whether 
he had ever seen any of the faces Ixffore. Thus he might be led to 
define people by the rooms in which he saw them, and to suppose it 
self-contradictory that new people should come to his lectures, or old 
people cease to do so. In the latter point, at least, it will he admitted 
by lecturers that he would be mistaken. And as with faces, so with 
points — inability to recognise them must be attributed, not to the absence 
of individuality, but merely to our incapacity. 

429 . (4) Ixitze’s fourth argument is an endeavour to effect a redttciio 
ad abmrdmn^ by proving that, on the absolute theory, points must inter- 
act. The being of every point, I^otze contends, must consist in the 
fact that it distinguishes itself from every other, and takes up an 
invariable position relatively to every other. Many fallacies are con- 
tained in this argument. In the first place, there is what may be called 
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the ratiocinator\s fallacy, which consists in supposing that everything 
has to be explained by showing that it is something else. Thus the 
being of a point, for Lotze, must be found in its difference from other 
points, while, as a matter of fact, its being is simply its being. So far 
from being explained by something else, the being of a point is pre- 
supposed in all other propositions about it, as e,g. in the proposition 
that the point differs from other points. Again, the phrase that the 
point distinguishes itself from all other points seems to be designed to 
imply some kind of self-assertion, as though the point would not be 
different unless it chose to differ. ^Fhis suggestion helps out the con- 
clusion, that the I’elations between points are in reality a form of 
interaction. Lotze, believing as he does that activity is essential to 
existence, is unable to imagine any other relation between existents 
than that of interaction. How' hopelessly inapplicable such a view is, 
will appear from an analysis of interaction. Interaction is an enormously 
complex notion, presupposing a host of other relations, and involving, in 
its usual form, the distinction of a thing from its cjualities — a distinction 
dependent on the subject -predicate logic already criticized. Interaction, 
to begin with, is either the simultaneous jiction of A on B and B on A ^ 
or the action of the present states of A and B conjointly on their states 
at the next instant. In either case it implies action. Action generally 
may l)e defined as a causal relation between one or more states of one or 
more things at the present instant and one or more states of the same or 
different things at a subsequent instant. When there is only one thing 
in both cases, the action is immanent if the thing be the same in cause 
and effect, transient if the cause be in one thing and the effect in 
another. In order to speak of action, rather than causality simply, it 
is necessary to suppose things enduring for a certain time, and having 
changing states. Thus the notion of interaction presupposes the fol- 
lowing relations: (1) diversity betw^een things; (2) diversity between 
the states of things ; (3) simultaneity ; (4) succession ; (5) causality ; 
(6) the relation of a thing to its states. This notion, involving, as 
a moment’s inspection shows, six simpler relations in its analysis, is 
supposed to be the fundamental relation ! No w'onder absui'dities are 
produced by such a supposition. But the absurdities belong to Lotze, 
not to space. To reduce the relations of points to interactions, on the 
ground that interaction is the type of all relations, is to display a com- 
plete incapacity in the simplest problems of analysis. The relations of 
points are not interactions, any more than before and after, or diversity, 
or greater and less, are interactions. They arc etcnial relations of 
entities, like the relation of 1 to 2 or of interaction itself to causality. 
Points do not assign positions to each other, as though they were each 
other’s pew-openers : they eternally have the relations which they have, 
just like all other entities. The whole argument, indeed, rests upon an 
absurd dogma, supported by a false and scholastic logic. 
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430. (5) The fifth argument seems to be designed to prove the 
Kantian apriority of space. There are, it says, necessary propositions 
concerning space, which show that the nature of space is not a “ mere 
fact.*'* We are intended to infer that space is an a priori intuition, 
and a psychological reason is given why we cannot imagine holes in 
space. The impossibility of holes is apparently what is called a necessity^ 
of thought. This argument again involves much purely logical dis- 
cussion. Concerning necessities of thought, the Kantian theory seems 
to lead to the curious result that whatever we cannot help believing 
must be false. What we cannot help believing, in this case, is something 
as to the nature of space, not as to the nature of our minds. The 
explanatioil offered is, that there is no space outside our minds ; whence 
it is to l)e inferred that our unavoidable beliefs about space are ^11 
mistaken. Moreover only push one stage farther back the region 
of “mere fact,” for the constitution of our minds remains still a 
mere fact. 

The theory of necessity urged by Kant, and adopted here by Lotze, 
appears radically vicious. Everything is in a sense a mere fact. A 
proposition is said to be proved when it is deduced from premisses ; but 
the premisses, ultimately, and the rule of inference, have to be simply 
assumed. Thus any ultimate premiss is, in a certain sense, a mere fact. 
On the other hand, there seems to be no true proposition of which there 
is any sense in saying that it might have been false. One might as well 
say that redness might have been a taste and not a colour. What is 
true, is true ; what is false, is false ; and concerning fundamentals, there 
is nothing more to be said. The only logical meaning of necessity seems 
to be derived from implication. A proposition is more or less necessary 
according as the class of propositions for which it is a premiss is greater 
or smaller*. In this sense the propositions of logic have the greatest 
necessity, and those of geometry have a high degree of necessity. But 
this sense of necessity yields no valid argument from our inability to 
imagine holes in space to the conclusion that there cannot really be any 
space at all except in our imaginations. 

431, (6) The last argument may be shortly disposed of. If points 
be independent entities, Lotze argues — so I interpret him — that we can 
imagine a new point coming into existence. This point, then, must 
have the appropriate relations to other points. Either it creates the 
other points with the relations, or it merely creates the relations to 
already existing points. Now it must be allowed that, if there be real 
points, it is not self-contradictory to suppose some of them non-existent. 
But strictlv speaking, no single proposition whatever is self-contradictory. 
The nearest approach w'ould Ik? “ No proposition is true,” since this 
implies its own truth. But even here, it is not strictly self-contradictory 


* Cf. G. E. Moore, “Necessity/’ Mind, N.S., No. 85. 
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to deny the implication. Everywhere we come upon propositions ac- 
cepted l>ecause they are self-evident, and for no other reason : the law 
of contradiction itself is such a proposition. The mutual implication of 
all the points of space seems to l>e another ; the denial of some only 
among points is rejected for the same reason as the assertion that such 
and such a proposition is both true and false, namely, because both are 
obviously untrue. But if, per impoftinhile^ a point previously missing 
were to come into existence, it would not create new points, but would 
have the appropriate relations to already existing points. The point, 
in fact, would have already had being, and as an entity would have 
eternally had to other points the same relations as it has when it comes 
into existence. Thus Lotze’s argument on this, as on other points, 
depends upon a faulty logic, and is easily met by more correct views 
as’ to the nature of judgment. 

I conclude, from the above discussion, that absolute position is not 
logically inadmissible, and that a spac‘e composed of points is not self- 
contradictory. The difficulties wdiich used to be found in the nature 
of infinity depended upon adherence to one definite axiom, namely, that 
a whole must have more terms than a part ; those in the nature of 
space, on the other hand, seem to have been derived almost exclusively 
from general logic. With a siibject-prt*dicate theory of judgment, space 
necessarily appears to involve contradictions ; but when once the ir- 
reducible nature of relational propositions is admitted, all the supposed 
difficulties vanish like smoke*. There is no reason, therefore, so far as 
I am able to perceive, to deny the ultimate and absolute philosophical 
validity of a theory of geometry which regards space as compi>sed of 
points, and not as a mere assemblage of rt^lations between non-spatial 
terms. 


* rf. niy PhikMsophy of Leibniz, Cambridge, ISKK), ('hap. x. 
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432. In the present chapter 1 do not propose to undertake a 
minute or textual examination of Kant’s opinions ; this has been done 
elst'where, and notably in Vaihinger’s monumental commentary, so well 
that it need not be done over tigain here. It is only the broad outlines 
of the Kantian doctrine that I wish to discuss. This doctrine, more or 
less modified, has iield the field for over a century, and has won a nearly 
universal acceptance. As my views are, on almost every point of mathe- 
matical theory, diametrically opposed to those of Kant, it becomes 
necessary explicitly to defend the opinions in which I differ from him*. 
In this I shall pay special attention to what Kant calls the transcendental 
arguments, i.c. tho.se derived from the nature of mathematics. 

433. Mroadlv >peaking, the way in which Kant seeks to deduce his 
theory of space from mathematics (especially in the Prolegomena) is 
as follow\s. Starting from the question : “ How is pure mathematics 
possible?” Kant first points out that all the propositions of mathe- 
matics are synthetic. He infers hence that these propositions cannot, 
as Leibniz had hoped, be proved by means of a logical cahruliis ; on the 
contrary, they require, he says, ceiiain synthetic a priori propositions, 
which may be called axioms, and even then (it would seem) the reasoning 
employed in deductions from the axioms is different from that of pure 
logic. Now Kant was not willing to admit that knowledge of the 
external world could Ix^ obtained otherwise than by experience; hence 
he concluded that the propositions of mathematics all deal with some- 
thing subjective, which he calls a form of intuition. Of these forms 
then^ are two, sj)ace and time ; time is the source of Arithmetic, space 
of (ieometry. It is only in the form.s of time and space that objects 
t‘an be experienced by a subject; and thus pure mathematics must be 
applicable to all experience. What is essential, from the logical point 

'llie theory of space which 1 shall dis<'.uss will be that of the t’ritique and the 
Prolegomena. Pre-critical works, and the MeUiphymche Anfm^gsgrunde der Natur- 
vrinjterutchaji (which diiTer.s from the Critique on this point), will not be considered. 
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of view, is, that the d priori intuitions supply methods of reasoning and 
inference which formal logic does not admit ; and these methods, we are 
told, make the figure (which may of course be merely imagined) essential 
to all geometrical proofs. The opinion that time and space are sub- 
jective is reinforced by the antinomies, where Kant endeavours to prove 
that, if they l)e anything more than forms of experience, they must be 
definitely self-contradictory. 

In the above outline I have omitted everything not relevant to the 
philosophy of mathematics. The questions of chief importance to us, 
as regards the Kantian theory, are two, namely, (1) are the reasonings 
in mathematics in any way different from those of Formal Logic ? (2) are 
there any contradictions in the notions of time and space ? If these two 
Pinal'S of the Kantian edifice can be pulled down, we shall have success- 
fully played the part of Samson towards his disciples. 

434. The (jucstiori of the nature of mathematical reasoning was 
obscured in Kant’s day by several causes. In the first place, Kant never 
doubted for a moment that the propositions of logic are analytic, whereas 
he rightly perceived that those of mathematics are synthetic. It has 
since apjxjared that logic is just as synthetic as all other kinds of truth ; 
but this is a purely philosophical question, which I shall here pass bv*. 
In the second place, formal logic was, in Kant’s day, in a very much 
more backward state than at present. It was still possible to hold, as 
Kant did, that no great advance had been made since Aristotle, and 
that none, therefore, was likely to occur in the future. The syllogism 
still remained the one type of formally correct reasoning ; and the syl- 
logism was certainly inade((uate for mathematics. lUit now, thanks 
mainly to the mathematical logicians, formal logic is enriched by several 
forms of reasoning not reducible to the syllogism f, and by means of 
these all mathematics can be, and large parts of mathematics actually 
have been, developed strictly according to the rules. In the third place, 
in Kant s day, mathematics itself was, logically, very inferior to w^hat it 
is now. It is perfectly true, for example, that any one who attempts, 
without the use of the figure, to deduce Euclid’s seventh proposition 
from Euclid’s axioms, will find the task impossible ; and there probably 
did not exist, in the eighteenth century, any single logically correct 
piece of mathematical reasoning, that is to say, any reasoning which 
correctly deduced its result from the explicit premisses laid down by the 
author. Since the correctness of the result seemed indubitable, it w’as 
natural to suppose that mathematical proof was something different 
from logical proof. But the fact is, that the whole difference lay in 
the fact that mathematical proofs were simply unsound. On closer 
examination, it has been found that many of the pr»>positions which, 

* See my PhiloMophi/ of Leihnis, §11. 

t See Chup. ii supra, eap. § 18. 
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time, by precisely similar arguments ; it is in any case irrelevant to our 
contention, since no proof is offered that time and space are themselves 
infinite. This, in fact, seems incapable of proof, since it depends upon 
the merely self-evident axiom that thei-e is a moment before any given 
moment, and a point beyond any given point. But as no converse proof 
is valid, we may, in this instance, regard the self-evident as time. 
\^'hether events had a beginning, and whether matter is bounded by 
empty space, ait' questions which, if our philosophy of space and 
time be sound, no argument independent of causality can decide. 

Scv(yn(l Antinomy. Theals : Every complex substance in the world 
consists of simple parts, and nothing exists anywhere except the simple, 
or what is croinposed of simple parts.’’ Here, again, the argument applies 
to things in space and time, not to space and time themselves. We 
may extend it to space and time, and to all collections, whether existent 
or not. It is indeed obvious that the proposition, true or false, is 
concerned purely with whole anrl part, and has no special relation to 
space and time. Instead of a complex substance, we might consider the 
numbers between 1 and % or any other definable collection. And with 
this extension, the {)?oof of the proposition must, I think, be admitted ; 
only that tennis or (omrpts should be substituted for suhstanceity and 
that, instead of the argument that relations between substances are 
accidental (:iuf(ilUff)y we should content oui*selves with saying that 
relations imply terms, and complexity implies relations. 

Antithesis. No complex thing in the world consists of simyile parts, 
and nothing simple exists in it anywhere.'” The proof of this pro- 
position, as of the first antithesis, assumes, what is alone really interest- 
ing to us, the corresjionding property of space. “Space,” Kant says, 
‘‘does not consist of simple parts, but of spaces.” This dogma is 
regarded as self-evident, though all employment of points shows that 
it is not universally accepted. It appeal’s to me that the argument of 
the thesis, extended as I have just sugge.sted, applies to pure space as to 
any other collection, and demonstrates the existence of simple points 
which compose space. As the dogma is not argued, we can only con- 
jecture the grounds upon which it is held. The usual argument from 
infinite division is probably what, influenced Kant. However many parts 
we divide a space into, these parts are still spaces, not points. But 
however many parts we divide the stretch of ratios between 1 and 2 
into, the parts are still stretche», not single numbers, llius the argument 
against points proves that there are no numbers, and will e(|ually prove 
that there are no colours or tones. All these absurdities involve a 
covert use of the axiom of finitude, i.c. the axiom that, if a space does 
consist of points, it must consist of some finite number of points. When 
once this is denied, we may admit that no finite number of divisions of 
a space will lead to points, while yet holding every space to be com- 
posed of points. A finite space is a whole consisting of simple parts. 
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but not of any finite number of simple parts. Exactly the same thing 
is true of the stretch between 1 and 2. Thus the antinomy is not 
specially spatial, and any answer which is applicable in Arithmetic is 
applicable here also. The thesis, which is an essential postulate of Logic, 
should be accepted, while the antithesis should be rejected. 

'rhus Kant’s antinomies do not specially involve space and time; any 
other continuous series, including that of real numbers, raises the same 
problems. And what is more, the properties of space and time, to 
which Kant appeals, are general properties of such series. Other 
antinomies than Kant’s — e.g. that concerning absolute and relative 
position, or concerning the straight line as both a relation and a 
collection of points — have been solved in the preceding chapters of 
this Part. Kant’s antinomies, which involve the difficulties of infinity, 
are by far the most serious, and these being essentially arithmetical, 
have been already solved in Part V. 

436. Before proceeding to matter and motion, let us briefly re- 
capitulate the results of this Part. Geometry, wc said, is the study 
of series having more than one dimension ; and such series arise wherever 
we have a series whose terms are series. This subject is important in 
pure mathematics, because it gives us new kinds of order and new 
methods of generating order. It is important in applied mathematics, 
Ix^iausa at least one series of several dimensions exists, namely, spac^e. 
We found that the abstract logical method, based upon the logic of 
relations, which had served hitherto, was still adequate, and enabled us 
to define all the classes of entities which mathematicians call spaces, 
and to deduce from the definitions all the propositions of the cor- 
responding Geometries. We found that the continuity and infinity 
of a space can always be arithmetically defined, and that no new 
indefinables occur in Geometry. We saw that the philosophical ob- 
jections to points raised by most philosophers are all capable of being 
answered by an amended logic, and that Kant’s belief in the peculiarity 
of geometrical reasoning, and in the existence of c;ertain antinomies 
peculiar to space and time, has been disproved by the mcxlern realization 
of Leibniz’s universal characteristic. Thus, although we discussed no 
problems specially concerned with what actually exists, we incidentally 
answered all the arguments usually alleged against the existence of an 
absolute space. Since common sense affirms this existence, there seems 
therefore no longer any reason for denying it ; and this conclusion, we 
shall find, will give us the greatest assistance in the philosophy of 
Dynamics. 
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437. '[ ’hk nature of matter, even moi-e than that of space, has 
always beeri regarded as a cardinal problem of philosoj)hy. In the 
present work, however, we are not concerned with the question : ^Vhat 
is the nature of the matter that actually exists? We are concernetl 
merely with the analysis of rational Dynamics considered as a branch 
of pure mathematics, which intnxluces its subject-matter by definition, 
not by observation of the actual world. Thus we are not confine<l to 
laws of motion which are empirically verified: non-Newtonian Dynamics, 
like non-Kiicli(h an Geometry, must be as interesting to us as the or- 
thodox system. It is true that philosophical arguments against the 
reality of matter usually endeavour to raise logical objections to the 
notion of matter, and these objections, like the objections to absolute 
space, are relevant to a discussion of mathematical principles. But they 
need not greatly concern us at this stage, as they have mostly been dealt 
with incidentally in the vindication of space. Those who have agreed 
that a space composed of jioiiits is possible, will pmbably agree also 
that matter is possible. But the question of possibility is in any case 
subse(|uent to our immediate question, which is : What is matter? And 
here matter is to mean, matter as it occurs in rational Dynamics, (piite 
indej)endently of all ([ucstions as to its actual existence. 

438. There is — so we decided in Part \l — no logical implication of 
other entities in sjiace. It does not follow, merely Ixicause there is 
space, that therefore thc^re aix- things in it. If we aix* to belie^e this, 
we must believe it on new grounds, or rather on what is called the 
evidence of the senses. Thus we are here taking an entirely new step. 
Among terms which appear to exist, there are, we may say, four ^*Teat 
cla.sses : (1) instants, (2) points, (3) terms w hich occupy instants but not 
points, (4) terms which occupy both points and instants. It seem^ to 
be the fact that there are no terms w'liich occupy points but not instants. 
What is meant by (Hcnpif 'ing a point or an instant, analysis cannot 
explain ; this is a fundamental relation, expressed by in or at^ asym- 
metrical and intransitive, indefinable and simple. It is evident that 
bits of matter are among the teriiis of (4). Matter or materiality itself, 
the class-concept, is among the teriiw which do iu»t exist, but bits of 
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matter exist both in time and in space. They do not, however, form 
the whole of class (4): there are, besides, the so-called secondary qualities, 
at least colours, which exist in time and space, but are not matter. We 
are not called upon to decide as to the subjectivity of secondary qualities, 
but at least we must agree that they differ from matter. How, then, is 
matter to be defined ? 

439. There is a well-worn traditional answer to this question. 
Matter, we are told, is a substance, a thing, a subject, of which secondary 
qualities are the predicates. But this traditional answer cannot content 
us. The whole doctrine of subject and predicate, as wo have already hod 
occasion to argue, is radically false, and must be abandoned. It may be 
questioned whether, without it, any sense other than that of Chapter iv 
can be made of the notion of thing. We are sometimes told that things 
are organic unities, composed of many parts expressing the whole and 
expressed in the whole. This notion is apt to replace the older notion of 
substance, not, I think, to the advantage of precise thinking. The only 
kind of unity to which I can attach any precise sense — apart from the unity 
of the absolutely simple — is that of a whole composed of parts. But this 
form of unity cannot be what is called organic ; for if the parts express the 
whole or the other parts, they must be complex, and therefore themselves 
contain parts ; if the parts have been analyzed as far as possible, they 
must be simple terms, incapable of expressing anything except them- 
selves. A distinction is made, in support of organic unities, between 
conceptual analysis and real division into parts. What is really indi- 
visible, we are told, may be conceptually analyzable. This distinction, if 
the conceptual analysis be regarded as subjective, seems to me wholly 
inadmissible. All complexity is conceptual in the sense that it is due 
to a whole capable of logical analysis, but is real in the sense that it 
has no dependence upon the mind, but only upon the nature of the 
object. Where the mind can distinguish elements, there must be different 
elements to distinguish ; though, alas ! there are often different elements 
which the mind does not distinguish. The analysis of a finite space 
into points is no more objective than the analysis (say) of causality into 
time-sequence -h ground and consequent, or of equality into sameness of 
relation to a given magnitude. In every case of analysis, there is a 
whole consisting of parts with relations; it is only the nature of the 
parts and the relations which distinguishes different cases. Thus the 
notion of an organic whole in the above sense must be attributed to 
defective analysis, and cannot be used to explain things. 

It is also said that analysis is falsification, that the complex is not 
equivalent to the sum of its constituents and is changed when analyzed 
into these. In this doctrine, as we saw in Parts I and II, there is a 
measure of tnith, when what is to l)e analyzed is a unity. A proposition 
has a certain indefinable unity, in virtue of which it is an assertion ; 
and this is so completely lost by analysis that no enumeration of 
constituents will restore it, even though itself be mentioned as a con- 
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stitueiit. There is, it must be confessed, a gi-ave logical difficulty in 
this fact, for it is difficult not to believe that a whole must be constituted 
by its constituents. For us, however, it is sufficient to observe that 
all unities are propositions or propositional concepts, and that con- 
secjuently nothing that exists is a unity. If, therefore, it is maintained 
that things are unities, we must reply that no things exist. 

440. Thus no form of the notion of substance seems applicable 
to the definition of matter. The question remains: How and why is 
matter distinguished from the so-called secondary qualities ? It c-annot, 
I think, be distinguished as belonging to a different logical class of 
concepts; the only classes appear to be things, predicates, and relations, 
and both matter and the secondary qualities belong to the fii*st class. 
Nevertheless the w'orld of dynamics is sharply distinguished fiom that of 
the secondary c|ualities, and the elementary j)roperties of matter are 
<juite different from those of coloui's. I^t us examine these properties 
with a view' to definition. 

The most fundamental characteristic of matter lies in the nature of 
its connection with space and time. 'IVo piec:es of matter cannot 
occupy the same place at the same moment, and the same piece cannot 
occupy two plmes at the same moment, though it may (XTiipy two 
moments at the same place. That is, w'hatever, at a given moment, has 
extension, is not an indivisible piece of matter: division of space always 
implies division of any matter occupying the space, but division of time 
has no corresponding implication. (These pro[)erties are commonly 
attributed to matter : I do not w ish to assert that they do actually 
belong to it.) By these properties, matter is distinguished from what- 
ever else is in space. Consider coloui*s for example : these }K)ssess 
impenetrability, so that no two coloiii’s can 1 k‘ in the same {)lac:e at 
the same time, but they do not possess the other j)roperty of matter, 
since tlie same colour may be in many places at once. Other j>airs 
of (jualities, as colour and hardness, mav also coexist in one place. 
On the view' which regarded matter as the subject of w'hicli qualities 
Avere attributes, one piece of colour was distinguished from another 
by the matter Avhose attribute it w'as, even w'hen the two coloiii's were 
exactly similar. I should j)refer to say that the colour is the same, and 
has no direct relation to the matter in the place. The relation is 
indirect, and consists in (X-cujwition of the same place. (I do not wish to 
decide any moot (|uestions as to the secondary qualities, but merely 
to show' the dift'erence between the common-sense notions of these and of 
matter respectively.) I’hus impenetrability and its converse seem to 
characterize matter sufficiently to distinguish it from whatever else 
exists in space. Two pieces of matter cannot occupy the same place 
and the same time, and one piere of matter cannot oc;cu})y two places 
at the same time. But the latter property must lx understood of a 
simple piece of matter, one which is incapable of analysis or division. 

Other properties of matter flow' from the nature of motion. Every 
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piece of matter persists through time: if it exists once, it would seem 
that it must always exist. It either retains its spatial position, oi* 
changes it continuously, so that its positions at various times form a 
continuous series in space. Both these properties require considerable 
discussion, which will follow at a later stage. They are purely kine- 
matical, ix. they involve none of the so-called laws of motion, but only 
the nature of motion itself. 

A controversy has always existed, since early Greek times, as to the 
possibility of a vacuum. The question whether there is a vacuum 
cannot, I think, be decided on philosophical grounds, i.e. no decision is 
possible from the nature of matter or of motion. The answer belongs 
properly to Science, and therefore none will be suggested here. 

We may sum up the nature of matter as follows. Material unit i.s a 
cl ass -concept, applicable to whatever has the following characteristics : 
(1) A simple material unit occupies a spatial point at any moment; 
two units cannot occupy the same point at the same moment, and one 
cannot occujiy two points at the same moment. (2) Every material 
unit persists through time ; its positions in space at any two moments 
may be the same or different; but if different, the positions at times 
intermediate between the two chosen must form a continuous series. 
(3) Two material units differ in the same immediate manner as two 
points or two coloui>i ; they agree in having the relation of inclusion in 
a class to the general concept matter^ or rather to the general concept 
material unit. Matter itself seems to be a collective name for all pieces 
of matter, as space for all points and time for all instants. It is thus 
the peculiar relation to .space and time which distinguishes matter from 
other qualities, and not any logical difference such as that of subject and 
predicate, or substance and attribute. 

441. AVe can now attempt an abstract logical statement of what 
rational Dynamics retpiires its matter to be. In the fii*st place, time 
and space may be replaced by a one-dimensional and 7f.-diinensional 
series respectively. Next, it is plain that the only relevant function of 
a material point is to establish a c*orrelation between all moments 
of time and some points of space, and that this correlation is many-one. 
So soon as the con*elation is given, the actual material point ceases to 
have any importance. Thus we may replace a material point by a 
many-one relation whose domain is a certain one-dimensional .series, and 
whose convei*se domain is contained in a certain three-dimensional series. 
To obtain a material universe, so far as kinematical considerations go, 
we have only to consider a class of such relations subject to the condition 
that the logical product of any two relations of the class is to be null. 
This condition in.sures impenetrability. If w^e add that the one-dimen- 
sional and the three-dimensional series are to be both continuous, and 
that each many-one relation is to define a continuous function, we have 
all the kinematical conditions for a system of material particl&s, 
generalized and expressed in terms of logical constants. 



CHAPTER LIV. 

MOTION. 

442 . Mrf’H has been written concerning the laws of motion, the 
possibility of dispensing with Causality in Dynamics, the relativity of 
motion, and other kindred (juestions. But there are several preliminary 
(|uestions, of great difficulty and importance, concerning which little has 
been said. Yet these questions, speaking logically, must l>e settled Ijefore 
the more complex probl(Mns usually discussed can be attacked with aiiy 
hope of success. Most of the relevant modem philosophical literature 
w ill illusti’ate the truth of these remarks : the theories suggested usually 
repose on a common dogmatic basis, and can be easily seen to be unsatis- 
factory. So long as an author confines himself to demolishing his 
opponents, he is irrefutable; when he constructs his own theory, he 
exposes himself, as a rule, to a similar demolition by the next author, 
l-nder these circumstances, we must seek some different path, whose 
by-w ays remain unexplained. “ Back to New ton '*'* is the w atchw oixl of 
reform in tliis matter. New*ton'’s scholium to the definitions contains 
arguments which are unrefuted, and so far as I know, irrefutable : they 
have lx‘en Ix^fore the world two hundml years, and it is time they w^ere 
rrfuted or accepted. Being unec|ual to the former, I have adopted the 
latter alternative. 

The concept of motion is logically subsequent to that of occupying 
a place at a time, and also to that of change. Motion is the occupation, 
by one entity, of a continuous series of places at a continuous series of 
times. ('hang(^ is the difference, in respect of truth or falsehood, between 
a pn)position concerning an entity and a time T and a proposition con- 
cerning the same entity and another time T\ provided that the two 
pro[>ositions differ only by the fact that T occurs in the one where T' 
occurs in the other. C’hangc is continuous when the propositions of the 
above kin<l form a continuous series correlated with a continuous series 
of moments, ('hange thus always involves (1) a fixed entity, (i2) a three- 
cornered relation between this entity, another entity, and some but not all, 
of the moments of time. This is its bare minimum. Mere existence at 
some but not all moments constitutes change on tliis definition, (un- 
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sider pleasure, for example. This, we know, exists at some moments, 
and we may suppose that there are moments when it does not exist. 
Thus there is a relation between pleasure, existence, and some moments, 
which does not subsist between pleasure, existence, and other moments. 
According to the definition, therefore, pleasure changes in passing from 
existence to non-existence or ricf vers&. This shows that the definition 
I’equires emendation, if it is to accord with usage. Usage does not 
permit us to speak of change except where what changes is an existent 
throughout, or is at least a class-concept one of whose particulars always 
exists. Thus we should say, in the case of pleasure, that my mind is 
what changes when the pleasure ceases to exist. On the other hand, if 
my pleasurer is of different magnitudes at different times, we should say 
the pleasure changes its amount, though we agreed in Part III that not 
pleasure, but only particular amounts of pleasure, are capable of 
existence. Similarly we should say that colour changes, meaning that 
there are different colours at different times in some connection ; though 
not colour, but only particular shades of colour, can exist. And 
generally, w^here both the class-concept and the particulars are simple, 
usage would allow us to say, if a series of particulars exists at a con- 
tinuous series of times, that the class-concept changes. Indeed it seems 
better to regaixi this as the only kind of change, and to regard as 
unchanging a term w hich itself exists throughout a given period of time. 
But if we are to do this, w^e must say that w^holes consisting of existent 
parts do not exist, or else that a whole cannot preserve its identity 
if any of its parts be changed. The latter is the connect alternative, 
but some subtlety is required to maintain it. Thus people say they 
change their minds : they say that the mind changes when pleasure 
ceases to exist in it. If this expression is to be correct, the mind must 
not be the sum of its constituents. For if it w^ere the sum of all its 
constituents throughout time, it would be evidently unchanging ; if it 
were the sum of its constituents at one time, it would lose its identity 
as soon as a former constituent ceased to exist or a new' one began 
to exist. Thus if the mind is anything, and if it can change, it must 
be something pereistent and constant, to which all constituents of 
a psychical state have one and the same relation. Personal identity 
could be constituted by the persistence of this term, to which all a 
person’s states (and nothing else) would have a fixed relation. The 
change of mind w^ould then consist merely in the fact that these state.s 
are not the same at ^1 times. 

Thus we may say that a term changes, when it has a fixed relation to 
a collection of other terms, each of which exists at some part of time, 
while all do not exist at exactly the same series of moments. Can we 
say, with this definition, that the universe changes .? Tlie univei'se is a 
somewhat ambiguous term : it may mean all the things that exist at a 
single moment, or all the things that ever have existed or will exist. 
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or the coniinon quality of whatever exists. In the two former senses it 
cannot change ; in the last, if it be other than existence, it can change. 
Existence itself would not be held to change, though different terms exist 
at different times; for existence is involved in the notion of change as 
commonly employed, which applies only in virtue of the difference 
between the things that exist at different times. On the whole, then, 
we shall keep nearest to usage if we say that the fixed relation, 
mentioned at the beginning of this paragraph, must be that of a simple 
class-concept to simple particulars contained under it. 

443. The notion of change has Ix^n much obscured by the doctrine 
of substance, by the distinction betweei* a thing’s nature and its external 
relations, and by the pre-eminence of subject-predicate propositions. It 
has l)een supposed that a thing could, in some way, be different and yet 
the same ; that though predicates define a thing, yet it may have different 
predicates at different times. Hence the distinction of the essential and 
the accidental, and a number of other useless distinctions, which were 
(I hope) employeil precisely and consciously by the scholastics, but are 
used vaguely and unconsciously by the moderns. Change, in this meta- 
{)hysical sense, I do not at all admit. The so-called predicates of a 
term are mostly dt rived from I'elations to other terms ; change is due, 
ultimately, to the fact that many terms have relations to some parts of 
time which they do liot have to othei’s. But every term is eternal, 
timeless, and immutable ; the relations it may have to parts of time 
are etpially immutable. It is merely the fact that different terms are 
related to different times that makes the difference between w^hat exists 
at one time and what exists at another. And though a term may cease 
to exist, it cannot rease to lx* ; it is still an entity, which c^an be counted 
as o;«', and coni'erning which some propositions are true and others false. 

444. Thus the iinporbint point is the relation of terms to the times 
they occupy, and to existence. Can a tenn oc*cupy a time without 
existing ? At first sight, one is tempted to say that it can. It is hai-d 
to deny that Waverley’s adventures occupied the time of the ’45, or 
that the stories in the 1,001 Nights occupy the period of Harun al 
Raschid. I should not say, with Mr Bradley, that these times are 
not parts of real time ; on the contrary, I should give them a <lefinite 
position in the Christian Era. But I should say that the events are not 
real, in the sense that they never existed. Nevertheless, when a term 
exists at a time, there is an ultimate triangular relation, not reducible 
to a combination of separate relations to existence and the time re- 
spectively. This may b#' shown as follows. If exists now ” can 
be analyzed into is now” and A exists,” where exists is used 
w^ithout any tense, we shall have to hold that “ A is then ” is logically 
possible even if A did not exist then ; for if occupation of a time lie 
separable from existence, a term may occupy a time at which it does 
not exist, even if there are other times when it does exist. But, on the 
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theory in question, “-4 is then"” and “-4 exists*” constitute the very 
meaning of existed then,**’ and thei*efore, when these two propositions 
are true, A must have existed then. This can only be avoided by 
denying the possibility of analyzing “ A exists now into a combination 
of two-term relations ; and hence non -existential cnrcupation of a time, 
if possible at all, is radically different from the existential kind of 
occupation. 

It should be observed, how'ever, that the above discussion has a 
merely philosophical interest, and is strictly irrelevant to our theme. 
For existence, being a constant term, need nf>t be mentioned, from a 
mathematica'i point of view, in defining the moments occupied by a term. 
From the mathematical point of view, change arises from the fact that 
there are propositional functions which are true of some but not all 
moments of time, and if these involve existence, that is a further point 
with which matheniatics as such need not concern itself. 

446 . Before applying these i*eniarks to motion, we must examine 
the difficult idea of occupying a place at a time. Here again we sc^ein 
to have an irreducible triangular relation. If there is to be motion, we 
must not analyze the relation into occupation of a place and occupation 
of a time. For a moving particle occupies many phu*es, and the essence 
of motion lies in the fact that they are occupied at different times. If 
A is here now*” w'ere analyzable into “ A is here’^ and A is now,"” it 
would follow that “ A is there then ” is analyzable into “ A is there *” 
and A is then.*” If all these propositions were independent, we could 
combine them differently : we could, from ^^A is now’’' and is there,'” 
infer “ A is there now,’** which we know^ to be false, if A is a jiiaterial 
point. The suggested analysis is therefore inadmissible. If wx‘ aiv 
determined to avoid a relation of thi'ee terms, we may reduce is 
here now ” to “ occupation of this place is now .'” Thus we have a 
relation betwc?en this thrw and a complex concept, A'^s occupation of this 
place. But this seems merely to substitute another equivalent proposi- 
tion for the one which it professes to explain. Jiut mathematically, the 
whole requisite conclusion is that, in relation to a given term which 
occupies a place, there is a correlation between a place anrl a time. 

446 . We can now^ consider the nature of motion, which need not, 
I think, cause any great difficulty. A simple unit of matter, we agreed, 
can only occupy one place at one time. Thus if A he a material point, 
“ A is here now ’’ excludes “ A is there now,'*'* but not “ A is here then.'’’ 
Thus any given moment has a unique relation, not direct, but vm A, to 
a single place, whose occupation by A is at the given moment ; but there 
need not he a unique relation of a given place to a given time, since the 
occupation of the place may fill .siiveral times. A moment such that 
an intenal containing the given moment otherwise than as an end-point 
can \ye assigned, at any moment wuthin which intci*val A is in the same 
place, is a moment when A is at rest. A moment when this cannot f>e 
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(lone is a moment when A is in motion, provided A (K^cupies name place 
at neighbouring moments on either side. A moment when there are 
such inter\als, but all have the said moment as an end-term, is one of 
transition from rest to motion or vice versa. Motion consists in the fact 
that, by the occupation of a place at a time, a correlation is established 
between places and times ; when different times, throughout any period 
however short, are correlated with different places, there is motion ; when 
different times, throughout some period however short, are all correlated 
with the same place, there is rest. 

We may now proceed to state our doctrine of motion in abstract 
logical terms, remembering that material particles are replaced by many- 
one relations of all times to some places, or of all terms of a continuous 
one-dimensional series t to some terms of a continuous three-dimensional 
series s. Motion consists broadly in the correlation of different terms of t 
with different terms of s. A relation R which has a single term of s for 
its converse domain corresponds to a material particle which is at rest 
throughout all time. A relation R w'hich correlates a}! the terms of t 
in a certain interval with a single term of s corresponds to a material 
particle which is at rest throughout the interval, with the possible ex- 
clusion of its end-terms (if any), which may be terms of transition between 
rest and motion. A time of momentary rest is given by any term for 
which the differential coefficient of the motion is zero. The motion is 
continimus if the correlating relation R defines a continuous function. 
It is to be taken as part of the definition of motion that it is continuous, 
and that further it has fii-st and second differential coefficients. This is 
an entirely new assumption, having no kind of necessity, but serving 
merely the purpose of giving a subject akin to rational Dynamics. 

447. It is to be observed that, in consequenc^e of the denial of the 
infinitesimal, and in consecjuence of the allied purely technical view of 
the derivative of a function, we must entirely reject the notion of a state 
of motion. Moticjn consists vierehj in the occupation of different places 
at different times, subject to continuity as explained in Part V. There 
is no transition from phu^e to place, no consecutive moment or con- 
secutive position, no such thing as velocity except in the sense of a real 
number which is the limit of a certain set of quotients. The rejection 
of velocity and acceleration as physical facts (/.c. as properties belonging 
at etwh wstant to a moving point, and not merely real numbei*s expressing 
limits of certain ratios) involves, as we shall see, some difficulties in the 
statement of the laws of motion ; but the reform intrcKluced by Weier- 
strass in the infinitesimal calculus has rendered this rejection imjx?rative. 



CHAPTER LV. 

CAUSALITY. 

448 . A GiiEAT controversy has existed in recent times, among those 
who are interested in the principles of Dynamics, on the question whether 
the notion of causality occurs in the subject or not. Kirchoff* and 
Mach, and, in our own country, Karl Pearson, have upheld the view 
that Dynamics is purely descriptive, while those who adhere to the more 
traditional opinion maintain that it not merely registers sequences, but 
discovers causal connections. TTiis controversy is discussed in a very 
interesting manner in Professor Janies Ward’s Naturalist and Agnostic 
cisniy in which the descriptive theory is used to prove that Dynamics 
cannot give metaphysical truths about the real world. But I do not 
find, either in Professor Ward’s book or elsewhere, a very clear statement 
of the issue between the two schools. The practical mathematical form 
of the question arises as regards ybrrc, and in this form, there can be no 
doubt that the descriptive school are in the right : the notion of foi-ce 
is one which ought not to be introduced into the principles of Dynamics. 
The I'casons for this assertion are quite conclusive. Force is the sup- 
posed cause of acceleration : many foix*es are supposed to concur in 
producing a resultant acceleration. Now an acceleration, as was pointed 
out at the end of the preceding chapter, is a mere mathematical fiction, 
a number, not a physical fact ; and a component acceleration is doubly 
a fiction, for, like the component of any other vector sum, it is not part 
of the resultant, which alone could be supposed to exist. Hence a force, 
if it be a cause, is the cause of an effect which never takes place. But 
this conclusion does not suffice to show that causality never occurs in 
Dynamics. If the descriptive theory were strictly correct, inferences 
from what occui*s at some times to what occurs at others would be 
impossible. Such inferences must involve a relation of implication 
between events at different times, and any such relation is in a general 
sense causal. What does appear to be the case is, that the only causality 
occurring in Dynamics requires the whole configuration of the material 
world as a datum, and does not yield relations of particulars to par- 

* Vorhitungf^i iiber tnatheniutiHche Phynk, Leipzig, lHa.% Vorrede. 
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ticulars, such as are usually called causal. In this respect, there is 
a difficulty in interpreting such seeming causation of particulars by 
particulars as appears, for example, in the law of gravitation. On 
account of this difficulty, it will be necessary to treat causation at some 
length, examining first the meaning to be assigned to the causation of 
particulai's by particulars as commonly understood, then the meaning 
of causality which is essential to rational Dynamics, and finally the 
difficulty as regards component acceleration. 

449 . The first subject of the present chapter is the logical nature 
of causal propositions. In this subject there is a considerable difficulty, 
due to the fact that temporal succession is not a relation between events 
directly, but only between moments*. If two events could be successive, 
we could regal'd causation as a relation of succession holding between 
two events without regard to the time at which they occur. If “ A 
precedes (where A and B are actueJ or possible temporal existents) 
be a true proposition, involving no reference to any actual part of time, 
but only to temporal succession, then we say A causes B. The law of 
causality would then consist in asserting that, among the things which 
actually precede a given particular existent B noWy there is always one 
series of events at successive moments which would nec^essarily have 
preceded B just as well as B now ., the temporal relations of B 
to the terms of this series may then be abstracted from all particular 
times, and asserted per se. 

Such would have been the account of causality, if we had admitted 
that events can be successive. But as we have denied this, we retjuire 
a different and more complicated theory. As a preliminary, let us 
examine some characteristics of the causal relation. 

A causal relation between two events, whatever its nature may be, 
certainly involves no reference to constant particular parts of time. It 
is impossible that we should have such a proposition as causes B now, 
but not then."” Such a proposition would merely mean that A exists 
now but not then, and therefore B will exist at a slightly subsequent 
moment, though it did not exist at a time slightly subset]uent to the 
former time. But the causal relation itself is eternal : if A had existed 
at any other time, B would have existed at the subsequent moment. 
Thus ^^A causes B^ has no reference to constant particular parts of time. 

Again, neither A nor B need ever exist, though if A should exist at 
any moment, B must exist at a subsequent moment, and XHce versa. In 
all Dynamics (as I shall prove later) we work with causal connections ; 
yet, except when applied to concrete cases, our terms are not existents. 
Their non-existence is, in fact, the mark of what is called rational 
Dynamics. To take another example: All deliberation and choice, all 
decisions as to policies, demand the validity of causal series whose terms 

* See my article in Mind, N.S., No. 3b, position in time and space absolute 
or relative ? ’* 
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do not and will not exist. For the rational choice depends upon the 
construction of two causal series, only one of which can be made to 
exist. Unless both were valid, the choice could have no foundation. 
The rejected series consists of equally valid causal connections, but the 
events connected are not to be found among existents. Thus all states- 
manship, and all rational conduct of life, is based upon the method of 
the frivolous historical game, in which we discuss what the world would 
be if Cleopatra’s nose had been half an inch longer, 

A causal relation, we have seen, has no essential reference to existence, 
as to particular parts of time. But it has, none the less, some kind of 
connection with both. If one of its terms is among existents, so is the 
other; if one is non-existent, the other is also non-existent. If one 
of the terms is at one moment, the other is at a later or earlier moment. 
Thus if A causes we have also existence implies iTs” and A\ 
being at this moment implies ^s being at a subse(|uent moment.'” 
These two propositions arc implied by “ A causes B ” ; the second, at 
least, also implies A causes so that we have here a mutual impli- 
cation. Whether the first also implies causes B^ is a difficult 
question. Some people would hold that two moments of time, or two 
points of space, imply cac.h other’s existence ; yet the relation between 
these cannot be said to be causal. 

It would seem that whatever exists at any part of time has causal 
relations. This is not a distinguishing characteristic of what exists, 
since we have seen that two non-existent terms may be cause and effectt. 
But the absemte of this characteristic distinguishes terms which cannot 
exist from terms which might exist. Excluding space and time, we may 
define as a possible existent any term which has a causal relation to some 
other term. This definition excludes numbers, and all so-called abstract 
ideas. But it admits the entities of rational Dynamics, which might 
exist, though we have no reason to suppose that they do. 

If we admit (what seems undeniable) that w^hatever occupies any 
given time is both a cause and an effect, w^e obtain a I'eason for either 
the infinity or the circularity of time, and a proof that, if there are 
events at any part of time, there always have been and always will be 
events. If, moreover, we admit that a single existent A can be isolated 
as the cause of another single existent J?, which in turn causes U, then 
the world consists of as many independent causal series as there are 
existents at any one time. Tliis leads to an absolute I^ibnizian 
monadism — a view which has always been held to be paiadoxical, and 
to indicate an error in the theory from which it springs. Let us, then, 
return to the meaning of causality, and endeavour to avoid the paradox 
of independent causal series. 

460. The proposition A causes is, as it stands, incomplete. 
The only meaning of which it seems ca]:)able is “ ^’s existence at any 
time implies fi’s existence at some future time.” It has always been 
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customary to suppose that cause and effect must occupy consecutive 
moments ; but as time is assumed to be a compact series, there cannot 
be any consecutive moments, and the interval between any two moments 
will always be finite. Thus in order to obtain a more complete causal 
proposition, we must spec^ify the interval* between A and B, A causal 
connection then asserts that the existence of A at any one time implies 
the existence of B after an interval which is independent of the parti- 
cular time at which A existed. In other w'ords, we assert : “ There is 
an interval t such that A\ existence at any time /, implies existence 
at a time -f This requires the measurement of time, and con- 
sequently involves either temporal distance, or magnitude of divisibility, 
which last we agreed to regard as not a motion of pure mathematics. 
Thus if our measure is effected by means of distance, our proposition is 
capable of the generalization which is miuircd for a purely logical 
statement. 

461. A very difficult question i-emains — the question w^hich, when 
the problem is precisely stated, discriminates most clearly between 
monism and monadism. Can the causal relation hold between particular 
events, or does it hold only between the whole present state of the universe 
and the whole subsequent state? Or can we take a middle position, 
and regard one group of events now as causally connet^ted w ith one group 
at another time, but not w-ith any other events at that other time ? 

I will illustrate this difficulty by the case of gravitating particles, 
l-et there lie three particles A^ B^ C. We say that B and C both 
cause accelerations in A^ and we compound these two accelerations 
by the paiallelogram law\ But this composition is not truly addition, 
for the components are not jmrt^ of the resultant. The resultant is 
a new term, a.s simple as its components, and not by any means their 
sum. Thus the effects attributed to B and C are never produced, but 
a third term different from either is produced. This, we may say, is 
produced by B and C together, taken as one whole. But the effect 
which they produc^e as a whole can only be discovered by supposing 
each to produce a separate effect : if this were not supposed, it would be 
impossible to obtain the two accelerations whose resultant is the actual 
acceleration. Thus w^e seem to reach an antinomy: the whole has no 
effect except what results from the effects of the parts, but the effects of 
the parts are non-existent. 

The examination of this difficulty will rudely shake our cherished 
prejudices concerning causation. The laws of motion, we shall find, 
actually contradict the received view, and demand a quite different and 
far more complicated view. In Dynamics, we shall find (1) that the 
causal relation holds between events at three times, not at tw'o; (S) that 
the whole state of the material universe at tw’o of the three times is 
necessary to the statement of a causal relation. In order to provide for 
this conclusion, let us re-examine causality in a less conventional spirit. 
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4S2. Caunality, generally, is the principle in virtue of which, from 
a sufficient number of events at a sufficient number of moments, one or 
more events at one or more new moments can be inferred. Let us 
suppose, for example, that, by means of the principle, if we are given ei 
events at a time f|, at a time a time then we can infer 

^n+i events at a time fn+i* Ifi then, ^ and if the times are 

arbitrary, except that is after f,., it follows that, from the original 
data, we can infer certain events at all future times. For we may 
choose Cl of the events of the events *^nd infer e^+i events 

at a new time fn+a- Hence by means of our supposed law, inference to 
future times' is assured. And if, for any value of r, er-i-i > then more 
than €n+i events can be inferred at the time since there are several 
ways of choosing e,. events out of events. But if for any value of 
>«?,., then inference to the past becomes in general impossible. In 
order that an unambiguous inference to the past may be possible, it is 
necessary that the implication should be reciprocal, i.e. that events at 
time should be implied by at at ^n+i- But some inference 

to the past is possible without this condition, namely, that at time 
there were €i events implying, with the others up to the events 
at time But even this inference soon fails if, for any value of r, 

^ 1+1 after inferring t’, events at time fj, for the next inference 

takes the place of but is too small to allow the inference. Thus if 
unambiguous inference to any part of time is to be possible, it is necessary 
and sufficient (1) that any one of the n+1 groups of events should be 
implied by the other n groups; (2) that values of r. 

Since causality demands the possibility of such inference, we may take 
these two conditions as satisfied. 

Another somewhat complicated point is the following. If ei 
cause and cause Cn+i and so on, we have an independent 

causal series, and a return to monadism, though the monad is now complex, 
being at each moment a group of events. But this result is not 
necessary. It may happen that only ceii;ain groups ei allow 

inference to and that is not such a group. Thus 

suppose e\ e\...e\ simultaneous with and causing It may 

be that c^+i and form the next causal groups, 

causing And respectively. In this way no independent causal 
.series will arise, in spite of particular causal sequences. This however 
remains a mere possibility, of which, so far as I know, no in.stanee 
occurs. 

Do the general remarks on the logical nature of causal propositions 
still hold good ^ Must we suppose the causal relation to hold directly 
betw'een the events Ci e^-.-e^^^y and merely to imply their temporal 
succession ? There are difficulties in this view. For, having recognized 
that consecutive times are impo&sible, it has become necessary to assume 
finite intervals of time between and Cg, and Cj etc. Hence the length 
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of these intervals must be specified, and thus a mere reference to events, 
without regard to temporal position, becomes impossible. All we can 
say is, that only relative position is relevant. Given a causal relation 
in which the times are this relation will still be valid for times T+ 
Thus the ultimate statement seems to be: given m events at any 
moment, m other events at a moment whose distance from the first 
is specified, and so on till we have n groups of events, then m new events 
can be inferred at any new moment whose distance from the first is 
specified, provided m and n have suitable values, and the groups of 
events be suitably chosen — where, however, the values to be assigned 
to m and n may depend upon the nature of the events in question. For 
example, in a material system consisting of N particles, we shall have 
w = A, = 2. Here m depends upon the nature of the material system 
in question. What circumstances obtain in Psychology, it is as yet 
impossible to say, since psychologists have failed to establish any strict 
causal laws. 

'^rhus rational Dynamics assume that, in an independent material 
system, the configurations at any two moments imply the configuration 
at any other moment. This statement is capable of translation into 
the language of pure mathematics, as we shall see in the next chapter. 
But it remains a question what we are to say concerning such causation 
of particulars by particulars as appears to be involved in such principles 
as the law of gravitation. But this discussion must be postponed until 
we have examined the so-called laws of motion. 



CHAPTER LVL 

DEFINITION OF A DYNAMIC AL AVORLD. 

453. Bkfouk proceeding to the laws of motion, which introduce new 
complications of which some are difficult to express in terms of pui*e 
mathematics, I wish briefly to define in logical language the dynamical 
world as it i*esults from previous chapters. 

Let ^ be a one-dimensional continuous series, ,v a .three-dimensional 
continuous series, which we will not assume to be Euclidean as yet. 
If i? be a many-one relation whose domain is t and whose converse 
domain is contained in .y, then R defines a motion of a material particle. 
The indestructibility and ingenerability of matter are expressed in the 
fact that R has the whole of t for its field. Let us assume further that 
R defines a continuous function in .v. 

In order to define the motions of a material system, it is only 
necessary to consider a class of relations having the properties assigned 
above to i?, and such that the logical prtxluct of any two of them 
is null. ITiis last condition expresses impenetrability. For it as.serts 
that no two of our relations relate the same moment to the same point, 
i.e. no two particles can be at the same place at the same time. A 
set of relations fulfilling these conditions will be called a class of 
kiturmatical moikma. 

With these conditions, we have all that kinematics recjuires for the 
definition of matter; and if the descriptive school were wholly in the 
right, our definition would not add the new condition which takes 
us from kinematics to kinetics. Nevertheless this condition is essential 
to inference from events at one time to events at another, without which 
Dynamics would lose its distinctive feature. 

454. A generalized form of the .statement of causality which we 
require is the following : A class of kinetic inotioiut is a class of kine- 
matical motions such that, given the relata of the various component 
relations at n given times, the relata at all times are determinate. In 
ordinary Dynamics we have a = 2, and this assumption may be made 
without the loss of any interesting generality. Our assertion then 
amounts to saying that there is a certain specific many-one relation 
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which holds between any two configurations and their times and any 
third time, as i-eferent, and the configuration at the third time as 
relatum ; in oixlinary language, given two configurations at two given 
times, the configuration at any other time is determinate. Formally, 
the principle of causality in this form may be stated as follows. If R 
be a relation which is any one of our motions, and t any time, let Rt be 
the relation holding only between i and the tenn to which t has the 
relation R, If A" lx; the whole class of motions, let Kt be the whole 
class of such terms as Ri, Then Ki expresses the configuration of the 
system at the time t. Now let t\ be any other two times. Then K 
is a class of kinetic motions if there is a many -one relation ^S', the same 
for any three times, which holds between* the class whose terms are 
t\ t'\ Kt^ Kt'y as referent and the configuration AV' as relatum. 

The particular causal laws of the particular univei'se considered are 
given when S is given, and vice versa*. We may treat of a whole set 
of universes agreeing in having the same S\ i.e. the same causal laws, 
and differing only in respect of the distribution of matter, i.e. the 
class K. This is the ordinary procedure of rational Dynamics, which 
commonly defines its S in the way believed to apply to the actual world, 
and uses its liberty only to imagine different material systems. 

It will be observed that, owing to the rejection of the infinitesimal, 
it is necessary to give an integrated form to our general law of causality. 
We cannot introduce velocities and accelerations into statements of 
general principles, though they become necessary as soon as we descend 
to the laws of motion. A large part of Newton’s laws, as we shall 
see in the next chapter, is contained in the above definition, but the 
thiid law intredures a radical novelty, and gives rise to the difficulty as 
to the causation of particulars by particulars, which w^e have mentioned 
blit not vet examined. 

* 111 the Dynamics applicable to the actual world, the specihcatioii of <S' requires 
the notion of mass. 



CHAPTER LVII. 

NEWTON’S LAWS OF MOTION. 

456. Thk present chapter will adopt, for the moment, a naive 
attitude towards Newton’s Laws. It will not examine whether they 
really hold, or whether there are other really ultimate laws applying to 
the ether ; its problem is merely to give those law s a meaning. 

The first thing to be remembered is — what physicists now-a-days 
will scarcely deny — that force is a mathematical hctioii, not a physical 
entity. The second point is that, in virtue of the philosophy of the 
calculus, acceleration is a mere mathematical limit, and does not itself 
express a definite state of on accelerated particle. It may be remembered 
that, in discussing derivatives, we inquired whether it w^as possible to 
regard them otherwise than as limits — whether, in fact, they could 
be treated as themselves fractions. This we found impossible. In this 
conclusion there was nothing new, but its application in Dynamics will 
yield much that is distinctly new. It has been customaiy to regard 
velocity and acceleration as physical facts, and thus to regard the laws 
of motion as connecting configui-ation and acceleration. This, however, 
as an ultimate account, is forbidden to us. It becomes necessary to 
seek a more integi'ated form for the laws of motion, and this form, as is 
evident, must be one connecting three configurations. 

466. The first law of motion is regained sometimes as a definition 
of equal times. This view is radically absurd. In the first place, equal 
times have no definition exc*ept as times whose magnitude is the same. 
In the second place, unless the first law told us when there is no acceler- 
ation (w^hich it does not do), it would not enable us to discover what 
motions are uniform. In the third place, if it is always significant to 
say that a given motion is uniform, there c;an be no motion by which 
uniformity is defined. In the fourth place, science holds that no 
motion occurring in nature is uniform ; hence there must be a meaning 
of uniformity independent of all actual motions — and this definition is, 
the description of equal absolute distances in equal absolute times. 

The first law, in Newton’s fonn, asserts that velocity is unchanged in 
the absence of causal action from some other pi^e of matter. As it 
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stands, this law is wholly confused. It tells us nothing as to how 
we are to discover causal action, or as to the circumstances under which 
cAusal action occurs. But an impoiiant meaning may be found for it, 
by i^membering that velocity is a fiction, and that the only events that 
occur in any material system are the various positions of its various 
particles. If we then assume (as all the laws of motion tacitly do) that 
there is to be some I'elation between different configurations, the law 
tells us that such a relation can Only hold between three configurations, 
not between two. For two configurations are required for velocity, and 
another for change of velocity, which is what the law asserts to be 
relevant. Thus in any dynamical system, when the special laws (other 
than the laws of motion) which i^egulate that system ai*e specified, the 
configuration at any given time can be inferred when two configura- 
tions at two given times are known. 

467. The second and thiixi laws introduce the new idea of mass ; 
the third also gives one respect in which ac‘celeration depends upon 
configuration. 

The .second law as it stands is worthless. For we know nothing 
about the impressed foice except that it produces change of motion, 
and thus the law might seem to be a meit; tautology. But by relating 
the impressed force to the configuration, an important law may be 
discovert, which is a> follows. In any material .system consisting 
of n particles, there are certain coti.stant coefficients (masses) w, , 
to be associated with these particles respectively; and when these 
coefficients are considered as forming part of the configuration, then 
multiplied by the corresponding acceleration is a certain function of the 
momentary configuration ; this is the same function for all times and all 
configurations. It is also a function dependent only upon the relative 
positions : the same configuration in another part of space will lead to the 
same accelerations. That is, if be the cooixlinates of m,. at time 

f, we have x,. =f (<) etc., and 

nil ‘*1 “ ^ (^*1 ^ •^2 “•*’1 j *^3 “ *^1 • • • ‘•"w •*'1 5 “ ,yi j • • • )■ 

This involves the assumption that Xi = (r) is a function having a second 
differential coefficient j \ ; the use of the e(]uation involves the further 
assumption that has a first and second integral. The above, how- 
ever, is a very specialized form of the second law ; in its general form, 
the function F may involve other coefficients than the masse.s, and 
velocities as well as positions. 

468. The third law is very interesting, and allows the analysis 

of F into a vector sum of functions each depending only on y/ij and one 
other particle nir and their relative position. It as.sei'ts that the 
acceleration of nii is made up of component accelerations having special 
reference respectively to w.j, and if these components bey*„. 
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460 . By the aboxe account the view of causality which has usually 
satisfied philosophers is contravened in two i-espects, (1) in that the 
relation einbcxiied in a causal law holds between thi^ee events, not 
between two ; (^) in that the causal law has the unity of a formula or 
function, i.e. of a constant relation, not merely that derived from 
repetition of the same cause. The first of these is necessitated by modern 
theories of the infinitesimal calculus ; the second was always necessary, 
at least since Newton’s time. Both demand .some elucidation. 

(1) The whole essence of dynamical causation is contained in the 
followiiifT equation : if , L Ixi specified times, C, , Cm the coiTesponding 
configurations of any self-contained system, and C the configuration 
at any time ^ then 

6 = /’(t I, /j, f_i, /) 

(a compressed form for as many e(| nations as C has cooixiinates). The 
form of F depends only upon the number of particles and the dynamical 
laws of the system, not upon the choice of C, or C.,. The cause must 
be taken to lie the tivo configurations and 6*, and the interval 
may bt^ any we please. Further t may fall between and or beforc 
both. The effect is any single one of the coordinates of the system 
at time or any collection of these coordinates ; but it seems better to 
regard each coordinate as one effect, since each is given in one equation. 
Thus the language of cause and effect has to be greatly strained to 
meet the case, and seems scarcely worth pi’eserving. The cause is two 
states of the whole system, at times as far apart as we plea.sc ; the 
effect is one coordinate of the system at any time before, after, or 
between the times in the cause. Nothing could well be more unlike the 
views w^hich it has pleased philosophei-s to adv(x:ate. Thus on the 
whole it is not worth while preserving the woixi cauite : it is enough 
to say, what is far less misleading, that any two configurations allow 
us to infer any other. 

(2) The causal law' regulating any system is contained in the 
form of F. The law does not a.s.sert that one event A w’ill alw'avs 
be follow^ed by another B \ A be the configuration of the system at 
one time, nothing can \ye infeired as to that at another ; the configura- 
tion might recur without a recuiTenc-e of any configuration that formerly 
followed it. If A be tw o configurations whose distance in time is given, 
then indeed our causal law' does tell us what configurations w'ill follow 
them, and if A recurred, so would its consequences. But if this w^ere 
all that our causal law told us, it would afford cold comfort, since no 
configuration ever does actually recur. Moreover, we should need an 
infinite number of causal laws to meet the requirements of a system 
which has successi\*ely an infinite number of configurations. What oui* 
law does is to aasert that an infinite class of effects have each the same 
functional relation to one of an infinite class of causes ; and this is done 
by means of a formula. One formula connei'ts any three configurations. 
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and but for this fact continuous motions would not be amenable to causal 
laws, which consist in specifications of the formula. 

461 . I have spoken hitherto of independent systems of n particles. 
It remains to examine whether any difficulties are introduced by the fact 
that, in the dynamical world, there are no independent systems short of 
the material universe. We have seen that no effect can be ascribed, 
within a material system, to any one part of the system; the whole 
system is necessary for any inference as to what will happen to one 
particle. The only effect traditionally attributed to the action of a 
single particle on another is a component acceleration; but (a) this 
is not part of the resultant acceleration, (ff) the I’esultant acceleration 
itself is not an event, or a physical fact, but a mere mathematical limit. 
Hence nothing can be attributed to pailicular particles. But it may l3e 
objected that we cannot know the whole material universe, and that, 
since no effect is attributable to any part as such, we cannot consequently 
know anything about the effect of the whole. For example, in calculating 
the motions of planets, w e neglect the fixed stars ; we pretend that the 
solar system is the whole universe. By what right, then, do we assume 
that the effects of this feigned universe in any way resemble those of the 
actual universe 

The answ'er to this question is found in the law of gravitation. W e 
can show' that, if we compare the motions of a particle in a number 
of iinfverses differing only as regards the matter at a greater distance 
than 7?, while much within this distance all of them contain much 
matter, then the motion of the paiiicle in question relatively to the 
matter well w'ithin the distaiicx; R will be approximately the same in 
all the universes*. This is possible because, by the third law, a kind 
of fictitious analysis into partial effects' is possible. Thus we can aj)- 
proximately calculate the effect of a universe of which part only is 
known. We must not say that the effec't of the fixed stars is insensible, 
for we assume that they have no effect per se ; we must say that the 
effect of a universe in which they exist differs little from that of one in 
which they do not exist ; and this we are able to prove in the case of 
gravitation. Speaking broadly, we recjuire (recuiring to our previous 
function if>) that, if c be any number, how'ever small, there should Ix^ 

some distance R such that, recun’ing to our previous function if 

denote differentiation in any direction, then 

When this condition is satisfied, the difference between the relative 
accelerations of two particles within a certain region, which results from 
assuming different distributions of matter at a disUnce greater than R 
from a certain point within the region, will have an assignable upper 
limit ; and hence there is an up()er limit to the error incuri-ed by pre- 
* Thu is true imly of rttfafivt*, not of alwolute motions. 
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tending that there is no matter outside the space of radius A. Hence 
approximation becomes possible in spite of the fact that the whole 
universe is involved in the exact determination of any motion. 

The above leads to two observations of some interest. First, no law 
which does not satisfy the above inequality is capable of being practically 
applied or tested. 'Hie assumption that gravity varies as the direct 
distance, for example, could only be tested in a finite universe. And in 
ali phenomena, such as those of electricity, we must assume, where the 
total effect is a sum or integral, or is calculated by means of a sum or 
integral, that the portion contributed to relative motions by large value:^ 
of r is small. Secondly, the denial of any partial effect of a part is 
cjuite necessary if we are to apply our formulae to an infinite univei>»e 
in the form of integrcds. For an integral is not ideally an infinite sum, 
but the limit of a finite sum. Thus if each particle had a partial effect, 
the total effect of an infinite number of particles would not be an in'‘ 
tegral. But though an integral cannot represent an infinite sum, there 
seems no I'cason whatever why it should not represent the effect of a 
universe which has an infinite number of parts. If there are fiidte 
volumes containing an infinite number of particles, the notion of mass 
niiist be modified so as to apply no longer to single particles, but to 
infinite classes of particles. The density at a point will then be not the 
mass of that point, but the differential coefficient, at the point, of the 
mass with respect to the volume. 

It should be observed that the impossibility of an independent system 
short of the whole universe does not result from the laws of motion, but 
from the special laws, such as that of gravitation, which the laws of 
motion lead us to seek. 

462. The laws of motion, to conclude, have no \estige of self- 
evidence ; on the contrary, they contradict the form of causality which 
has usually been considered evident. Whether they are ultimately valid, 
or are merely appi-oximate generalizations, must remain doubtful ; the 
more so as, in all their usual forms, they assume the truth of the axiom 
of parallels, of which we have so far no evidence. The laAvs of motion, 
like the axiom of parallels in regal’d to space, may be viewed either as 
parts of a definition of a class of possible material universes, or as empiri- 
cally verified assertions concerning the actual material universe. But in 
no w ay can they lx? taken as a prion truths nec*essarily applicable to any 
fiossible material world. The a priori truths involved in Dynamics are 
only those of logic : as a system of deductive reasoning. Dynamics re- 
c|uires nothing further, while as a sc’ience of what exists, it recjuires 
experiment and observation, 'rhose who have admitted a similar 
conclusion in Geometry are not likely to question it here ; but it is 
impoiiant to establish separately every instance of the principle that 
knowledge «is to what exists is never derivable from general philosophical 
considemtions, but is always and wholly enipiric*al. 
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ABSOLUTO AND RELATIVE MOTION. 

463. Ix the justly famous scholium to the definitions, Newton has 
;tated, with admirable pi'ecision, the doctrine of absolute space, time, 
and motion. Not being a skilled philosopher, he was unable to give 
grounds for his views, except an empirical argument derived from actual 
Dynamics. Leibniz, with an unrivalled philosophical etjuipment, con- 
troverted Newton’s position in his letters against Clarke* * * § ; and the 
victory, in the opinion of subsequent philosophers, rested wholly with 
I^ibniz. Although it would seem that Kant, in the Transcendental 
Aesthetic, inclines to absolute position in space, yet in the Metapkymche 
Anfangsgi'unde der Natuiivisitemchaft he (juite definitely adopts the 
relational view. Not only other philosophers, but also men of science, 
have been nearly unanimous in rejecting absolute motion, the latter on 
the ground that it is not capable of Ijeing obser\’ed, and (‘annot therefoi-e 
be a datum in an empirical study. 

But a great difficulty has always raiiaincd as regains the argument 
from absolute rotation, adduced by Newton himself. This argument, in 
spite of a definite assertion that all motion is relati\'e, is accepted and 
endoi-sed by Clerk Maxwell +. It has been revived and emphasized by 
HeymansJ, combated by Mach§, Karl Pearson j|, and many othere, and 
made part of the basis of a general attack on Dynamics in Professor 
WardV Naturalism and Agnosticism. Let us first state the argument in 
various forms, and then examine some of th(i attempts to reply to it. 
For us, since absolute time and space have l^een admitted, there is no 
need to avoid absolute motion, and indeed no possibility of doing so. 
But if absolute motion is in any case unavoidable, this affbi-ds a new 
argument in favour of the justice of our logic, which, unlike the logic 
current among philosophei's, admits and even urges its possibility. 

* PUi/. Werke, ed. (Jerhardt, Vc»l. vii. 

t Mutter and Motion y An. cv. Contrast Art. xxx. 

J IHe Geeetze and Eiemente dea wiftsenm'tuip/irhen Jhnkemt, Leyden, IKIIO. 

§ Die Mectuinik in ih^er Kntwickelan^y Leipri^, 188.S, ('JVaii slated, Dnidoh, 1002.) 

II Grammar 0 / Mentr, Londnii, 1802. (2nil edition, liMK).) 
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464 . If a bucket containing water is rotated, Newton observes, the 
water will become concave and mount up the sides of the bucket. But 
if the bucket be left at rest in a rotating vessel, the water will remain 
level in spite of the relative rotation. Thus absolute rotation is involved 
in the phenomenon in question. Similarly, from Foucault’s pendulum 
and other similar experiments, the rotation of the earth can be demon- 
strated, and could be demonstrated if thei-e were no heavenly bodies in 
relation to which the rotation becomes sensible. But this requires us to 
admit that the earth’s rotation is absolute. Simpler instances may be 
given, such as the case of two gravitating particles. If the motion dealt 
with in Dynamics were wholly relative, these particles, if they constituted 
the whole universe, could only move in the line joining them, and would 
therefore ultimately fall into one another. But Dynamics teaches that, 
if they have initially a relative velocity not in the line joining them, 
they will describe conics about their common centre of gravity as focus. 
And generally, if acceleration be expressed in polars, there are terms 
in the acc^eleration which, instead of containing several differentials, 
contain sejuares of angular velocities : these terms require absolute 
angular velocity, and arc inexplicable so long as relative motion is 
adhered to. 

If the law of gravitation be regarded as univei’sal, the point may be 
stated as follows. The laws of motion reejuire to be stated by reference 
to what have been called kinetic axes : these are in reality axes having 
no al)solute acceleration and no absolute rotation. It is asserted, for 
example, when the third law is combined with the notion of mass, that, 
if r«, r/f' be the masses of two particles between which there is a force, 
the component accelerations of the two particles due to this force are 
in the ratio wi* ; But this will only be true if the accelerations 
are measured relatively to axes which themselves have no acceleration. 
We cannot here introduce the centre of mass, for, accoixiing to the 
principle that dynamical facts must be, or be derived from, observable 
data, the masses, and therefore the centre of mass, must be obtained 
from the acceleration, and not vice versa. Hence any dynamical motion, 
if it is to obey the laws of motion, must be referred to axes which are 
not subject to any forces. But, if the law of giavitation be accepted, 
no mcUcrial axes will satisfy this condition. Hence we shall have to 
take spatial axes, and motions relative to these are of course absolute 
motions. 

466 . In oitler to avoid this conclusion, C. Neumann* assumes as an 
essential part of the laws of motion the existence, somewhere, of an 
absolutely rigid “ Body Alpha ^ by reference to which all motions are 
to lie estimated. This suggestion misses the essence of the discussion, 
which is (or should l>e) as to the logical meaning of dynamical pro- 


* Hie (ilidilei-Newtoiim'he Theorie, Leipzig, 1870, p. lo. 
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positions, not as to the way in which they are discovered. It seems 
sufficiently evident that, if it is necessary to invent a fixed body, purely 
hypothetical and serving no purpose except to be fixed, the I'eason is 
that what is really relevant is a fixed plcLce^ and that the body occupying 
it is irrelevant. It is true that Neumann does not incur the vicious 
circle which would be involved in saying that the Body Alpha is fixed, 
while all motions are relative to it; he asserts that it is rigid, but 
rightly avoids any statement as to its rest or motion, which, in his 
theory, would be wholly unmeaning. Nevertheless, it seems evident 
that the question whether one body is at rest or in motion must have 
as good a meaning as the same question concerning any other body ; 
and this seems sufficient to condemn Neuinann''s suggested escape from 
absolute motion. 

466 . A development of Neumann’s views is undei-taken by Strcintz*, 
who refers motions to what he calls ‘‘fundamental bodies” and “fun- 
damental axes.” These are defined as bodies or axes w'hich do not rotate 
and are independent of all outside influences. Streintz follows Kant’s 
Anjangsgriinde in regarding it as possible to admit absolute rotation 
while denying absolute translation. This is a view which I shall discuss 
shortly, and which, as we shall see, though fatal to what is desii-ed of 
the relational theory, is yet logically tenable, though Streintz does not 
show^ that it is so. But apart from this question, two objections may 
be made to his theory. (1) If motion rnenm motion relative to fun- 
damental bodies (and if not, their introduction is no gain from a logical 
point of view), then the law of gravitation becomes strictly meaningless 
if taken to be universal — a view which seems impossible to defend. The 
theoiy recpiires that there should l>e matter not subject to any forces, 
and this is denied by the law^ of gravitation. The point is not so much 
that universal gravitation must be /iw, as that it must l)e significant — 
w'liether true or false is an irrelevant question. (2) We have already 
seen that absolute accderatiimn are required even as regaixls translations, 
and that the failure to perceive this is due to overlooking the fact that 
the centre of mass is not a piece of matter, but a spatial point which is 
only determined by means of accelerations. 

467 . Somew hat similar remarks apply to Mr W. H. Macaulay’s article 
on “ Newton’s Theory of Kinetics f.” Mr Macaulay asserts that the true 
way to state New'ton’s theory (omitting points irrelevant to the present 
issue) is as follows : “ Axes of reference can be so chosen, and the 
assignment of masses so arranged, that a certain decomposition of 
the rates of change of moiiienta, relative to the axes, of all the particles 
of the univei'se is possible, namely one in which the components occur 

* IHe pinfitihatiitchmi Gruudlagen der Mevtunnkj Leipzig^ 1H8-S : see esp. pp. 24, 2-'). 

+ Bulletin of the American Math. Soc., V'-il. iii. (100f)-7). Kora later statement 
of Mr Macaulay’s views, see Art. Motion, Lowft of, in the new vf>lumes of the 
Hrit. (Vol. x\xi). 
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in paii*N ; the members of each pair belonging to two different particles, 
and being opposite in direction, in the line joining the particles, and 
ecjual in magnitude'” (p. 368). Here again, a purely logical point 
remains. The above statement appears unobjectionable, but it does 
not show that absolute motion is unnecessary. The axes ctannot lx‘ 
material, for all matter is or may be subjei*t to foix-es, and therefore 
unsuitable for our pui-pose ; they cannot even lx defined by any fixwl 
geometrical relation to matter. Thus our axes will really be spatial ; 
and if there were no absolute space, the suggested axes could not exist. 
PW apaii: from absolute space, any axes would have to be material or 
nothing. The axes can, in a sense, be defined by relation to matter, but 
not by a constant geometrical relation ; and when we ask what pi-ojxrtv 
is changed by motion relative to such axes, the only possible answer is 
that the absolute position has changed. Thus absolute space and absolute 
motion are not avoided bv Mr Macaulav'*s statement of Newton’s laws. 

468. If absolute rotation alone were in question, it wwild be possible, 
by abandoning all that recommends the relational theory to philosophers 
and men of science, to keep its logical essence intact. ^Vhat is aimed 
at is, to state the principles of Dynamics in terms of sensible entities. 
Among these we find the metrical properties of space, but not straight 
lines and planes. Collineurity and coplanarity may be included, but if 
a set of coll inear material points change their straight line, there is no 
sensible intrinsic change. Hence all advocates of the relational theoi-y, 
when they are thorough, endeavour, like Ixibniz*, to deduce the straight 
line from distance. Por this there is also the reason that the field of a 
given distance is all space, whereas the field of the generating relation 
of a straight line is only that straight line, whence the latter, but not 
the foi’iner, makes an intrinsic distinction among the points of sj)ace, 
which the relational theory seeks to avoid. Still, we might regard 
straight lines as relations between JiKvterUil points, and absolute rotation 
would ^ then appear as change in a relation Ixtween material points, 
which is logically compatible with a relational theory of space. A\^e 
should have to admit, however, that the straight line was not a ,scn.slhh‘ 
property of two particles between w'hich it was a relation ; and in any 
case, the necessity for absolute translatioiial accelerations remains fatal 
to any relational theory of motion. 

469. Macht has a very curious argument by which he attempts to 
refute the grounds in favour of absolute rotation. Pie remarks that, in 
the actual w orld, the earth rotate.s relating to the fixed stars, and that 
the universe is not given twice over in difteivnt sliapes, but only once, 
and as we find it. Hence any aiguinent that the rotation of the earth 
could be infemxl tf there were no heavenly bodies is futile. 'Phis ar- 
gument contains the very essence of empiricism, in a sense in which 

* See my ailicle lUnieiit Work on l^eibnix,” in Mind, 

t /*!> Mec.hnnik iu ihrer Kntinckehuig, 1st edition, p, 2111. 
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empiricism is radically opposed to the philosophy advocated in the 
pixjsent work *. The logical basis of the argument is that all proposi- 
tions are essentially concerned \vith actual existents, not with entities 
which may or may not exist. For if, as has been held throughout our 
previous discussions, the whole dynamical world with its laws can be 
considered without regard to existence, then it can be no part of the 
meaning of these laws to assert that the matter to which they apply 
exists, and therefore they can be applied to universes which do not exist. 
Apart from general arguments, it is evident that the laws are so applied 
throughout rational Dynamics, and that, in all exact calculations, the 
distribution of matter which is assumed is not that of the actual world. 
It seems impossible to deny significance to such calculations ; and yet, 
if they have significance, if they contain propositions at all, whether true 
or false, then it can be no neressai'y part of their meaning to assert the 
existence of the matter to which they are applied. This l^eing so, the 
universe is given, as an entity, not only twice, but as many times a.s 
there are possible distributions of matter, and Mach’s argument falls to 
the ground. The point is iinpoiiant, as illustrating a respect in which 
the philosophy here advocated is to be reckoned with idealism and 
not with empiricism, in spite of the contention that wdiat exists can 
only l)e known empirically. 

Thus, to conclude : Absolute motion is essential to Dynamics, and 
involves absolute space. This fa%''t, which is a difficulty in cun'ent philo- 
sophies, is for us a powerful confirmation of the logic upon which our 
di.scussions have lieen based. 

* (7. Art. Natii'isjn ” in tJie IHvtmiturtt of Phifoaoithu and Pamholoqu. edited by 
Baldwin, Vol. II, 1!K)± 



CHAPTER LIX. 


HERTZ’S DYNAMICS. 

470 . We have seen that Newton\s I^ws are wholly lacking in self- 
evidence — so much so, indeed, that they contradict the law of causation 
in a fonn which has usually been held to be indubitable. We have seen 
also that these laws are specially suggestive of the law of gravitation. 
In order to eliminate what, in elementary Dynamics, is specially New- 
tonian, from w'hat is really essential to the subject, we shall do well to 
examine some attempts to re-state the fundamental principles in a form 
more applicable to such sciences as Electricity. For this purpose the 
most suitable work seems to be that of Hertz*. 

The fundamental principles of Hertz‘‘s theory are so simple and so 
admirable that it seems worth while to expound them briefly. His 
objec^t, like that of most recent writer, is to constiTict a system in 
which there are only three fundamental concepts, sjmce, time, and mass. 
The elimination of a fourth concept, such as foi-ce or energy, though 
evidently demanded by theory, is difficult to carry out mathematically. 
Hertz seems, however, to have overcome the difficulty in a satisfactory 
manner. There are, in his system, three stages in the speciflcation of 
a motion. In the first stage, only the I'elations of space and time are 
considered ; this stage is purely kinematical. Matter appeal's here merely 
as a means of establishing, through the motion of a particle, a one-one 
correlation between a series of points and a series of instants. At this 
stage a collection of n particles has Sn coordinates, all so far independent: 
the motions which result when all are regarded as independent are all 
the thinkable motions of the system. But before coming to kinetics. 
Hertz introduces an intermediate stage. Without intr^ucing time, 
there are in any free material system direct relations between space 
and mass, which form the geometrical connections of the system. 
(These may introduce time in the sense of involving velocities, but 
they are independent of time in the sense that they are expressed at 
all times by the same equations, and that these do not contain the time 
explicitly.) Those among thinkable motions which satisfy the equations 

♦ Prinnpien der Mechanik, Leipzig, 1894. 
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of connection are called /nmible motions. The connections among the 
parts of a system are assumed further to be continuous in a certain 
well-defined sense (p. 89). It then follows that they can be expressed 
by homogeneous linear differential equations of the first order among 
the coordinates. But now a further principle is needed to discriminate 
among possible motions, and here Hertz introduces his only law of 
motion, which is as follows : 

Every free system persists in its state of rest or of uniform motion 
in a straightest path."” 

This law recjuires some explanation. In the first place, when there are 
in a system unecjual particles, each is split into a number of particles 
proportional to its mass. By this means all particles become equal. 
If now there are n particles, their Sn coordinates are regarded as the 
coordinates of a point in space of iin dimensions. The above law then 
asserts that, in a fi*ee system, the velocity of this representative point is 
constant, and its path from a given point to another neighbouring point 
in a given direction is that one, among the possible paths through these 
two points, which has the smallest curvature. Such a path is called a 
natural path, and motion in it is called a natural motion. 

471. It will l)e seen that this system, though far simpler and more 
philosophical in form than Newton’s, does not differ very greatly in 
regard to the problems discussed in the prereding chapter. We still 
have, what we found to be the essence of the law of inertia, the necessity 
for three configurations in order to obtain a causal relation. This broad 
fact must reappear in every system at all resembling ordinary Dynamics, 
and is exhibited in the ne<*essity for differential equations of the second 
order, which pervades all Physics. But there is one very material dif- 
ference lxitwx‘en Hertz’s system and Newton’s — a difference which, as 
Hertz points out, renders an experimental decision between the two 
at least theoretically possible. The special laws, other than the laws 
of motion, which regulate any particular system, are for Newton laws 
concerning mutual ax;celerations, such as gravitation itself. For Hertz, 
these special laws are all contained in the geometrical connections of 
the system, and are expressed in ecjuations involving only velocities 
(v. p. 48). This is a considerable simplification, and is shown by Hertz 
to be more conformable to phenomena in all departments except where 
gravitation is concerned. It is also a great simplification to have only 
one law of motion, instead of New ton’s three. But for the philosopher, 
so long as this law involves second differentials (which arc introduced 
through the curvature), it is a comparatively minor matter that the 
special law s of special systems should be of the first older. 

The definition of mass as number of particles, it should be observed, 
is a mere mathematical device, and is not, I think, regarded by Hertz as 
anything more (i^. p. 54). Not only must we allow the possibility of 
incommensurable masses, but even if this difficulty were overcome, it 
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would still remain significant to assert that all our ultimate particles 
were ei|ual. Mass would therefore still be a variety of magnitude, only 
that all particles would happen to be of the same magnitude as regai*ds 
their mass. This would not effect any theoretical simplification, and we 
shall do well, therefore, to retain mass as an intensive quantity of w'hich 
a certain magnitude belongs to a certain particle, without any implica- 
tion that the particle is divisible. There is, in fact, no valid ground for 
denying ultimately different masses to different particles. The whole 
question is, indeed, purely empirical, and the philosopher should, in this 
matter, accept passively what the physicist finds requisite. 

With regal j to ether and its relations to matter, a similar remark 
seems to be applicable. Ether is, of course, matter in the philosophical 
sense ; but Ixiyond this the present state of Science will scarcely permit 
us to go. It should be observed, however, that in Electricity, as else- 
w'here, our equations are of the second oixler, thus indicating that the 
law of inertia, as interpreted in the preceding chapter, still holds good. 
This broad fact seems, indeed, to he the chief result, for philosophy, of 
our discussion of dynamical principles. 

472. llius to sum iip, we have two principal results : 

(1) In any independent system, there is a relation between the 
configurations at three given times, which is such that, given the con- 
figurations at two of the times, the configuration at the thin! time is 
determinate. 

(2) There is no independent system in the actual world except the 
whole material univei'sc ; but if two universes w'hich have the same causal 
laws as the actual universe differ only in regal’d to the matter at a gi’eat 
distance from a given region, the relative motions within this region will 
he approximately the same in the tw^o universes — r,e. an upper limit can 
lie found for the difference between the two sets uf motions. 

^J^hese two principles apply equally to the Dynamics of New ton and 
to that of Heii:/. When these are abandoned, other principles will give 
a science having but little resemblance to received Dynamics. 

473. One general principle, which is commonly stated as vital to 
Dynamics, deserves at least a p&ssing mention. This is the principle 
that the cause and eft'ect are equal. Owing to pre-occupation with 
quantity and ignorance of symbolic logic, it appears to have not been 
perceived that this statement is equivalent to the assertion that the 
implication between cause and effect is mutual. All equations, at bottom, 
arc logical equations, i.c. mutual implications; (jiiantitative equality 
between variables, such as cause and effect, involves a mutual formal 
implication. Thus the principle in (|uestion can only be maintained 
if cause and effect lie placed on the same logical level, which, with the 
intei-pretation we were compelled to give to causality, it is no longer 
possible to do. Nevertheless, when one state of the universe is given, 
any two others have a mutual implication ; and this is the source of 
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the various laws of conservation which pervade Dynamics, and give the 
truth underlying the supposed equality of cause and effect. 

474. We may now review the whole course of the arguments con- 
tained in the present work. In Part I, an attempt is made to analyze 
the nature of deduction, and of the logical concepts involved in it. Of 
these, the most puzzling is the notion of class<^ and from the contra- 
diction discussed in C'hapter x (though this is perhaps soluble by the 
doctrine of types*), it appeared that a tenable theory as to the nature 
of classes is very hard to obtain. In subsequent Parts, it was shown 
that existing pure mathematics (including Geometry and Rational 
Dynamics) can be derived wholly from the indefinablcs and indemon- 
strables of Part I. In this process, two points are spet;ially important : 
the definitions and the existence-theorems. A definition is always either 
the definition of a class, or the definition of the single niember of a unit 
class : this is a necessary result of the plain fact that a definition can 
only he effected by assigning a property of the object or objects to 
be defined, ie. by stating a propositional function which they are to 
satisfy. A kind of grammar controls definitions, making it impossible 
(’.ff. to define Euclidean Spaie^ but possible to define the class of Euclidean 
^pavcfi. And wherever the principle of abstraction is employed, i,e, where 
the object to be defiiuxl is obtained from a transitive symmetrical re- 
lation, some class of classes will always be the object required. When 
.symbolic expressions are used, the recjuirements of what may lx? called 
grammar become evident, and it is seen that the logical type of the 
entity defined is in no way optional. 

The existence-theorems of mathematics — i.c. the proofs that the 
various classes defined are not null — are almost all obtained from 
Arithmetic. It may be well here to collect the more important of 
tliem. 'riie existence of zero is derived from the fact that the null- 
class is a member of it ; the existence of 1 from the fact that zero is a 
unit-class (for the null-class is its only member). Hence, frf)in the fact 
that, if n be a finite number, a -|- 1 is the number of numbers from 0 to n 
(both inclusive), the existence-theorem follows for all finite numl)ers. 
Hence, from the class of the finite cardinal numbers themselves, follow's 
the existence of a^, the smallest of the infinite cardinal numbei’s ; and 
from the series of finite caixlinals in order of magnitude follows the 
existence of w, the smallest of infinite ordinals. Erom the definition 
of the rational numbers and of their oixier of magnitude follows the 
existence of 17, the type of endless compact denumerable series ; thence, 
from the segments of the .series of rationals, the existence of the real 
numbers, and of 0, the ty|)e of continuous series. The terms of the 
series of well-ordered types are proved to exist from the two facts ; 
(1) that the number of well-ordered types from 0 to a is ot -h 1, (2) that 


* See Appendix B. 
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if tt be a class of well-ordered types having no maximum, the series of 
all types not greater than every w is itself of a type greater than every u. 
From the existence of 0, by the definition of complex numbers (Chapter 
xijv), we prove the existence of the class of Euclidean spaces of any 
number of dimensions ; thence, by the process of Chapter XLvi, we prove 
the existence of the class of projective spaces, and thence, by removing 
the points outside a clostnl quadric, we prove the existence of the class 
of non-Euclidean descriptive (hyperbolic) spaces. By the methods of 
Chapter xLviiij we prove the existence of spaces with various metrical 
properties. Lastly, by correlating some of the points of a space with 
all the termsfof a continuous series in the ways explained in Chapter lvi, 
we prove the existence of the class of dynamical worlds. Throughout 
this process, no entities are employed but such as are definable in terms 
of the fundamental logical constants. Thus the chain of definitions 
and existence- theoivms is complete, and the purely logical nature of 
mathematics is established throughout. 
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APPENDIX A. 


THE LOGICAL AND ARITHMETICAL DOCTRINES OF FREGE. 

475. The work of Frege, which appearn to l)o far less known than it 
deserves, contains many of the doctrines set forth in Parts I and IT of the 
present work, and where it differs from the views which I have advocated, 
the differences demand discussion. Frege\s work abounds in subtle distinc- 
tions, and avoids all the usual fallacies which l)eset writers on Logic. His 
.symbolism, though unfortunately so cumbrous as to Ik* very difficult to 
employ in practice, is based upon an analysis of logical notions much more 
profound than Peano’s, and is philo.sophical]y very superior to its more 
convenient rival. In what follows, I shall try briefly to expound Frege’s 
theories im the mo.st important points, and to explain my grounds for 
differing where T do differ. But the poiiits of disagreement are very few 
and .slight compared to those of agreement. They all result from difference 
on three points; (1) Frege does not think that there is a contradiction in the 
notion of concepts which cannot be made logical subjects (see 49 nupra) ; 

(2) he thinks that, if a term a occurs in a proposition, the proposition can 
always be analysed into a and an assertion alK)ut a (see Chapter vii) ; 

(3) he is not aware of the contradiction discussed in Chapter x. These are 
very fundamental matters, and it will l>e well here to discuss them afresh, 
since the previous discussion was written in almost complete ignorance of 
Frege’s work. 

Frege is compelled, as I have been, to employ common words in technical 
senses which depart more or less from usage. As his departures are frequently 
different from mine, a difficulty arises as regards the translation of his terms. 
Some of the.se, to avoid confusion, I shall leave untranslated, since every 
English equivalent that T can think of has been already employed by me in a 
slightly different sense. 

The principal heads under which Frege’s doctrines may be discusswl are 
the following: (1) meaning and indication; (2) truth- values and judgment ; 
(3) Begriff and Gegenstand; (4) classes; (5) implication and symbolic logic; 
(6) the definition of integers and the principle of abstraction; (7) mathe- 
matical induction and the theory of progressions. I shall deal successively 
with these topics. 



602 Appendix A [ 476 - 

476. Meaning and indication. The distinction between meaning (Sinn) 

and indication {Bedeutung)* is roughly, though not exactly, equivalent to 
my distinction between a concept as such and what the concept denotes 
(§ 96). Frege did not possess this distinction in the first two of the works 
under consideration (the Begriffeschrijl and the Grundlagen der Arithmetik ) ; 
it appears first in BuG. (cf. p. 198), and is specially dealt with in SuB. 
Before making the distinction, he thought that identity has to do with the 
names of objects (Bs. p. 13): “A is identical with B” means, he says, that 
the sign A and the sign B have the same signification (Bs. p. 15) — a definition 
which, verbally at least, suffers from circularity. But later he explains 
identity in much the same way as it was explained in § 64. “ Identity,” he 

says, “ calls for reflection owing to questions which attach to it and are not 
quite easy to answer. Is it a relation ? A relation between Gegenstande ? 
or between names or signs of Gegenstande?” (SuB. p. 25). We must 
distinguish, he says, the meaning, in which is contained . the way of being 
given, from what is indicated (from the Bedeutung). Thus “the evening star” 
and “the morning star” have the same indication, but not the same meaning. 
A word ordinarily stands for its indication; if we wish to speak of its 
meaning, we must use invei-ted commas or some such device (pp. 27-8). The 
indication of a proper name is the object which it indicates ; the presentation 
which goes with it is quite subjective; between the two lies the meaning, 
which is not subjective and yet is not the object (p. 30). A proper name 
expresses its meaning, and indicates its indication (p. 3 1 ). 

This theory of indication is more sweeping and general than mine, as 
appears from the fact that every propier name is supposed to have the two 
sides. It seems to me that only such proper names as are derived from con- 
cepts by means of the can lie said to have meaning, and that such words as 
John merely indicate without meaning. If one allows, as I do, that concepts 
can be objects and have proper names, it seems fairlj* evident that their 
proper names, as a rule, will indicate them without having any distinct 
meaning ; but the opposite view, though it leads to an endless regress, does 
not appear to lie logically impossible. The further discussion of this point 
must be postponed until we come to Frege^s theory of Begriffe. 

477. Truth-values and JudgimnJt. The problem to be discussed under 
this head is the same as the one raised in § 52 1, concerning the difference 
between asserted and unasserted propositions. But Frege's position on this 
question is more subtle than mine, and involves a more radical analysis of 
judgment. His Beyriffsschrift^ owing to the absence of the distinction 
between meaning and indication, has a simpler theory than his later works. 
I shall therefore omit it from the discussions. 

There are, we are told (Gg. p. x), three elements in judgment: (1) the 
recognition of truth, (2) the Gedanke, (3) the truth-value (Wahrheitsioerth). 

* 1 do not translate Jiedeutung by denotation, because this word has a technical 
meaning different from Frege's, and also because bedeuten, for him, is not quite the same 
as denoting for me. 

t This 18 the logical side of the problem of Annahmen, raised by Meinong in his able 
work on the subject, Leipzig, 1902. The lexical, though not the psychological, part of 
Meinong’s work appears to have been completely anticipated by Frege. 
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Here the Gedanke is what I have called an unaaserted proposition — or rather, 
what 1 called by this n/ime covers both the Gedanke alone and the Gedanke 
together with its trutli-value. It will be well to have names for these two 
distinct notions ; I shall call the Gedanke alone a propontional concept \ the 
truth-value of a Gedanke 1 shall call an assumption*. Formally at least, an 
assumption does not require that its content should be a propositional 
concept: whatever x may be, ‘‘the truth of x” is a definite notion. Thia 
means the true if x is true, and if x is false or not a proposition it means the 
false (FuB. p. 21). In like manner, according to Frege, there is “the 
falsehood of x”; these are not assertions and negations of propositions, but 
only assertions of truth or of falsity, i.e. negation belongs to what is asserted, 
and is not the opposite of assertion!. Thus we have first a propositional 
concept, next its truth or falsity as the case may be, and finally the assertion 
of its truth or falsity. Thus in a hypothetical judgment, we have a relation, 
not of two judgments, but of two propositional concepts (SuB. p. 43). 

This theory is connected in a very curious way with ther theory of 
meaning and indication. It is held that every assumption indicates the 
true or the false (which are called truth -values), while it means the 
corresponding propositional concept. The assumption “ 2* -- 4 indicates 
the true, we are told, just as “2®” indicates 4J (FuB. p. 13; SuB. p. 32). 
In a dependent clause, or where a name occurs (such as Odysseus) which 
indicates nothing, a sentence may have no indication. But when a sentence 
has a truth- value, this is its indication. Thus every assertive sentence 
{Behavptnngsmtz) is a proper name, which indicates the true or the false 
(SuB. pp. 32 “4; Gg. p. 7). The sign of judgment {UrtfieihtriGh) does 
not combine with other signs to denote an object ; a judgment indicates 
nothing, but asserts something. Frege has a special symbol for judgment, 
which is something distinct from and additional to the truth-value of a 
propositional concept (Gg. pp. 9 — 10). 

478. There are some difficulties in the al)ove theory which it will be 
well to discuss. In the first place, it seems doubtful whether the introduction 
of truth-values marks any real analysis. If we consider, say, “ Caesar died,’* 
it would seem that what is asserted is the propositional concept “ the death 
of Caesar,” not “ the truth of the death of Caesar.” This latter seems to be 
merely another propositional concept, asserted in “ the death of Caesar is 
true,” which is not, 1 think, the same proposition as “Caesar died.” There 
is great difficulty in avoiding psychological elements here, and it would 
seem that Frege lias allowed them to intrude in describing judgment as 
the recognition of truth (Gg. p. x). The difficulty is due to the fact that 
there is a psychological sense of assertion, which is what is lacking to 
Meinong’s AnnahmeUy and that this does not run parallel with the logical 
sense. Psychologically, any proposition, whether true or false, may be 
merely thought of, or may be actually asserted : but for this possibility, 
error would be impossible. But logically, true propositions only are asserted, 

* Fre(;e, like Meinong, calls this an Annahmt : FuB. p. 21. 

t Gg. p. 10. Cf. also Bs. p. 4. 

X When a term which indicates is itself to be spoken of, as opposed to what it indicates, 
Frege uses inverted commas. Cf. § 5G. 
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thouf^h they may occur in an unasserted form as parts of other propositions. 
In implies y,” either or both of the propositions p, q may be true, yet 
each, in this proposition, is unasserted in a logical, and not merely in a 
psychological, sense. Thus assertion has a definite place among logical 
notions, though there is a psychological notion of assertion to which nothing 
logical corresponds. But assertion does not seem to be a constituent of 
an asserted proposition, although it is, in some sense, contained in an 
asserted proposition. If p is a proposition, “//s truth” is a concept which 
has being even if p is false, and thus “/?’s truth'* is not the same as p 
asserted. Thus no concept can be found which is equivalent to p asserted, 
and therefore assertion is not a constituent in p asserted. Yet assertion 
is not a term to which />, when asserted, has an external relation ; for any 
such relation would need to be itself asserted in order to yield what we 
want. Also a difficulty arises owing to the apparent fact, which may 
however be doubted, that an asserted proposition can never be part of 
another proposition : thus, if this be a fact, where any statement is made 
about p asserted, it is not really about p asserted, but only about the 
assertion of p. This difficulty b^onies serious in the case of Frege's one 
and only principle of infei-ence (Bs. p. 9) : “ 7 ? is true and p implies q \ 
therefore q is true*.” Here it is quite essential tliat there should be three 
actual assertions, otherwise the assertion of propositions deduced from 
asserted premisses would be impossible; yet the three assertions together 
form one proposition, whose unity is shown by the word Ui£refore, without 
which q would not have been deduced, but would have been asserted as a 
fresh premiss. 

Jt is also almost impossible, at least to me, to divorce assertion from 
truth, as Frege does. An asserted proposition, it would seem, must be 
the same as a true proposition. We may allow that nc^gation belongs to 
the content of a proposition (Bs. p. 4), and regard every assertion as 
asserting something to be true. We shall then correlate p and not-/? as 
unasserted propositions, and regard “pis false” as meaning “not-p is true.” 
But to divorce assertion from truth seems only possible by taking assertion 
in a psychological sense. 

479. Frege’s theory tliat assumption.s are proper names for the true 
or the false, as the case may l)e, appears to me also untenable. Direct 
inspection seems to show that the relation of a proposition to the true 
or the false is quite different from that of (say), “ the present King of 
England” to Edward VII. Moreover, if Frege's view were correct on this 
point, we should have to hold that in an asserted proposition it is the 
meaning, not the indication, that is asserted, for otherwise, all asserted 
propositions would assert the very same thing, namely the true, (for false 
propositions are not asserted). Thus asserted propositions would not differ 
from one another in any way, but would be all strictly and simply identical. 
Asserted propositions have no indication (FuB. p. 21), and can only difier, 
if at all, in some way analogous to meaning. Thus the meaning of the 
unasserted proposition together with its truth-value must lie what is asserted, 


Cf. Hupm, § 18, (4) and § 38. 
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if the meaning simply is rejected. But there seems no purpose in introduc- 
ing the truth- value here : it seems quite sufficient to say that an asserted 
proposition is one whose meaning is true, and that to say the meaning is 
true is the same as to say the meaning is asserted. We might then conclude 
that true propositions, even when they occur as parts of others, at*e always 
and essentially asserted, while false propositions are always unassorted, thus 
escaping the difficulty about Overefore discussed above. It may also be objected 
to Frege that “ the true ” and “ the false,” as opposed to truth and falsehood, 
do not denote single definite things, but rather the classes of true and false 
propositions respectively. This objection, however, would be met by his 
theory of ranges, which correspond approximately to my classes ; these, 
he says, are things, and the true and the false are ranges (?j. inf.). 

480. Begriff and Gegenstand. Functions. I come now to a point in 
which Frege’s work is very important, and requires careful examination. 
His use of the word Begriff does not correspond exactl}" to any notion in 
mj*^ vocabulary, though it comes very near to the notion of an assertion as 
defined in § 43, and discussed in Chapter vii. On the other hand, his 
GegeuHtand seems to correspond exactly to what I have called a thing (§ 18). 
1 shall therefore translate Gegensiand by thing. Tlie meaning of proper 
name seems to be the same for him as for me, but he regards the range of 
proper names as confined to things, because they alone, in his opinion, can 
be logical subjects. 

Frege’s tlieory of functions and Begriffe is set forth simply in FuH. and 
defended against the criticisms of Kerry* in BuG. He regards functions — 
and in this I agree with him — as more fundatnerital than predicates and 
relations ; but he adopts concerning functions the theory of subject and 
assertion which we discussed and rejecteii in Chapter vii. The acceptance of 
this view gives a simplicity to his exposition which I have l>eeii unable to 
attain ; but I do not find anything in liis work to persuade me of the 
legitimacy of his analysis. 

An arithmetical function, e.g. .r, does not denote, Frege says, the 
result of an arithmetical oj)eration, for that is merely a number, which would 
be nothing new (FuB. p. f)). The essence of a function is what is left when 
the X, IS taken away, in the above instance, ( )” + ( )• The argument 

.r dot‘s not h(dong to the function, but the two together make a whole 
{ih. p. 6). A function may be a proposition for every value of the variable; 
its value is tlien always a truth-value (p. 13). A proposition may be divided 
into two parts, as “C^aesar” and “conquered Gaul.” The former Frege calls 
the argument, the latter the function. Any thing whatever is a possible 
argument for a function (p. 17). (This division of propositions corresponds 
exactly to my subject and assertimi as explained in § 43, but Frege does not 
restrict this metluxJ of analysis as I do in Chapter vii.) A thing is anything 
which is not a function, i.e, whose expression leaves no empty place. The 
two following accounts of the nature of a function are quoted from the 
earliest and one of the latest of Frege’s works respectively. 

(1) “If in an expnsssion, whose content need not be propositional 


Viertcljahrscbrift fiir wiss. Phil., vol. xi, pp. 249-307. 
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{heurtheilbar)y a simple or composite sign occurs in one or more places, and 
we regard it as replaceable, in one or more of these places, by something else, 
but by the same everywhere, then we call the part of the expression which 
remains invariable in this process a /unction, and the replaceable part we 
call its argument” (Bs. p. 16). 

(2) “ If from a proper name we exclude a proper name, which is part 

or the whole of the first, in some or all of the places where it occurs, but in 
such a way that these places remain recognizable as to be filled by one and 
the same arbitrary proper name (as argument positions of the first kind), 
I call what we thereby obtain the name of a function of the first order with 
one argument. Such a name, together with a proper name which fills the 
argument-places, forms a proper name” (Gg. p. 44). 

The latter definition may become plainer by the help of some examples. 
“ The present king of England ” is, according to Frege, a proper name, and 
** England ” is a proper name which is part of it. Thus here we may regard 
England as the argument, and “ the present king of ” as function. Thus we 
are led to “the present king of .t*.” This expression will always have a 
meaning, but it will not have an indication except for those values of x 
which at present are monarchies. The above function is not propositional. 
But “Caesar conquered Gaul ” leads to “x conquered Gaul ” ; here we have a 
propositional function. There is here a minor point to be noticed : the asserted 
proposition is not a proper name, but only the assumption is a proper name 
for the true or the false (t/. sn^rra) ; thus it is not “ Caesar conquered Gaul ” 
as asserted, but only the corresponding assumption, that is involved in the 
genesis of a propositional function. This is indeed sufficiently obvious, since 
we wish X to be able to be any thing in “ x conquered Gaul,” whereas there 
is no such asserted proposition except when x did actually perform this feat. 
Again consider “Socrates is a man implies Socrates is a mortal.” This 
(unnsserted) is, according to Frege, a proper name for the true. By varying 
the proper name “Socrates,’ we can obtain three propositional functions, 
namely “ a; is a man implies Socrates is a mortal,” “ Socrates is a man implies 
a; is a mortal,” “ ^ is a man implies a; is a mortal.” Of these the first and 
third are true for all values of x, the second is true when and only when x is 
a mortal. 

By suppressing in like manner a proper name in the name of a function 
of the first order with one argument, we obtain the name of a function of the 
first order with two arguments (Gg. p. 44). Thus e.g. starfing from “ 1 < 2,” 
we get first “a;<2,” which is the name of a function of the first order with 
one argument, and thence which is the name of a function of the 

first order with two arguments. By suppressing a function in like manner, 
Frege says, we obtain the name of a function of the second order (Gg. p. 44). 
Thus e.g, the assertion of existence in the mathematical sense is a function 
of the second order : “ There is at least one value of x satisfying 4>x ” is not a 
function of x, but may be regarded as a function of Here ^ must on no 
account be a thing, but may be any function. Thus this proposition, 
considered as a function of is quite ditferent from functions of the first 
order, by the fact that the possible arguments are difierent. Thus given any 
proposition, say /(a), we may consider either /{x), the function of the first 
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order resulting from varying a and keeping f constant, or ^ (a), the function 
of the second order got by varying f and keeping a fixed ; or, finally, we may 
consider (a;), in which both f and a are separate!}' varied. (It is to be 
observed that such notions as ^(a), in which we consider any proposition 
concerning a, are involved in the identity of indiscemibles as stated in § 43.) 
Functions of the first order with two variables, Frege points out, express 
relations (Bs. p. 17); the referent and the relatum are both subjects in a 
relational proposition (Gl. p. 82). Relations, just as much as predicates, 
belong, Frege rightly says, to pure logic (ib, p. 83). 

481. The word Begriff is used by Frege to mean nearly the same thing 
as propositional functicni {e.g, FuB. p. 28)*; when there are two variables, 
the Begrilf is a relation. A thing is anything not a function, i.6. anything 
whose expression leaves no empty place {ih. p. 18). To Frege's theory of the 
essential cleavage between things and Begriffe, Kerry objects (Zoc. dL p. 272 ff.) 
that Begriffe also can occur as subjects. To this Frege makes two replies. 
In the first place, it is, he says, an important distinction that some terms can 
only occur as subjects, while others can occur also as concepts, even if Begriffe 
can also occur as subjects (BuG. p. 195). In this I agree with him entirely; 
the distinction is the one employed in §§ 48, 49. But he goes on to a second 
point which appears to me mistaken. We can, he says, have a concept 
falling under a higher one (as Socrates falls under man, he means, not as 
Greek falls under man); but in such cases, it is not the concept itself, but its 
name, that is in question (BuG. p. 195). “The concept horse,” he says, is 
not a concept, but a thing ; the peculiar use is indicated by inverted commas 
{ib. p. 196). But a few pages later he makes statements which seem to 
involve a different view. A concept, be say.s, is essentially predicative even 
when something is asserted of it : an assertion which can be made of a 
concept does not fit an object. When a thing is said to fall under a concept, 
and when a concept is said to fall under a higher concept, the two itilations 
involved, though .similar, are not the same (ib. p. 201). It is ditficult to me 
to reconcile the.se remarks with those of p. 195; but I shall return to this 
point sliortly. 

Frege recognizes the unity of a proposition : of the parts of a propositional 
concept, he says, not all can be complete, but one at least must be incomplete 
(imgftmttigt) or jjredicative, otherwise the parts would not cohere (ib. p. 205). 
He recognizes also, though he does not discuss, the oddities resulting from 
any and f',vnry and such words : thus he remarks that ever}" positive integer 
is th(? sum of four squares, but “every positive integer” is not a possible 
value of in “x- is the sum of four squares.” The meaning of “every 
positive integer,” he says, depends upon the context (Bs. p. 17) - a remark 
which is doubtless correct, but does not exhaust the subject. Self-contra- 
dictory notions are admitted us concepts : F is a concept if “ a falls under 
the concept is a proposition whatever thing a may l>e (Gl. p. 87). A 
concept is the indication of a predicate ; a thing is what can never be 


* “We. have here a function whose value is always a truth value. Such functions 
with one argument we have called Begriffe ; vfith two, we call them relations.” Cf. Gl. 
pp. 8‘2-3. 
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the whole indication of a predicate, though it may be that of a subject 
(BuG. p. 198). 

482 . The alwve theory, in spite of close resemblance, differs in some 
important points from the theory set forth in Part I above. Before 
examining the differences, I shall briefly recapitulate my own theory. 

Given any propositional concept, or any unity (see § 136), which may 
in the limit be simple, its constituents are in general of two sorts : (1) those 
which may be replaced by anything else whatever without destroying the 
unity of the whole; (2) those which have not this property. Thus in “the 
death of (Caesar,” anything else may be substituted for Caesar, but a proper 
name must not be substituted for death, and hardly anything can be 
substituted for of. Of the unity in question, the former class of constituents 
will be called terrm, the latter concepts. We have then, in regard to any 
unity, to consider the following objects : 

(1) What remains of the said unity when one of its terms is simply 
removed, or, if the term occurs several times, when it is removed from 
one or more of the places in which it occurs, or, if the unity has more than 
one term, when two or more of its terms are renioved from some or all of the 
places where they occur. This is what Frege calls a function. 

(2) The class of uikities differing from the said unity, if at all, only by 
the fact that one of its terms has been replaced, in one or more of the places 
where it occurs, by some (»ther terms, or by the fact that two or more of its 
terms have been thus replaced by other terms. 

(3) Any member of the class (2). 

(4) The assertion that every meml)er of the class (2) is true. 

(T)) The assertion that some meml)er of the class (2) is true. 

(6) The relation of a member of the class (2) to the value which the 
variable has in that memlx^r. 

The fundamental case is that where our unity is a propositional concept. 
From this is derived the usual mathematical notion of function, which might 
at first sight seem simpler. If f{.c) is not a propositional function, its value 
for a given value of x (/(»') l:)eing assumed to be one-valued) is the term // 
satisfying the propositional function y — f(x), i.e. satisfying, for the given 
value of X, some relational proposition ; this relational proposition is involved 
in the definition of f{x), and some such propositional function is required 
in the definition of any function which is not propositional. 

As regards (1), confining ourselves to one variable, it was maintained 
in Chapter vii tliat, except where the proposition from which we start 
is predicative or else asserts a fixed relation to a fixed term, there is no 
such entity : the analysis into argument and assertion cannot be performed 
in the manner required. Thus what Frege calls a function, if our conclusion 
was sound, is in general a non-entity. Another point of difference from 
Frege, in which, however, he appears to l:>e in the right, lies in the fact 
that 1 place no restriction upon the variation of the variable, whereas 
Frege, according to the nature of the function, confines the vaiiable to 
things, functions of the first order with one variable, functions of the first 
order with two variables, functions of the second order with one variable, 
and so on. There are thus for him an infinite number of different kinds 



482] The Logical and Arithmetical Doctrines of Frege 609 

of variability. This arises from the fact that he regards as distinct the 
concept occurring as such and the concept occurring as term, which I (§ 49) 
have identified. For me, the functions, which cannot be values of variables 
in functions of the first order, are non-entities and false abstractions. 
Instead of the rump of a proposition considered in (1), I substitute (2) 
or (3) or (4) according to circumstances. The ground for regarding the 
analysis into argument and function as not always possible is that, when 
one term is removed from a propositional concept, the remainder is apt 
to have no sort of unity, but to fall apart into a set of disjointed terms. 
Thus what is fundamental in such a case is (2). Frege's general definition 
of a function, which is intended to cover also functions which are not 
propositional, may be shown to be inadequate by considering what may 
l>e called the identical function, i.e. x as a function of x. If we follow 
Frege’s advice, and remove x in hopes of having the function left, we find 
that nothing is left at all ; yet nothing is not the meaning of the identical 
function. Frege wi.shes to have the empty places where the argument is 
to l>e inserted indicated in some way ; thus he says that in x the 
function is 2( )^ + ( )• But here his requirement that the two empty 
places are to be tilled by the same letter cannot be indicated : there is no 
way of distinguishing what we mean from the function involved in 2.x* + y. 
The fact seems to be that we want the notion of any term of a certain 
class, and that this Is what our empty places really stand for. The function, 
as a single entity, is the relation (6) above ; we can then consider any 
relatum of this relation, or the assertion of all or some of the relata, and 
any relation can be expressed in terms of the corresponding referent, as 
Socrates is a man ” is expressed in terms of Socrates. But the usual 
formal apparatus of the calculus of relations cannot be employed, because 
it presupposes propositional functions. We may say that a propositional 
function is a many-one relation which has all terms for the class of its 
referents, and has its relata contained among propositions* ; or, if we 
prefer, we may call the class of relata of such a relation a propositional 
function. But the air of formal deiinition about these statements is 
fallacious, since propositional functions are presupposed in defining the 
class of referents and relata of a relation. 

Thus by means of propositional functions, propositions are collected into 
classes (These classes are not mutually exclusive.) But we may also collect 
them into classes by the terms which occur in them : all propositions con- 
taining a given term a will form a class. In this way we obtain propositions 
concerning variable propositional functions. In the notation ^ (x), the 0 is 
essentially variable ; if we wish it not to be so, we must take some particular 
proposition about x, such as “x is a class or “x implies x.” Thus 0(x*) 
essentially contains two variables. But, if we have decided tiiat is not a 
separable entity, we cannot regard itself as the second variable. It will 
be necessary to take as our variable either the relation of x to 0(x). or else 
the class of propositions (v) for different values of y but for constant </>. 
This does not matter formally, but it is important for logic to be clear as to 


Not all relations having this property are propositional functions ; v. inf. 
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the meiining of what appears as the variation of We obtain in this way 
another division of propositions into classes, but again these classes are not 
mutually exclusive. 

In the above manner, it would seem, we can make use of propositional 
functions without having to introduce the objects which Frege calls functions. 
It is to be observed, however, that the kind of relation by which pro}>osi- 
tional functions are defined is less general than the class of many-one relations 
having their domain coextensive with terms and their converse domain con- 
tained in propositions. For in this way any proposition would, for a suitable 
relation, be relatuni to any term, whereas the term which is referent must, 
for a propositional function, be a constituent of the proposition which is its 
relatum*. This point illustrates again that the class of relations involved 
is fundamental and incapable of definition. But it would seem also to show 
that Frege’s different kinds of variability are unavoidable, for in considering 
(say) where is variable, the variable would have to have as its range 

the above class of relations, which we may call propositional relatioiia. 
Otherwise, ^ (2) is not a proposition, and is indeed meaningless, for we 
are dealing with an indefinable, which demands that <^(2) should be the 
relatuin of 2 with regard to some propositional relation. The contradiction 
discussed in Chapter x seems to show that some mystery lurks in the varia- 
tion of propositional functions ; but for the present, Frege’s theory of different 
kinds of variables must, I think, l^e accepted. 

483. It remains to discus., afresh the question whether concepts can be 
made into logical subjects without change of meaning. Frege’s theory, that 
when this appears to be done it is really the name of the concept that is 
involved, will not, I think, bear investigation. In the first place, the mere 
assertion “not the concept, but its name, is involved,” ha.s already made the 
concept a subject. In the second place, it seein.s always legitimate to ask : 
“what is it that is named by this name?” If there were no answer, the 
name could not be a name ; but if there is an answer, the concept, as opposed 
to its name, can be made a subject. (Frege, it may be observed, does not 
seem' to have clearly disentangled the logical and linguistic elements of 
naming : the former depend upon denoting, and have, I think, a much more 
restricted range than Frege allows them.) It is true that we found difficulties 
in the doctrine that everything can be a logical subject: as regards “any a,” 
for exainple, and also as regards plurals. But in the case of “ any a,” there 
is ambiguity, which intrcxluces a new class of problems; and as regards 
plurals, there are propositions in which the many behave like a logical 
subject in every respect except that they are many subjects and not one 
only (see §§ 127, 128). In the case of concepts, however, no such escapes 
are possible. The case of asserted propositions is difficult, but is met, I think, 
by holding that an asserted proposition is merely a true proposition, and is 
therefore asserted wherever it occurs, even when grammar would lead to 
the opposite conclusion. Thus, on the whole, the doctrine of concepts which 
cannot be made subjects seems untenable. 

484. Classes. Frege’s theory of classes is very difficult, and I am not 


The notion of a constituent of a proposition appears to be a logical indefinable. 
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sure that I have thoroughly understood it. He gives the name WerHiver- 
lauf^ to an entity which appears to be nearly the same as what I call the 
class as one. The concept of the class, and the class as many, do not appear 
in his exposition. He differs from the theory set forth in Chapter vi chiefly 
by the fact that he adopts a more intensional view of classes than I have 
done, being led thereto mainly by the desirability of admitting the null-class 
and of distinguishing a term from a class whose only member it is. 1 agree 
entirely that these two objects cannot be attained by an extensional theory, 
though I have tried to show how to satisfy the requirements of formalism 
(§g 69, 73). 

The extension of a Begriff^ Frege says, is the range of a function whose 
value for every argument is a truth-value (FuB. p. 16). Ranges are things, 
whereas functions are not {ih. p. 19). There would be no null-class, if classes 
were taken in extension ; for the null-class is only possible if a class is not 
a collection of terms (KB. pp. 436-7). If a? be a term, we cannot identify 
.T, as the extensional view requires, with the class whose only raeml^er is x ; 
for suppose a; to be a class having more than one member, and let zhe 
two different members of x ; then if x is identical with the class whose only 
member is x, y and z will both bo members of this class, and will therefore 
be identical with x and with each other, contrary to the hypothesis t. The 
extension of a BegriffYi^ its being in the Begriff itself, not in the individuals 
falling under the Begriff (ih. p. 451). When 1 say something about all men, 
I say nothing about some wretch in the centre of Africa, who is in no way 
indicated, and does not belong to the indication of nian (p. 454). Begriffe 
are prior to their extension, and it is a mistake to attempt, as Schriider does, 
to base extension on individuals ; this leads to the calculus of regions 
(Oebiete), not to Logic (p. 455). 

What Frege understands by a range, and in what way it is to be 
conceived without reference to objects, he endeavours to explain in his 
Grundgesetze der Arithmetik. He begins by deciding that two propositional 
functions are to have the same range when they have the same value for 
every value of x, i.e. for every value of x both are true or both false 
(pp. 7, 14) This is laid down as a primitive proposition. But this only 
determines the equality of ranges, not what they are in themselves. If 
JC (() be a function which never has the same value for different values of $ 
and if we denote by the range of we shall have X (4^') = X (^') when 
and only when 4 / and i/r are equal, i.e. when and only when 4 ^x and always 
have the same value. Thus the conditions for the equality of ranges do not 
of themselves decide what ranges are to be (p. 16). Let us decide arbitrarily 
— since the notion of a range is not yet tixed — that the true is to be the 
range of the function ** x is true (as an assumption, not an asserted propo- 
sition), and the false is to be the range of the function “.T = not every term 
is identical with itself.’’ It follows that the range of is the true when 
and only when the true and nothing else falls under the Begriff 4 ^ ; the 
range of 4 ^x is the false when and only when the false and nothing else falls 
under the Begriff in other cases, the range is neither the true nor 


* I shall translate this as rdnge. 


t 76. p. 444. Cr. supra, § 74. 



612 


484 , 


Appendix A 

the false (pp. 17 — 18). If only one thing falls under a concept, this one 
thing is distinct from the range of the concept in question (p. 18, note) - 
the reason is the same as that mentioned above. 

There is an argument (p. 49) to prove that the name of the range of a 
function always has an indication, i.e. that the symbol employed for it is 
never meaningless. In view of the contradiction discussed in Chapter x, 
I should be inclined to deny a meaning to a range when we have a proposi- 
tion of the form ^[,/(<^) ], where yis constant and ^ variable, or of the form 
where x is variable and is a propositional function which is de- 
terminate when X is given, but varies from one value of x to another — 
provided, when J\ is analyzed into things and concepts, the part dependent 
on X does net consist only of things, but contains also at least one concept. 
This is a very complicated case, in which, I should say, there is no class 
as one, rny only reason for saying so being that we can thus escape the 
contradiction. 

485 . By means of variable propositional functions, Frege obtains a 
definition of the relation which Peano calls c, namely the relation of a term 
to a class of which it is a member*. The definition is as follows : “oc?/” 
is to mean the term (or the range of terms if there be none or many) x such 
that there is a propositional function which is such that u is the range of 
</> and is identical with x (p. 53). It is observed that this defines atu 
whatever things a and n may be. In the first place, suppose n to be a range. 
Then there is at least one whose range is w, and any two whose range is n 
are regarded by Frege as identical. Thus we may speak of the function 
whose range is u. In this case, atu is the proposition which is true 
when a is a member of u, and is false otherwise. If, in the second place, 
u is not a range, then there is no such propositional function as and 
therefore am is the range of a propositional function which is always false, 
i e. the null-range. Thus aeu indicates the true when w is a range and a 
is a member of u ; aeii indicates the false when u is a range and a is not a 
member of ; in other cases, (hu indicates the null-range 

It is to be observed that from the equivalence of X€U and xeo for all 
values of x we can only infer the identity of u and v when u and v are 
ranges. When they are not ranges, the equivalence will always hold, since 
xt?i and X€V are the null-range for all values of x ; thus if we allowed the 
inference in this case, any two objects wliich are not ranges would be 
identical, which is absurd. One might be tempted to doubt whether u and v 
must be identical even when they are ranges : with an iiitensional view of 
classes, this becomes open to question. 

Frege proceeds (p. 55) to an analogous definition of the propositional 
function of three variables which I have symbolised as x R y, and here again 
he gives a definition which does not place aii)^ restrictions on the variability 
of R. This is done by introducing a double range, defined by a propositional 
function of two variables; we may regard this as a class of couples with 
sense t. If then R is such a class of couples, and if {x ; y) is a member of this 

* Cf. §§ 21, 76, supra. 

t Neglecting, for tlie present, our doubts as to there being any such entity as a couple 
with sense, ci. JS 98. 
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class, X R y is to hold ; in other cases it is to be false or null as before. On 
this basis, Frege successfully erects as much of the logic of relations as is 
required for his Arithmetic ; and he is free from the restrictions on the 
variability of R which arise from the intensional view of relations adopted in 
the present work (cf. § 83). 

486. The chief difficulty which arises in the above theory of classes is as 
to the kind of entity that a range is to be. The reason which led me, against 
my inclination, to adopt an exteusional view of classes, was the necessity of 
discovering some entity determinate for a given propositional function, and 
the same for any equivalent propositional function. Thus ‘‘x is a man” is 
equivalent (we will suppose) to “a: is a featherless biped,” and we wish to 
discover some one entity which is determined in the same way by both these 
propositional functions. The only single entity I have been able to discover 
is the class as one — except the derivative class (also as one) of propositional 
functions equivalent to either of the given propositional functions. This 
latter class is plainly a more complex notion, which will not enable us to 
dispense with the general notion of cki88\ out this more complex notion 
(so we agreed in § 73) must l)e substituted for the class of terms in the 
symlx)lic treatment, if there is to be any null-class and if the class whose only 
member is a given term is he distinguished from that term. It would 
certainly be a very great simplification to admit, as Frege does, a range 
which is something other than the whole composed of the terms satisfying 
the propositional function in question ; but fgr my part, inspection reveals to 
me no sucli entity. On this ground, and also on account of the con trad iction^ 
I feel compelled to adhere to the extensional theory of classes, though not 
quite as set forth in Chapter vi. 

487. That some modification in that doctrine is necessary, is proved by 
the argument of KB. p. 444. This argument appears capable of proving 
that a class, even as one, cannot he identified with the class of which it is the 
only member. In § 74, I contended that the argument was met by the 
distinction between the class as one and the class as many, but this contention 
now appears to me mistaken. For this reason, it is necessary to re-examine 
the whole doctrine of classes. 

Frege’s argument is as follows. If a is a class of more than one term, 
and if a is identical with the class whose only term is a, then to be a term 
of a is the same thing as to be a term of the class whose only term is a, 
whence a is the only term of a. This argument, appears to prove not merely 
that the extensional view of classes is inadequate, but rather that it is wholly 
inadmissible. For suppose a to be a collection, and suppose that a collection 
of one term is identical with that one term. Then, if a can be regarded as 
one collection, the above argument proves that a is the only term of a. We 
cannot escape by saying that c is to be a relation to the class-concept or the 
concept of the class or the class as many, for if there is any such entity as 
the class as one, there will be a relation, which we may call c, between terms 
and their classes as one. Thus the above argument leads to the conclusion 
that either (a) a collection of more than one term is not identical with the 
collection whose only term it is, or (/3) there is no collection as one term at 
all in the case of a collection of many terms, but the collection is strictly and 
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only many. One or other of these must be admitted in virtue of the above 
argument. 

488 . (a) To either of these views there are grave objections. The 

former is the view of Frege and Peano. To realize the paradoxical nature of 
this view, it must be clearly grasped that it is not only the collection as 
many, but the collection as one, that is distinct from the collection whose 
only term it is. (I speak of collections, because it is important to examine 
the bearing of Frege’s argument upon the possibility of an extensional 
standpoint.) This view, in spite of its paradox, is certainly the one which 
seems to be required by the symbolism. It is quite essential that we should 
be able to regard a class as a single object, that there should be a null-class, 
and that a term should not (in general, at any rate) be identical with the 
class of which it is the only member. It is subject to these conditions that 
the symbolic meaning of clcbss has to be interpreted. Frege’s notion of a 
range may be identified with the collection as one, and all will then go well. 
But it is very hard to see any entity such as Frege’s range, and the argument 
that there must be such an entity gives us little help. Moreover, in virtue 
of the contradiction, there certainly are cases where we have a collection as 
many, but no collection as one (§ 104). Let us then examine ()3), and see 
whether this offers a better solution. 

{p) Let us suppose that a collection of one term is that one term, and 
that a collection of many terms is (or rather are) those many terms, so that 
there is not a single term at all which is the collection of the many terms in 
question. In this view there is, at first sight at any rate, nothing para- 
doxical, and it has the merit of admitting universally what the Contradiction 
shows to be sometimes the case. In this case, unless we abandon one of our 
fundamental dogmas, c will have to be a relation of a term to its class-concept, 
not to its class ; if a is a class-concept, what appears symbolically as the class 
whose only term is a will (one might suppose) be the class-concept under 
which falls only the concept a, which is of course (in general, if not always) 
different from a. We shall maintain, on account of the contradiction, that 
there is not always a class-concept for a given propositional function 
i.e, that there is not always, for every some class-concept a such that xea 
is equivalent to <l>x for all values of x ; and the cases where there is no such 
class concept will be cases in which is a quadratic form. 

So far, all goes well. But now we no longer have one definite entity 
which is determined equally by any one of a set of equivalent propositional 
functions, i.e. there is, it might be urged, no meaning of doss left which is 
determined by the extension alone. Thus, to take a case where this leads to 
confusion, if a and b be different class-concepts such that X€a and x^b are 
equivalent for all values of a;, the class-concept under which a falls and 
nothing else will not be identical with that under which falls b and nothing 
else. Thus we cannot get any way of denoting what should symbolically 
correspond to the class as one. Or again, if u and d be similar but different 
classes, ** similar to is a different concept from “similar to v”; thus, unless 
we can find some extensional meaning for clcus, we shall not be able to say 
that the number of u is the same as that of v. And all the usual elementary 
problems as to combinations {i.e. as to the number of classes of specified kinds 
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contained in a given class) 'will have become impossible and even meaningless. 
For these various reasons, an objector might contend, something like the class 
as one must be maintained; and Frege’s range fultils the conditions required. 

It would seem necessary therefore to accept ranges by an act of faith, without 
waiting to see whether there are such things. 

Nevertheless, the non-ideiitihcation of the class with the class as one, 
whether in my form or in the form of Freges range, ajipears unavoidable, 
and by a process of exclusion the class as many i.s left as the only object 
which can play the part of a class. By a modification of the logic liitherto 
advocated in the present work, \ve shall, I think, be able at once to satisfy 
the requirements of the Contradiction and to keep in harmony with common 
sense*. 

489. liCt us begin by recapitulating the possible theories of classes which 
have presented themselves. A class may be identified with (a) the predicate, 
{P) tlie class concept, (y) the concept of the class, (S) Frege’s range, (c) the 
numerical conjunction of the terms of the class, (f) the whole composed of 
Lhe terms of the class. 

Of these theories, the first three, which are intensional, have the defect 
that they do not render a class determinate when its terms are given. 
The other three do not have this defect, but they have others. (1) suffers 
from a doubt as to there being such an entity, and also from the fact 
that, if ranges are terms, the contradiction is inevitable, (f) is logically 
unobjectionable, but is not a single entity, except when the class has only 
one member. cannot always exist as a term, for the same reason as 
applies against (3); also it cannot be identified with the class on account 
of Frege*s argument t. 

Nevertheless, without a single object J to represent an extension, 
Mathematics crumbles. Two propositional functions which are equivalent 
for all values of the variable may not be identical, but it is necessary that 
there should be some object determined by both. Any object that may be 
proposed, however, presupposes the notion of class. We may define cUus 
optatively as follows : A class is an object unhiuely determined by a 
propositional function, and determined equally by any equivalent propositional 
function. Now we cannot take as this object (as in other ca.ses of symmetrical 
transitive relations) the class of propositional functions equivalent to a given 
propositional function, unless we already have the notion of class. Again, 
equivalent relations, considered intensionally, may be distinct: we want 
therefore to find some one object determined equally by any one of a set of 
equivalent relations. But the only objects that suggest themselves are the 
class of relations or the class of couples forming their common range ; and 
these both presuppo.se class. And without the notion of cla.ss, elementary 
problems, such as “ how many combinations can be formed of m objects n at 
a time?” become meaningless. Moreover, it appears immediately evident 
that there is seme sense in saying that two clas.s- concepts have the same 

* The doctrine to be advocated in what follows is the direct denial of the dogma stated 
in § 70, note. 

t Archiv i. p. 444. 

X For the use of the word object in the following discussion, see ^ i>8, note. 
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extension, and this requires that there should be some object which can be 
called the extension of a class-concept. But it is exceedingly difficult to 
discover any such object, and the contradiction proves conclusively that, even 
if there be such an object sometimes, there are propositional functions for 
which the extension is not one term. 

The class as many, which we numliered (c) in the above enumeration, is 
unobjectionable, but is many and not one. We may, if we choose, represent 
this by a single symbol: thus X€U will mean is one of the This 

must not be taken as a relation of two terms, x and w, because u as the 
numerical conjunction is not a single term, and we wish to have a meaning 
for which would be the same if for u we substituted an equal class v, 
which prevents us from interpreting* u intensionally. Thus we may regard 
X is one of the as expressing a relation of x to many terms, among 
which X is included. The main objection to this view, if only single terms can 
\ye subjects, is that, if 74 is a symbol standing essentially for many terms, we 
cannot make u a logical subject without risk of error. We can no longer 
speak, one might suppose, of a class of classes ; for what should he the 
terms of such a class are not single terms, but are each many terms*. 
We cannot assert a predicate of many, one would suppose, except in 
the sense of asserting it of each of the many ; but what is re(juired 
here is the assertion of a predicate concerning the many as many, not 
concerning each nor yet concerning the whole (if any) which all compose. 
Thus a class of classes will be many many’s ; its constituents will each }>e 
only many, and cannot therefore in any sense, one might suppose, he 
single constituents. Now I find myself forced to maintain, in spite of the 
apparent logical difficulty, that this is precisely what is reciuired for the 
assertion of number. If we have a class of classes, each of whose Fuembers 
has two terms, it is necessary that the members should each lie genuinely 
two fold, and should not be each one. Or again, “ Brown and Jones are two” 
requires that we should not combine Brown and Jones into a single whole, 
and yet it has the form of a subject-pi’edicate proposition. But now a 
difficulty arises as to the number of members of a class of classes. In what 
sense can we speak of two couples? This seems to require that each couple 
should be a single entity ; yet if it were, we should have two units, not two 
couples. We require a sense for diversity of collections, meaning thereby, 
apparently, if n and i’ are the collections in question, tliat X€U and X€V are 
not equivalent for all values of x. 

490. The logical doctrine which is thus forced upon us is this : The 
subject of a proposition may be not a single term, but essentially many terms; 
this is the case with all propositions asserting numbers other than 0 and 1. 
But the predicates or class-concepts or relations which can occur in propositions 
having plural subjects are different (with some exception.s) from those that 
can occur in propositions having single terms as subjects. Although a class 
is many and not one, yet there is identity and diversity among classes, and 
thus classes can l>e counted as though each were a genuine unity; and in this 
sense we can speak of ojie clas.s and of the classes which are members of a 

* Wherever the context requires it, the reader is to add “provided the class in question 
(or all the classes in question) do not consist of a single term.” 
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class of classes. One must be held, however, to he somewhat different when 
asserted of a class from what it is when asserted of a term ; that is, there is 
a meaning of one which is applicable in speaking of one terniy and another 
which is applicable in speaking of one class, but there is also a general 
meaning applicable to lioth cases. The fundamental doctrine upon which 
all rests is the doctrine that the subject of a proposition may be plural, and 
that such plural subjects are what is meant by classes which have more than 
one term*. 

Tt will now be necessary to distinguish (1) terms, (2) classes, (3) classes 
of classes, and so on ad infinitum ; we shall have to hold that no member of 
one set is a member of any other set, and that x^u requires that x should l)e 
of a set of a degree lower by one than the set to which u belongs. Thus X€X 
will become a meaningless proposition ; and in this way the contradiction is 
avoided. 

491. But we must now consider the problem of classes which have one 
member or none. The case of the null-class might be met by a bare denial — 
this is only inconvenient, not self-contradictory. But in the case of classes 
having only one term, it is still necessary to distinguish them from their sole 
mem tiers. This results from Frege’s argument, which we may repeat as 
follows. Let u be a class having more than one term ; let m be the class of 
classes whose only member is u. Then lu has one member, u has many j 
hence u and at are not identical. It may he doubted, at lirst sight, whether 
this argument is valid. The relation of x to u expressed by X€U is a relation 
of a single term to many terms ; the relation of u to lu expressed by U€lu is 
a relation of many terms (as subject) to many terms (as predicate) t- This 
is, so an objector might contend, a different relation from the previous one ; 
and thus the argument breaks down. It is in different senses that a; is a 
member of u and that w is a meml^er of lu ; thus u and lu may be identical 
in spite of the argument. 

This attempt, however, to escape from Frege's argument, is capable of 
refutation. For all the purposes of Arithmetic, to l>egin with, and for many 
of the purposes of logic, it is necessary to have a meaning for c which is 
equally applicable to the relation of a term to a class, of a class to a class of 
classes, and so on. But the chief point is that, if every single term is a class, 
the proposition X€X, which gives rise to the Contradiction, must he admissible. 
Tt is only by distinguishing x and ix, and insisting that in X€u the u must 
always be of a type higher by one than x, that the contradiction can be 
avoided. Thus, although we may identify the class with the numerical 
conjunction of its terms, wherever there are many terms, yet where there is 
only one terra we shall have to accept Frege’s range as an object distinct 
from its only term. And having done this, we may of course also admit a 
range in the case of a null propositional function. We shall differ from 
Frege only in regarding a range as in no case a term, but an object of a 
different logical type, in the sense that a propositional function in 

which X may be any term, is in general meaningless if for we substitute a 

* Cf. §§ 128, 132 Hupra, 

t The word predicate is here used loosely, not in the precise sense defined in § 48. 
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range; and if x may be any range of terms, ^ {x) will in general be meaning* 
less if for x we substitute either a term or a range of ranges of terms. 
Ranges, finally, are what are properly to be called clasBes^ and it is of them 
that cardinal numbers are asserted. 

492. According to the view here advocated, it will be necessary, with 
every variable, to indicate whether its field of significance is terms, classes, 
classes of classes, or so on*. A variable will not be able, except in special 
cases, to extend from one of these sets into another ; and in xtu, the x and 
the u must always belong to different types ; c will not be a relation between 
objects of the same type, but df or tRt t will be, provided Ji is so. We shall 
have to distinguish also among relations according to the types to which 
their domajns and converse domains belong; also variables whose fields 
include relations, these being understood as classes of couples, wdll not as a 
rule include anything else, and relations between relations will be different 
in type from relations Initween terms. This seems to give the truth — though 
in a thoroughly extensional form — underlying Frege’s distinction between 
terms and the various kinds of functions. Moreover the opinion here 
advocated seems to adhere very closely indeed to common sense. 

Thus the final conclusion is, that the correct theory of classes is even 
more extensional than that of Chapter vi ; that the class as many is the 
only object always defined by a propositional function, and that this is 
adequate for formal purposes; that the class as one, or the whole composed 
of the terms of the class, is probably a genuine entity except where the class 
is defined by a quadratic function (see § 103), but that in the.se cases, and in 
other cases possibly, the class ns many is the only object uniquely defined. 

The theory that there are different kinds of variables demands a reform 
in the doctrine of formal implication. In a formal implication, the variable 
does not, in general, take all the values of which variables are susceptible, but 
only all those that make the propositional function in question a proposition. 
For other values of the variaVde, it must be held that any given propositional 
function becomes meaningless. Thus in u must be a class, or a class of 
classes, or etc., and x must be a term if u is a class, a class if u is a class of 
classes, and so on; in every propositional function there will be some range 
permissible to the variable, but in general there will be possible values for 
other variables which are not admissible in the given case. This fact will 
require a certain modification of the principl(3s of Symbolic Logic; but it 
remains true that, in a formal implication, all propositions belonging to a 
given propositional function are asserted. 

With this we come to the end of the more philosophical part of Frege’s 
work. It remains to deal briefly with his Symbolic Logic and Arithmetic; 
but here I find myself in such complete agreement with him that it is hardly 
necessary to do more than ackiiowdedge his discovery of propositions which, 
when I wrote, I believed to have l)een new. 

493. Implication and St/mbolic IahjIc, The relation which Frege 
employs as fundamental in the logic of propositions is not exactly the same 
as what 1 have called implication: it is a relation which holds between 


See Appendix B. 


t On this notation, see §§ 2H, 97. 
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p and q whenever q is true or p is not true, whereras the relation which 
I employ holds whenever p and q are propositions, and q is true or p is false. 
That is to say, Frege’s relation holds when p is not a proposition at all, 
whatever q may be; mine does not hold unless p and q are propositions. 
His definition has the formal advantage that it avoids the necessity for 
hypotheses of the form “j? and q are propositions”; but it has the 
disadvantage that it does not lead to a definition of proposition and of 
negation. In fact, negation is taken by Frege as indefinable; proposition is 
introduced by means of the indefinable notion of a truth- value. Whatever 
X may be, “the truth>value of .r” is to indicate the true if x is true, and the 
false in all other cases. Frege’s notation has certain advantages over Peano’s, 
in spite of the fact that it is exceedingly cumbrous and difficult to use. He 
invariably defines expressions for all values of the vaiiable, whereas Peano’s 
definitions are often preceded by a hypothesis. He has a special symlK)l for 
assertion, and he is able to assert for all values of x a propositional function 
not stating an implication, which Peano’s syinbolism will not do. He also 
distinguishes, by the use of Latin and German letters respectively, between 
(uiy proposition of a certain propo.sitional function and oil such propositions. 
By always using iniplications, Frege avoids the logical product of two 
propositions, and therefore has no axioms corresponding to Impf)rtation and 
Exportation*. Thus the joint a.ssertion of p and q is the denial of “p implies 
not-^.” 

494. Arithmetic, Frege gives exactly the .same definition of cardinal 
numbers as 1 have given, at least if we identify his ramje with my class^. 
Hut following his intensional theory of classes, he regards the number as a 
property of the class-concept, not of the class in extension. If u be a range, 
the number of u i.s the range of the concept “ range similar to m.” In the 
(Jrvndliujen der Arithnelik^ other possible theories of number are discuassed 
and dismissed. Numl>ers cannot be asserted of objects, because the same 
set of objects may have diflerent numbers a-ssigned to them (Gl. p. 29); for 
example, one army is so many regiments and such another number of 
soldiers. Tliis view seems to me to involve too physical a view of objects : 
I do not consider the army to be the same object as the regiments. 
A stronger argument for the siime view is that 0 will not apply to objects, 
but only to concepts (p. 59). This argument is, I think, conclusive up to a 
certain point; but it is satisfied by the view of the symbolic meaning of 
classes set forth in §73. Numbers themselves, like other ranges, are things 
(p. 67). For defining numViers as ranges, Erege gives the same general 
ground iis I have given, namely what 1 call the principle of abstraction 
In the Grundgesetze der Arithmetik^ various theorem.'^ in the foundations of 
caidinal Arithmetic are proved with great elaboration, so great that it is 
often very difficult to discover the diti'erence lietween successive step.s in a 
demonstration. In view of the contradiction of Chapter x, it is plain that 
some emendation is I'equired in Frege’s principles; but it is hard to believe 
that it can do more than introduce some general limitation which leaves the 
details unaffected. 


See § 18, (7), (8). f See Gl. pp. 79, ; Gg. p. 57, Df. Z. ; Gl. p. 79; cf. § 111 supra. 
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495. In addition to his work on cardinal numbers, Frege has, already 
in the Begriffsschrift, a very admirable theory of progressions, or rather 
of all series that can be generated by niany-one relations. Frege does not 
confine himself to one-one relations : as long as we move in only one direction, 
a many-one relation also will generate a series. In some parts of his theory, 
he even deals with general relations. He begins by considering, for any 
relation f {x, y\ functions F which are such that, if f {x, y) holds, then F (x) 
implies F (y). If this condition holds, Frege says that the property F is 
inherited in the ^'-series (Bs. pp. 55 — 58). From this he goes on to define, 
without the use of numbers, a relation which is equivalent to “some positive 
power of the given relation.” This is defined as follows. The relation in 
question holds between x and y if every property F^ which is inherited in the 
/-series and -is such that f{x, z) implies F{z) for all values of «, belongs to y 
(Bs. p. 60). On this basis, a non-numerical theory of series is very successfully 
erected, and is applied in Gg. to the proof of propositions concerning the 
number of finite nunil)ers and kindred topics. This is, so far as 1 know, the 
best method of treating such questions, and Frege’s definition just quoted 
gives, apparently, the best form of mathematical induction. But as no 
controversy is involved, I shall not pursue this subject any further. 

Frege’s works contain much admirable criticism of the psychological 
standpoint in logic, and also of the formalist theory of mathematics, which 
believes that the actual symbols are the subject-matter dealt with, and that 
their properties can be arbitrarily assigned by definition. In both these 
points, I find myself in complete agreement with him. 

496. Kerry (loc. cit.) has criticized Frege very severely, and professes 
to have proved that a purely logical theory of Arithmetic is impossible 
(p. 304). On the question whether concepts can be made logical subjects, 
I find myself in agreement with his criticisms ; on other points, they seem 
to rest on mere misunderstandings. As these are such as would naturally 
occur to any one unfamiliar with symbolic logic, I shall briefly di.scuss them. 

The definition of numbers as classes is, Kerry asserts, a va-repoy irporepoy. 
We must know that every concept has only oru’ extension, and we must 
know what one object is; Frege’s numbers, in fact, are merely convenient 
symV)ols for what are commonly called numbers (p. 277). Tt must be 
admitted, T think, that the notion of a term is indefinable (cf. §1*32 mpra)^ 
and is presupposed in the definition of the number 1. But Frege argues — 
and his argument at least deserves discussion — that one is not a predicate, 
attaching to every imaginable term, but has a less general meaning, and 
attaches to concepts (Gl. p. 40). Thus a term is not to be analyzed into one 
and term^ and does not presuppose the notion of one (cf. 72 nupra). As to 
the assumption that every concept has only one extension, it is not necessary 
to be able to state this in language which employs the number 1 ; all we 
need is, that if and {j/x are equivalent propositions for all values of x, 
then they have the same extension — a piimitive propositioii whose symbolic 
expression in no way presupposes the number 1. From this it follows that 
if a and b are both extensions of a and b are identical, which again does 
not formally involve the number 1. In like manner, other objections to 
Frege’s definition can be met. 
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Kerry is misled by a certain passage (Gl. p. 80, note) into the belief that 
Frege identifies a concept with its extension. The passage in question 
appears to assert that the number of u might be defined as the concept 
** similar to w” and not as the range of this concept; but it does not say 
that the two definitions are equivalent. 

There is a long criticism of Frege’s proof that 0 is a number, which 
reveals fundamental errors as to the existential import of universal 
propositions. The point is to prove that, if u and if are null-classes, they are 
similar. Frege defines similarity to mean that there is a one-one relation R 
such that “ x is a -14 ” implies “ there is a v to which x stands in the relation 
iiJ,” and vice versa. (I have altered the expressions into conformity with my 
usual language.) This, he says, is equivalent to “there is a one-one relation 
R such that ‘ .x is a it’ and * there is no term of v to which x stands in the 
relation R ’ cannot both be true, whatever value x may have, and vice versa 
and this proposition is true if “x is a and “y is a ” are always false. 
This strikes Kerr}’ as absurd (pp. 287 — 9). Similarity of classes, he thinks, 
implie.s that they have terms. He affirms that Frege’s assertion above is 
contradicted by a later one (Gl. p. 89) ; “ If a is a and nothing is a v, 
then ‘ rt is a 74 ’ and * no term is a v which has the relation R to a' are both 
true for all values of /?.” I do not quite know where Kerry finds the 
contradiction ; but he evidently does not realize that false propositions imply 
all propositions and that universal propositions have no existential import, 
80 that “all a is b ” and “ no a is 6 *’ will both be true if a is the null-class. 

Kerry objects (p. 290, note) to the generality of Frege’s notion of relation. 
Frege asserts that any propositi^m containing a and h affirms a relation 
bc^tween a and h (Gl. p. 83); hence Kerry (rightly) concludes that it is 
self-contradictory to deny that a and h are related. So general a notion, 
he says, can have neither .sense nor purpose. As for sense, that a and h 
should both be constituents of one proposition seems a perfectly intelligible 
sense; as for purpose, the whole logic of relations, indeed the whole of 
mathematics, may be adduced in answer. There is, however, what seems at 
first sight to be a formal disproof of Frege’s view. Consider the propositional 
function “ R and S are relations which are identical, and the relation R does 
not hold between R and aSV’ This contains two variables, R and S\ let us 
suppo.se that it is equivalent to “ R has the relation T to *S^.” Then substi- 
tuting T for both R and Sy we find, since T is identical with T. that “ T does 
not have tlie relation T to 7”’ is equivalent to “ T has the relation T to T.” 
Tliis is a contradiction, showing that there is no such relation as T. Frege 
might object to this instance, on the ground that it treats relations as terms ; 
but his double ranges, which, like single ranges, he holds to l)e thing.s, will 
bring out the same result. The point involved is cloKely analogous to that 
involved in the Contradiction: it was there shown that some propositional 
functions with one variable are not equivalent to any propositional function 
asserting membership of a fixed class, while here it is showm that some 
containing tw'o variables are not equivalent to the assertion of any fixed 
relation. But the refutation is the same In the case of relations as it was in 
the previous case. There is a hierarchy of relations according to the type of 
objects constituting their fields. Thus relations between terms are distinct 
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from those between classes, and these again are distinct from relations 
between relations. Thus no relation can have itself both as referent and as 
relatum, for if it be of the same order as the one, it must be of a higher order 
than the other; the proposed propositional function is therefore meaningless 
for all values of the variables R and S. 

It is affirmed (p. 291) that only the concepts of 0 and 1, not the objects 
themselves, are defined by Frege. But if we allow that the range of a 
Begriff is an object, this cannot be maintained; for the assigning of a concept 
will carry with it the assigning of its range. Kerry does not perceive that 
the uniqueness of 1 has been proved {ih.): he thinks that, with Frege’s 
dehnition, there might be several I’s. I do not understand how this can be 
supposed : the proof of uniqueness is precise and formal. 

The definition of immediate sequence in the series of natural numbers 
is also severely criticized (p. 292 ffi). This depends upon the general theory 
of series set forth in Bs. Kerry objects that Frege has defined is 
inherited in the /-series,” but has not defined “the /-series” nor “/’‘is 
inherited.” The latter essentially ought not to be defined, having no precise 
sense; the former is easily defined, if necessary, as the field of the relation / 
This objection is therefore trivial. Again, there is an attack on the definition : 
“ y follows X in the /series if y has all the pi-operties inherited in the /series 
and belonging to all terms to which x has the relation /*.” This criterion, 
we are told, is of doubtful value, l)ecause no catalogue of such properties 
exists, and further because, as Frege biraself proves, following x is itself one 
of these properties, whence a vicious ciitjle. This argument, to my mind, 
radically misconceives the nature of deduction. In deduction, a proposition 
is proved to hold concerning every member of a class, and may then be 
asserted of a particular member: but the proposition concerning every does 
not necessarily result from enumeration of the entries in a catalogue. 
Kerry’s position involves acceptance of Mill’s objection to Barbara, that the 
mortality of Socrates is a necessary premiss for the mortality of all men. 
The fact is, of course, that general propositions can often be established 
where no means exist of cataloguing the terms of the class for which they 
hold; and even, as we have abundantly seen, general propositions fully 
stated hold of (dl terms, or, as in the above case, of all function.s, of which 
no catalogue can be conceived. Kerry's argument, therefore, is answered 
by a correct theory of deduction; and the logical theory of Arithmetic is 
vindicated against its critics. 

Note. The second volume of Gg.^ which appeared too late to be noticed 
in tlie Appendix, contains an interesting discussion of the contradiction 
(pp. 253 — 265), suggesting that the solution i.s to be found by denying that 
two propositional’ functions, which determine equal classes must be equivalent. 
As it seems very likely that this is the true solution, the reader is strongly 
recommended to examine Frege's argument on the point. 

* Kerry omits the last clause, wrongly ; for not all properties inherited in the /-series 
belong to all its terms ; for example, tlie property of being greater than 100 is inherited in 
the number-series. 
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THE DOCTRINE OF TYPES. 

497. The doctrine of types is here put forward tentatively, as affording 
a possible solution of the contradiction ; but it requires, in all probability, 
to l)c transformed into some subtler shape before it can answer all diffi- 
culties. In case, however, it should be found to be a first step towards tlie 
truth, I shall endeavour in this Appendix to set forth its main outlines, as 
well as some problenjs which it fails to solve. 

Ever}” propositional function ^(.r) — so it is contended — has, in addition 
to its range of truth, a range of significance, i.e. a range within which x 
must lie if ^(a:) is to be a proposition at all, whether true or false. This is 
the first point in the theory of types, the second point is that ranges of 
significance form i.e. if x belongs to the range of significance of 

then there is a class of objects, the type of x’, all of which must also l)elong 
to the range of significance of however may be varied ; and the 

range of significance is always either a single type or a sum of several whole 
types. The second point is less precise thaik the first, and the cose of 
numbers intrinluces difficulties ; but in what follows its importance and 
meaning will, I hope, become plainer. 

A term or individual is any object Avhich is not a range. This is the 
lowest type of object. Jf such an object -say a certain point in space — 
occurs in a proposition, any other individual ma}" always be substituted 
without loss of significance. What we called, in Chapter vi, the class as 
one, ib an individual, provided its members are individuals : the objects of 
daily life, persons, tables, chairs, apples, etc., are classes as one. (A person 
is a class of psychical existents, the others are classes of material points, 
with perhaps some reference to secondary qualities.) These objects, there- 
fore, are of the same type as simple individuals. It would seem that all 
objects designated by single words, whether things or concepts, are of this 
type. Thus e.g. the relations that occur in actual relational propositiems are 
of the same type as things, though relations in extension, which are what 
f^ylubolic Tx)g?c employs, aie of a different type. (The intensional relations 
which occur in ordinary relational propositions are not determinate w'hen 
their extensions are given, but the exten-sional relations of Symbolic Logic are 
classes of couples.) Individuals are the only objects of which numbers 
cannot be significantly asserted. 
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The next type consiste of ranges or classes of individuals. (No ordinal 
ideas are to be associated with the word range.) Thus “ Brown and Jones 
is an object of this type, and will in general not yield a significant propo- 
sition if substituted for “ Brown ” in any true or false proposition of which 
Brown is a constituent. (This constitutes, in a kind of way, a justification 
for the grammatical distinction of singular and plural ; but the analogy is 
not close, since a range may have one term or more, and where it has many, 
it may yet appear as singular in certain propositions.) If m be a range 
determined by a propositional function ^(ac), not-w will consist of all objects for 
which ff>{x) is false, so that not-u is contained in the range of significance 
of x)y and contains only objects of the same type as the members of u. 
There is a difficulty in this connection, arising from the fact that two propo- 
sitional functions ip(x) may have the same range of truth i/, while their 
ranges of significance may be different ; thus not-?/ becomes ambiguous. 
There will always be a minimum type within which u is contained, and not- 
u may be defined as the rest of this type. (The sum of two or more types is a 
type; a minimum type is one which is not such a sum.) In view of the 
Contradiction, this view seems the best ; for not-w must be the range of 
falsehood of is a and is an must be in general meaningless ; 

consequently “ a; is a ?/ ” must require that x and u should be of different 
types. It is doubtful whether this result can be insured except by confining 
ourselves, in this connection, to minimum types. 

There is an unavoidable conflict with common sense in the necessity for 
denying that a mixed class (i.e. one whose members are not all of the same 
minimum type) can ever be of the same type as one of its members. 
Consider, for example, such phrases as “Heine and the French.” If this is 
to lie a class consisting of two individuals, “ the French ” must be under- 
stood as “ the French nation,” as the class as one. If we are speaking 
of the French as many, w^e get a class consisting not of two riieniliers, but of 
one more than there are Frenchmen. Whether it is possible to form a class 
of which one member is Heine, while the other is the French as many, is a 
point to which I shall return later ; for the present it is enough to remark 
that, if there he such a class, it must, if the Contradiction is to be avoided, 
be of a different type both from classes of individuals and from classes of 
classes of individuals. 

The next type after classes of individuals consists of classes of classes of 
individuals. Such are, for example, associations of clubs ; the members of 
such associations, the clubs, are themselves classes of individuals. It will be 
convenient to speak of classes only where we have classes of individuals, of 
classes of classes only where we have classes of classes of individuals, and so 
on. For the general notion, I shall use the word range. There is a pro- 
gression of such types, since a range may be formed of objects of any given 
type, and the result is a range of higher type than its members. 

A new series of types begins with the couple with sense. A range of 
such types is what Symbolic Logic treats as a relation ; this is the extensional 
view of relations. We may then form ranges of relations, or relations of 
relations, or relations of couples (such as separation in Projective Geometry*) , 

* Cf. § 203. 
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or relations of individuals to couples, and so on ; and in tins way we get, 
not merely a single progression, but a whole infinite series of progressions. 
We have also the types formed of trios, which are the members of triple 
relations taken in extension as ranges ; but of trios there are several kinds 
that are reducible to previous types. Thus if y, z) be a propositional 
funcDion, it may be a product of propositions . ^a{.y) • ^ product 

z), or a proposition about x and the couple (y, 2 ), or it may be 
anal 3 "zable in other analogous ways. In such cases, a new type does not arise. 
But if our proposition is not so analyzable — and there seems no cL jn'iori reason 
why it should always be so — then we oV)tain a new type, namelj^ the trio. 
We can form ranges of trios, couples of trios, trios of trios, couples of a trio 
and an individual, and so on. All these yield new types. Thus we obtain 
an iinrnerise hierarchy of types, and it is difficult to be sure how many there 
may be ; but the method of obtaining new types suggests that the total 
number is only (the number of finite integers), since the series obtained 
more or less resembles the series of rationals in the order 1, 2, ..., w, ..., 1/2, 
1/3, 1/w, ..., 2/3, ..., 2/5, ...2/(2n -r 1 ), ... This, however, is only a 

conjecture. 

Each of the types above enumerated is a lainimum type ; i.e.., if ^(x) be 
a propositional function which is significant for one value of x belonging to 
one of t})(* above typf^s, then ^(x) is significant for every value of x belonging 
to the said type. But it would seem — though of this I am doubtful — that 
the sum of any number of minimum types is a type, i.e. is a range of signifi- 
cance for ^lertain propositional functions. Whether or not this is universally 
true, all ranges certainly form a type, since every range has a number ; and 
so do all objects, since ev(!ry object is identical with itself. 

Outside the above series of types lies the type proposition ; and from this 
as starting-point a new hierarchy, one might suppose, could be started ; but 
there are certain difficulties in the way of such a view, which render it 
doubtful whether propositions can be treated like other objects. 

498. Numbers, also, are a type lying outside the above series, and pre- 
senting certain difficulties, owing to the fact that every number selects 
certain objects out of every other type of ranges, namely those ranges which 
have the given number of members. This renders the obvious definition of 
0 erroneous ; for every type of range will have its own null-range, which will 
be a member of 0 considered as a range of ranges, so that we cannot say that 
0 is the range whose only member is tlie null-range. Also numbers require a 
consideration of the totality of types and ranges ; and in this consideration 
there may be difficulties. 

Since all ranges have numbers, ranges are a range ; consequently xcx is 
sometimes significant, and in these cases its denial is also significant. Con- 
sequently there is a range w of ranges for which X€X is false : thus the 
Contradiction proves that this range w does not belong to the range of 
significance of X€X. We may observe that xcx can only be significant when x 
is of a type of infinite order, since, in xta, u must always lie of a type higher 
by one than x ; but the range of all ranges is of course of a type of infinite 
order. 

ISince numbers are a type, the propositional function “x is not a u/* 
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where u is a range of numbers, must mean “ a: is a number which is not a w" ; 
unless, indeed, to escape this somewhat paradoxical result, we say that, 
although numbers are a type in regard to certain propositions, they are not 
a type in regard to such propositions as “ w is contained in v or “a; is a uV 
Such a view is perfectly tenable, though it leads to complications of which it 
is hard to see the end. 

That propositions are a type results from the fact — if it be a fact — that 
only propositions can significantly be said to be true or false. Certainly 
true propositions appear to form a type, since they alone are asserted (cf. 
Appendix A. § 479). But if so, the number of propositions is as great as 
that of all objects absolutely, since every object is identical with itself, and 
‘*ac is identical with ac” has a one-one relation to ac. In this there are, 
however, two difficulties. First, what we called the propositional concept 
appears to be always an individual ; consequently there should be no more 
propositions than individuals. Secondly, if it is possible, as it seems to be, to 
form ranges of propositions, there must be more such ranges than there are 
propositions, although such ranges are only some among objects (cf. 343). 
These two difficulties are very serious, and demand a full discussion. 

499. The first point may be illustrated by somewhat simpler ones. 
There are, we know, more classes than individuals ; but predicates are 
individuals. Consequently not all classes have defining predicates. This 
result, which is also dedueible from the Contradiction, shows how necessary 
it is to distinguish classes from predicates, and to adhere to the exbensional 
view of classes. Similarly there are more ranges of couples than there are 
couples, and therefore more than there are individuals; but verbs, which 
express relations intensionally, are individuals. Consequently not ever}^ 
range of couples forms tlie extension of some verb, although every such 
range forms the extension of some propositional function containing two 
variables. Although, therefore, verbs are essential in the logical genesis of 
such propositional functions, the intensional standpoint is inadequate to give 
all the objects which Symbolic Logic regards as relations. 

In the case of propositions, it seems as though there were always an 
associated verbal noun which is an individual. We have is identical 
with X " and “ the self-identity of .r," “ x differs from y ” and “ the difference 
of X and \ and so on. The verbal noun, which is what we called the 
propositional concept, appears on inspection to be an individual ; but this is 
impossible, for “ the self-identity of v ” has as many values as there are 
objects, and therefore more values than there are individuals. This results 
from the fact that there are propositions concerning eveiy conceivable object, 
and the definition of identity shows (g 26) that every object concerning which 
there are proi)ositions, is identical with itself. The only method of evading 
this difficulty is to deny that propositional concepts are individuals; and 
this stjems to be the course to which we are driven. It is undeniable, 
however, that a propositional concept and a colour are two objects ; hence 
we shall have to admit that it is possible to form mixed ranges, whose 
members are not all of the same type , but such ranges will be always of 
a different type from what we may call pure ranges, i.e. such as have only 
members of one type. The propositional concept seems, in fact, to be nothing 
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other than the proposition itself, the difference being merely the psychological 
one that we do not assert the proposition iii the one case, and do assert it in 
the other. 

500. The second point presents greater difficulties. We cannot deny 
that there are ranges of propositions, for we often wish to assert the logical 
product of such ranges; yet we cannot admit that there are more ranges 
than propositions. At first sight, the difficulty might be thought to be 
solved by the fact that there is a proposition associated with every range of 
pn)positions which is not null, namely the logical product of the propositions 
of tlie range*; but this does not destroy Cantor’s proof that a range has 
more sub ranges than members. Let us apply the proof by assuming a 
particular one-one relation, which associates every proposition p which is not 
a logical product with the range whose only niember is p, while it associates 
the product of all propositions with the null- range of propositions, and 
associates e^ ery other logical product of propositions with the range of its 
own factors. Then the range vy which, by the general principle of Cantor’s 
proof, is not correlated with any proposition, is the range of propositions 
which are logical products, but are not themselves factors of themselves. 
But, by the definition of the correlating relation, w ought to be correlated 
with the logical product of w. It will be found that the old contradiction 
breaks out afresh ; for we can prove that the logical product of w both is and 
is not a member of w. This seems to show that there is no such range as w; 
but the doctrine of types does not show why there is no such range. It seems 
to follow' that the Contradiction requires further subtleties for its solution; 
but what these are, I am at a loss to imagine. 

Let us state this new contradiction more fully. If m be a class of 
propositions, the proposition “ every m is true ” may or may not be itself an 
m. But there is a one-one relation of this proposition to in: if n l)e different 
from in, “every n is true’^ is not the same proposition as “every m is true.** 
Consider now the whole class of propositions of the form “every m is true,*’ 
and having the property of not being members of their respective w’s. Let 
this class be w, and let p be the proposition “every w is true.” If ^ is a w, 
it must possess the defining property of w; but this property demands that 
p should not be a w. On the other hand, if be not a w, then p does possess 
the defining property of w, and therefore is a le;. Thus the contradiction 
appears unavoidable. 

In order to deal with this contradiction, it is desirable to reopen the 
question of the identity of equivalent propositional functions and of the 
natuie of the logical product of two propositions. These questions arise 
as follows. If m be a cla.ss of prppositions, their logical product is the 
proposition ’‘every m is true,” which I shall denote by '^^m. If we now 
consider the logical product of the class of propositions composed of m 

* It might be doubted whethei the relation of ranges of propositions to their logical 
products IB one- one or many-one. For example, does the logical product of p and q and t 
differ from tliat of pq and r? A reference to the definition of the logical product (p. 21) 

will set this doubt at rest ; for the two logical products in question, though equivalent, aie 
by no means identical. Consequently there is a one-one relation of aU ranges of propositions 
to some propositions, which is directly contradictory to Cantor’s theorem. 
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together with a‘w, this is equivalent to “Every m is true and every m 
is true/ i.e, to “every m is true” i,e, to A‘m. Thus the logical product 
of the new class of propositions is equivalent to a member of the new class, 
which is the same as the logical product of m. Thus if we identify equivalent 
propositional functions ( a being a propositional function of w), the proof 
of the above contradiction fails, since every proposition of the form a‘w is 
the logical product both of a class of which it is a member and of a class of 
which it is not a member. 

But such an escape is, in reality, impracticable, for it is quite self-evident 
that equivalent propositional functions are often not identical. Who will 
maintain, for example, that “a: is an even prime other than 2” is identical 
with “as is one of Charles II. 's wise deeds or foolish sayings”? Yet these 
are equivalent, if a well-known epitaph is to be credited. The logical product 
of all the propositions of the class composed of m and A‘m is “Every proposition 
which either is an m or asserts that every ni is true, is true and this is not 
identical with “every m is true,” although the two are equivalent. Thus 
there seems no simple method of avoiding the contradiction in question. 

The close analogy of this contradiction with the one discussed in 
Chapter x strongly suggests that the two must have the same solution, 
or at least very similar solutions. It is possible, of course, to hold that 
propositions themselves are of various types, and that logical products must 
have propositions of only one type as factors. But this suggestion seems 
harsh and' highly artificial. 

To sum up ; it appears that the special contradiction of Chapter x is 
solved by the doctrine of types, but that there is at least one closely 
analogous contradiction which is probably not soluble by this doctrine. 
The totality of all logic.al objects, or of all propositions, involves, it would 
seem, a fundamental logical difficulty. What the complete solution of the 
difficulty may be, I have not succeeded in discovering; but as it affects the 
very foundations of reasoning, I earnestly commend the study of it to the 
attention of all students of logic. 
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Identity, 20, 96, 219, 502; 

distinguished from equality, 21 ; and 
denoting, 63 ; of indiscernibles, 451 
Imagiuaries, 376 
Impenetrability, 467, 480 
Implication, formal, 5, 11, 14, 36-41, 89, 
106, 516; asserts a class of material 
implications, 38; and any, etc., 91 
Implication, material, 14, 26, 33-36, 106, 
203 n. ; Frege’s theory of, 518 
Importation, 16 

IncAusion, of classes, 19, 36, 40, 78 
Incommensurables, 287, 438, 439 
Incompatibility, synthetic, 233 
Indefinables, v, 112 
Indication, 502 

Individual, relation to class, 18, 19, 26, 
77, 103, 512, 522; distinct from class 
whose only member it is^ vi, 23, 68, 
106, 130, 513, 514, 517 
Induction, 11 n., 441 ; mathematical, 123, 
192, 240, 245, 246, 248, 260, 307, 314, 
315, 357, 371, 520 
Inertia, law of, 482 
Inextensive, 342 

Inference, asyllogistic, 10; and deduction, 
11;;.; logical and psychological, 33; two 
premisses uniiecessary, 35 
Infinite, 121, 259, 260, 315, 368 ; 
antinomies of, 188, 190, 355 ; not spe- 
CKilly quantitative, 194 ; as limit of 
segments, 273 ; mathematical theory of, 
304, 355; philosophy of, 355-368; im- 
proper, 331-337 ; orders of, 335 
luliuitebimal, 188, 260, 276, 325, 330, 331- 
337; 

defined, 331 ; instances of, 332 ; philo- 
sophy of, 838-345 ; and continuity, 344 ; 
and cliange, 347 

Integers, infinite classes of, 299, 310 a. 

Integral, definite, 329 

Intensity, 164 

Interaction, 446, 453 

Intuition, 260, 339, 456 

Involution. 385, 426 

Is, 49, 64/7., 100, lOG 

Isolated points, 290 

Jevons, 376 
Johnson, viii, 435 ii. 

Jordan, 329 a. 

Kant, 4, 143, 158, 168, 177. 184. 22371., 
227. 259, 320, 339, 342, 355, 373. 442, 
446, 450, 454, 450-461, 489 
Keny, 505, 520-522 

Killing, 400n., 404 71 ., 405 ii., 415 /i., 434 /i. 
Kinetic axes, 490 
Kii'choff, 474 

Klein, 385, 389, 390 '/., 421, 422 //., 424 /i., 
'.i26 7/., 484 ;/., 436 
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Kroneoker, 241 
Law, 268 

Leibniz, 5. 10, 132, 143, 144, 145 n., 221, 
222, 227, 228, 252, 287, 306, 325, 
329 w., 338, 342, 347, 355, 410, 440 n., 
445, 450, 451, 456, 461, 489, 492 
Lie. 436 

Likenesfl, 242 , 261, 262 , 317, 321 
Limitation, principle of, 314 
Limiting-point, 290 , 323 
Limits, 276 ff., 320, 361 ; and infinity, 
188, 189, 260; and continuity, 353; 
conditions for existence of, 291 IT., 389; 
and the inhnitesimal calculus, 325, 339; 
of functions, 32T, 328 ; and magnitude, (341 
Line, see Straight 
Line-Geometry, 432 

Linearity, axiom of, 181, 252, 254, 408 
Lobatchewsky, 373 

Logic, symbolic, 10-32; three parts of, 11; 
and mathematics, v, 5, 8, 106, 397, 429, 
457 

Lotze, 221, 446 £f. 

Macaulay, 491 
Mach, 474, 489. 492 

Magnitude, 159, 164 if., 194; relative theory 
of, 162; absolute theory of, 164; axioms 
of, 163, 165, 168; kinds of. 164, 334; 
and divisibility, 173 ; and existence, 174, 
177, 342; extensive, 182; intensive, 182, 
326, 342; discrete and continuous, 193, 
346 ; positive and negative, 229-231 ; 
infinitesimal, 332; limiting, 341 
Manifold, 67 

Mass, 481 n., 483, 488, 495; 
centre of, 490 

Mathematics, pure, vii, 3, 106, 112, 397, 
429, 456, 497; applied, 5, 8, 112, 429; 
arithmetization of, 259 
Matter, 463-468; as substance, 466; 
relation to space and time, 467; logical 
definition of, 468 
Maxwell, 489 
MoColl, 12, 13, 22 
Meaning, 47, 502 
Measure, Zeno’s argument of, 352 
Measurement, 157, 176-183, 195 ; 

Meinong, 55 n., 162 91., 168, 171 n., 173 n., 
18171., 184, 187, 252, 253, 289, 419, 50271., 
503 

Mill, 373, 522 
Mfibius net, 385, 388 
Monadism, 476 
Monism, 44, 447 

Moore, viii, 24, 44 71 ., 51 n., 44671., 448n., 
454 71. 

Motion, 265, 344, 405, 469-473 ; 
state of, 351, 473 ; in geometry, 406, 418; 
logical definition of, 473; laws of, 
482-488 ; absolute and relative, 489-493 ; 
Hertz’s law of, 495 

Motions, kincmatical, 480; kinetic, 480; 
thinkable, 494; possible, 495; natural, 
495 


Multiplication, arithmetical, 119, 307, 308 ; 
ordinal, 318 

Tith, 243, 250, 312 
Necessity, 454 

Negation, of propositions, 18, 31 ; of classes, 
23, 31, 524; of relations, 25 
Neumann, 490 

Newton, 325, 338, 469, 481, 482-492 
Noel, 348, 352 

Null-class, vi, 22, 23, 32, 38, 68, 73, 106, 
517, 525 

Number, algebraical generalization of, 267 
Number, cardinal, logical theory of, 111 if., 
241, 519, 520-522; definable*^ 111, 112, 
130; defined, 115, 305; and classes, 112, 
305, 306, 519 ; defined by abstraction, 114 ; 
transfinite, 112,260,304-311; finite, 124, 
260, 357; Dedekind’s definition of, 247, 
249 ; Cantor’s definition of, 304; addition 
of, 118, 307 ; multiplication of, 119, 307, 
308 ; of finite integers, 122, 309, 364 ; 
well-ordered, 323, 364 ; of the continuum, 
310, 364 ; is there a greatest? 101, 362 ff. ; 
of cardinal number^it, 362 ; of classes, 362 ; 
of propositions, 362, 526, 527 ; as a logical 
type, 525 

Number, ordinal, 240, 319; defined, 242, 
317 ; Dedekind’s definition of, 248 ; not 
prior to cardinal, 241, 249-251; trans- 
fiinte, 240 7i., 260, 312-324 ; finite, 248, 
260; of finite ordinals, 243, 313 ; second 
class of, 312, 315, 322 ; two principles of 
formation of, 313; addition of, 317; 
subtraction of, 317; multiplication of, 
318; division of, 318; no greatest, 323, 
364 ; positive and negative, 244 
Number, relation-, 262, 321 
Numbers, complex, 372, 376 ff., 379 ; 

ordinal, series of, 323 ; positive and 
negative, 229 ; real, 270 
Numbers, irrational, 157, 270 ff., 320; arith- 
metical theories of, 277 if. 

Numbers, rational, 149 IT., 259, 335; car- 
dinal number of, 310; ordinal type of, 
296, 316, 320 

Object, 66 71. 

Occupation (of space or time), 465, 469, 
471, 472 

One, 241, 356, 520; definable? 112, 130, 
135 ; applicable to individuals or to 
classes? 130, 132, 517 
OppositenesB, 96, 205 
Order, 199 ff., 207-217, 255; 
not psychological, 242 ; cyclic, 199 ; and 
infinity, 188, 189, 191, 195 ; in projective 
Bpace,385 ff., 389 ; in descriptive space, 
394, 395 

Ordinal element, 200, 353 

Fadoa, 111 7i., 114 n., 125, 205 

Parallelism, psychophysical, 177 

Parallelogram law, 477 

Parallels, axiom of, 404 

Part, 360 ; proper, 121, 246?!. ; ordinal, 361 ; 
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three kinds of, 138, 143; similarity to 
whole, 121, 143, 306, 316, 330, 355, 368, 871 
Pasoal, 420 

Paach. 390 n., 891 n., 393 ff., 407 n., 417 
Peano, vi, vii, 4, 10 ff., 23, 26-32, 36, 62, 
68, 78 fl., Ill, 114, 115, 131, 139, 142, 
152, 159fi., 163n., 199, 205n., 219. 
241 n., 248. 270, 290, 300 n., 328 n.. 
834 n., 835, 341, 360, 410, 487, 443, 
501, 514, 519 ; 

his inde6nableB, 27. 112 ; hifl indemon- 
gtrables, 29; his Arithmetic, 124-128, 
238 Yi. ; on real numbers, 274 ; on de- 
scriptive geometry, 393 ff. ; on theory of 
vectors, 432 
Pearson, 474. 489 

Peirce, 23, 26, 203 ft., 232 ii., 320 yi., 376, 
387 Yt. 

Pencils of planes, 400 

Perception, its function in philosophy, v. 129 

Permutations, 816 

Philosophy, of Mathematics, 4, 226 ; dis- 
tinguished from Mathematics, 128 ; and 
Mathematics, 338 
Fieri, 199, 216 yi, 382 ff., 410, 421 
Planes, projective, 384 ; kinds of, 391 ; 
descriptive, 398 ; ideal, 400, 402 ; metri- 
cal, 410 

PUto, 73, 355, 357, 438, 446 
Pleasure, quantity of, 162, 174 ; magnitude 
of, 164 ; and pain, 233 n. 

Pluralism, viii 
Poincar^, 347 
Point-pairs, 426 
Points, 382, 394, 437, 443; 
rational and irrational, 389 ; ideal, 400 ; 
proper and improper ideal, 423 ; ima- 
ginary, 420; logical objections to, 445-45«'>; 
material, 445; indiscernible? 446, 451 
Position, absolute and relative, 220, 221, 
444 ff. 

Power, 364 n. See cardinal 

Predicates, 66 , 56 ; predicable of themselves, 
96, 97, 102 

Premiss, empirical, 441 
Presentations, 446, 450 
Primes, ordinal, 319 
Process, endless. See Regress. 

Product, logical, of propositions, 16, 519, 
627 ; of classes, 21 
Product, relative, 86 , 98 
Progressions, 199, 239 ff., 247, 283, 313, 
314, 520; 

existence of, 322, 497 
Projection, 390, 393 
Proper names, 42, 46 , 602 
Propositions, ix, 13, 15, 211, 502, 525; 
unity of, 60, 51, 107. 139, 466, 507; when 
analyzable into subject and assertion, 
83 ff., 106, 605-610 ; can they be infinite- 
ly complex? 145; cardinal number of, 
367 ; contradiction as to number of, 527 ; 
existential theory of, viii, 449, 493 

Quadratic forms, 104, 512, 514 
Quadrics, 403 


Quadrilateral construction, 333, 884; in 
metrical geometry, 417 
Quantity, 169; relation to number, 157, 
158, 160 ; not always divisible, 160, 170 ; 
sometimes a relation, 161, 172 ; range of, 
170-175 ; and infinity, 188 ; does not 
occur in pure mathematics, 158, 419 
Quaternions, 432 

Ranges, 511 ff., 524; extensional or in- 
tensional? 611; double, 512 
Ratio, 149, 835 

Raya, 231, 398, 414 ; order of, 416 
Reality, Kant’s category of, 342, 344 
Reduction, 17 
Referent, 24, 96, 99, 263 
ItegresB, endless. 50, 99, 223, 346 
Itegression, 291, 300, 320 
Relation, 95, 107 ; peculiar to two terms, 26, 
99, 268 ; domain of, 26, 97, 98 ; converse 
domain of, 97, 98; field of, 97, 98; in 
itself and as relating, 49, 100; of a term 
to itself, 86, 96, 97, 105 ; definable as a 
class of couples ? 99, 512 ; of a relation 
to its terms, 99; fundamental, 112 ; when 
analyzable, 163; particularized by its 
terms, 51 yi., 52, 211; finite, 262 
Relations, lutenBiona] view of, 24, 523, 526 ; 
extensional view of, 99, 523, 526; mon- 
istic and monadistic iheoiies of, 221 ff. ; 
as functions of two variables, 507, 521 ; 
converse of, 26, 95, 97, 201 it., 228; reality 
of? viii, 99, 221, 224, 446 ff. ; sense of, 86, 
95, 99, 107, 225, 227; difference from 
numbers, 95; with assigned domains, 26, 
268; types of, 8, 28, 403, 436; symmetri- 
cal, 25, 96, 114, 203 n., 218; asymmetrical, 
25, 200, 203 Yt., 218-226; not- symmetrical, 
25, 96, 218; transitive, 114, 203, 218; in- 
transitive, 218; not-traDHitive, 218; re- 
ffexivc), 114, 159»t , 219, 220; many-one, 
114, 246 71 ; one-one, 113, 130, 305 ; non- 
rcf>eat:ng, 232 Yt. ; serial, 242; propo- 
sitional, 510; triangular, 204, 211, 471, 
472. See Verbs 

Relation -immber. See Siunbn, relation- 
Relatum, 24, 96. 99, 263 
Representation, of a system, 245 
Resemblance, immediate, 171 
Rest, 265 
Reye, 403 n. 

Riemann, 266 

Bight and left, 223 yi., 231, 417 

Rigidity, 405 

Rotation, absolute, 489 ff. 

Schroder. 10 n.. 12 yi., 13, 22. 24, 26. 142, 
201 w., 221 232, 306 yz., 320 yi., 367 yi. 

Segments, 271, 359 ; and limits, 292 ; 
completed, 289, 303; of compact senes, 
299-302; of well-ordered series, 314 n.; 
infinitesimal, 334, 353, 368; in projective 
geometry, 385 ff. ; in descriptive geometry, 
394, 397 

Semi-continuum, 320 
Separation. See Couples 
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Series, 199; oompaot, 193 n., 203, 259, 271, 
277,287,289,299-303; closed, 202, 204,205, 
234-238, 297 , 381, 367 ; infinite, 204, 239 ; 
denumerable, 296, 298 ; continuous, 205, 
271, 287 if. ; well-ordered, 310, 819 , 322, 
368 ; independent, 262 ; by correlation, 
262, 363; complete, 269, 303; perfect, 
273, 288, 290, 292 , 297; coherent, 274, 
283, 297; cohesive, 288 ; fundamental, 
283, 297 ; simple and multiple, 372 ; and 
distance, 204 ; and triangulai* relations, 204 
Sheaves, 400 

Sign, difference of, 227-233 
Similarity, of classes, 113 , 249, 261, 305, 
356; of null -classes, 521; of whole and 
part, see Part - 
Simplification, 16 

Some, distinguished from a, 56 n., .59 
Space, 372, 436, 442; an iniinite aggregate, 
143, 443. 455; absolute, 227, 44-51!.; 
finite and infinite, 403; continuity of, 
437-444; subjective? 416; empty, 446, 
449, 465; k piiori? 454; and existence, 
vii, 458, 461 

Spaces, projective, defined, 430 ; Euclidean, 
defined, 432; Clifford’s, defined, 434 
Spinoza, 221, 448 

Staudt, von, 199, 216, 333, 384, 385 h., 421, 
427 w. 

Stolz, 90, 282 n., 283 w., 334, 336, 378 379 
Straight lines, elliptic, 205; projective, 
382 ff., 387, 391; segments of projective, 
885; descriptive, 394-398; segments of 
descriptive, 894, 397 ; ideal, 400, 

402; metrical, 410; kinds of, 382, 391; 
and distance, 410, 492 
Streintz, 491 

Stretch, 181. 182 w., 230, 254, 288, 342, 353, 
408 ff., 425 

Sub-classes, number contained in a given 
class, 36G, 527 

Subject, and predicate, 47, 54, 77, 95, 211, 
221, 448, 451, 471; logical, can it bo 
plural? 09, 76, 132, 136, 510 
Substance, 43, 471 
Substantives, 12 

Such that, 3, 11, 19, 20, 28, 79. 82 
Sum, logical, 21 ; relative, 26 
Superposition, 101, 405 
Syllogism, 10, 16 , 21, 30, 457 
System, singly infinite, 245, 247 

Tautology, law of, 23 
Terms, 43, 65//.. 152, 211, 448, 471, 522; 
of a proposition, 46 , 95, 211 ; combina- 
tions of, 55, 66; simple and complex, 
137; of a whole, 143 ; principal, in a 
series, 297 ; four classes of, 405 ; car- 
dinal number of, 302, 300 
Tetralicdra, 387, 399 
Than, 100 
The, 02 


Therefore, 86 , 504 

Things, 44 , 106, 466, 505 ; and change, 471 
Time, an infinite aggregate, 144 ; relational 
theory of, 265 ; Kant’s theory of, 456, 456 
Totality, 362, 368, 528 
Transcendental Aesthetic, 259 ; Dialectic, 259 
Triangles, 367, 398 
Trios, 525 

Tristram Shandy, paradox of, 358 
Truth, 3, 35, 48, 504 
Truth-values, 502, 519 
Two, 135; not mental, 451 
Types, logical. 103, 104, 107, 131, 139 n.. 
367, 368, 521, 523-528; minimum, 524. 
525; mixed, 524, 526; number of, 525; 
of infinite order, 525 
Types, ordinal, 261, 321 

Unequal, 160//. 

Unit, 136, 140; material, 468 
Unities, 139, 442; infinite, 144, 223 n.; 
organic, 460 

Vacuum, 408 

Vaihinger, 446?/., 456 

Vailati, 205, 215, 235, 393 n., 394, 895, 413 

Validity, 450 

Variable, 5, 6, 19, 89-94, 107, 264; 
apparent and real, 13; range of, 36, 
518 ; as concept, 86 ; and generality, 
90; in Arithmetic, 90; does not vary, 90, 
344, 351 ; restricted, 90; conjunctive and 
disjunctive, 92 ; individuality of, 94 ; in- 
dependent, 203 
Vectors, 432 
Velocity, 473, 482 

Verbs, 20 /i., 42, 47-52, 106; and relations, 
49, 620 
Vieta, 157 

Vivanti, 203 ?/., 288 //., 307 ?/., 308 
Volumes, 231, 333, 417, 440, 443 

Ward, 474, 4B9 

Weierstrass, 111, 157, 259. 326, 347, 473; 
on irrationals, 2S2 

Whitehead, vi, viii, 119, 263 n., 299 n., 
307 n., 308, 311 w., 322, 376 n., 377, 
424 7/., 420 

Wholes, 77, 137 ; distinct from classes as 
many, 69, 132, 134 n. ; and logical 

prioiity, 137, 147; tw'o kinds of, 138; 
distinct from all their parts, 140, 141, 
225; infinite, 143- 148, 333, 349; always 
either aggregates or unities? 146, 440, 
400 , collective and distributive, 348 ; 
and enariicratiou, SCO 

Zeno, 347 ff., 355, 358 
Zero, 108, 195, 350; Meinong's theory of, 
184, 187 ; as minimum, 185 ; of distance, 
186; as null -segment, 186, 273; and 
negation, 186, 187; and existence, 187 
Zennelo, 306 ii. 








